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ON SINGULAR INNER FuNcTIONS OF L-TYPE

HHRARFER LB A ZBFER AT (Norio Niwa)

AFERIS R MR E A ERADILEFR D [9) ZEICL TWS, ,

2 DDEIL S singular inner functions @ H*® 4 C IZHBF 5 division & Z 5728
IZ, singular inner function DHEZFHRDL I L EZBMEL TWS, £D7® singular
inner function @ M\ D [THBT S “FE L “TOMMEN 1 LD/NEL</2>TW
5ETA BRRDLENRD LI DITEONS.

D={ze€C:|z2|]<1}, 0D ={2€C:|z| =1} £95%. H® Z D £® bounded
analytic functions 245725 Banach algebra &L, M & H>™ D maximal ideal
space ; H® £ nonzero 7% multiplicative linear functional &N 578 52E/M &
5. 9 1T weak-* topology Z A5 Z ET, M 1L compact Hausdorff space &7&
5. L<HSENTWAEDIZ, D C M (homeomorphic) THO, D I M ITHBNT
dense TH5B. f e H® EZD Gelfand B [ ZF—HT 5 (L, LBEORBIZ
Lig)., DO EE, H® X C(ON) D closed subalgebra EA/RT T ENTE 3.

¥7z, H®-function &% D boundary function ZF—H7T S5 ET, H* & L* =
L®(dD) @ closed subalgebra EA/EY TENTED. TDEE, H*+C (C 130D
E® complex-valued continuous functions 2&K) I& L> & H*® L DHE®D proper 7&
closed subalgebra C, “T® maximal ideal space I Myeo ¢ = =M\ D TZ@E) Em
HMoNTNS.

p % 0D kO (nonzero 73) positive singular measure (with respect to the Lebesgue
measure on 0D) &L, TD X D7R measure p @iﬁié M}y EES T EITTS.
p e MK TERSNDREE

bu(2) = exp (— [ s zdu(e”)) eD

i3 singular inner function EIEHIND. 7z, S(u) & pu D closed support &7 5.
IHI

MQ,LC = {p € M} : uis a continuous measure},

M, = {u € M, : pis a discrete measure},

S,

LL(n) ={v € M} : vis positive, v < pu}

ETB. pe MFITHUT, L (p) ZRAWVS I EITED, singular inner functions @
family {¢, : v € L (p)} WMEFS5NS. ZD family % measure p I[ZX3 % singular
inner functions of L1 -type EMERT EITT 5.
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ROBWEIIE NS (3,5 ). iBEMEICTLY, fe H ITHLT
{Ifl <1} ={z e M\ D:[f(x)] <1}, Z(f) ={zeM\D: f(x) =0}
EH<.

Lemma 1. b % interpolating Blaschke product, v, % singular inner function &9
%. BL Z(b) C Z() THIUL {|b] < 1} C Z(9,) DRDILD.

CedD ITHLT, M = {2 € M: 2(2) = (} & ¢ LD M D fiber E115,
pe M s 5. P, 1 OD N\ S(p) \_i'mﬂ’] CHRTESDT, 9D\ S(p) %‘56
@ﬁberim £ Ty, 13 constant THB. Z(¢,) ® {9 < 1} BERGIE o5,y M

IZHONS.

Proposition 2. u € M}, 6 &/ ¢ (¢ € D) D unit point mass £ 5. HL
pL b 725IE, Men Yl <1} C Z(y,) Zi/zd v e L () FET 5.

Proof ¢ & S(p) DEE M N {|g,] < 1} = ¢ EXDHEHHATHS. LEn>T
CeS(p) PHEEEEAD. (oo, Jo={¢} ZWi7zT 0D D decreasing open subsrcs
D sequence {J}n ZEB. = ply, (p D J, ~NOHIPR) EHB< E || #0 TH
5. pLb THBDT ]| — 0 (n— o00) THB. ZOTEME T |yl < oo
ERE L THEW. positive numbers D sequence {pntn T Yooy Pullpnll < 00 77
D p, = © (n — 00) EREITHDEED, v = > o 1 Pnbin EBL TDOEE
o € LL(0), V)| < 302y pallitn]] <00 THAHDT v e Ll (p) &85, fiber M. £
T | = |, THBZEITEETDE, || < ¢, |Pr = [ DD ILD. TN
MITNRTD n IZDVWTEDILDDT, p, — oo (n — o0) KOFEwREFS. O

IIT, ROFEEEATS -
| U (el<1h Row= |J 2

l/ELi(y,) 17 &Ll (1)
Proposition 3. p € M}, 7551, R(p) = Ro(p) DIROILD.

Proof.
Ro(p) C R(p) U M,
ces(p)
FHEMNTH S, BRIZOEASERITZOIC v e Li(p), (€ S() £ 5. Propo-
sition 2 &0, o€ LL(v) BFHEL T :

(1) m( N {\wl/| < 1} - Z(%)

ﬁﬁ@jﬁ.aemﬁchNQE@BU)i@maﬁWJ<ucﬂau)Lt
Mo T, FEED ¢ e S(p) IHLTM NR(p) C Ro(p). Lo THMEDEAE %
%, | O
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RDEHMNAFEFETD MaIN REsuLT TH5S.

Theorem 4. p € M, = pe + pa (pe € M pa € M}y) ET 5. =

Y% b (a, >0) ETBH. TOEE, ROFHIEIFMETH 5. '
(i) R(p) = Rolp).

(i) & n ITHLUT {|¢s 4, | <1} C Z(3y,) ZWIZS v, € L (n) EET .

(ifl) & n WL T S() € S(p) 22 {|Ys 0, | <1} C Z(1h,) EWEZT N, € M}
- DMEETB. .

T OEBOIFHD DITKOBEENE LTS,

Lemma 5. /L-_Z an6619 €M}, (a,>0) £TB. TOLE,

R() = Rols) U | {1, | < 1}
Proof.

Ro(p) U U{[%ﬁwnl <1} CR(p)

n=1
IFEAS ). HFMEDOEEERT DI, R(i) # Ro(p) EIRETS. z € R( N\ Ro(p)
ETB IO ITHLT, Hdre L1 () WEELT

(2) | 0 < ()] < 1

E12%. BB n A\THLUT [ihs 4, (1) < 1 EBoTWAZ EEREIREIN. ZNER
TOIZ, TRTO n LT S T

(3) | 95,10, (2)] = 1 e
EARET D, v =32 bpbeion (b > 0) EBLE, (2) & (3) KDERED n 1T LT

n=1

b, >0 THDIENDMND. LIEDDT, §XTDn Th, >0 LELTH—KMEZ
RKDIRN. T b, < 00 TEDT, Y00 paby < 00 MWD p, — 00 (n — 00) ZMI=T
X D71 increasing positive numbers @ sequence {p, }, WEND. 0 =37 | puby,bion
EBLE o e L (p). & positive integer k I\ LT wy = Y02 bpdas, EB<. 7

EWCRLTo>py THO, (3) KD

9o (z)] < \w r)[PE = [¢h (2) P

BB, TARTRTO k TROIODT pp — 00 (n — 00) ETHE (2) £V
ve Z(y,) BH5. Lo Tzre RO(/J) EIZDFIE. v O

FOFEE Proposition 3 75‘5@13[2@—5 & discrete type ‘& continuous type DL
A SYAL N
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Lemma 6. 1 € M} . ¢ € D & U {|¢s,| < 1} C Z(4) ZWlzT LTS,

= = p({e?})b0 EBE, {[ths | <1} C Z(¢hy,) WD ILD.

Proof. r (0 <7 < 1) IZHLT

_ 'lpéeie (2> -r
L —ris , (2)’ N

EB< &, b i interpolating Blaschke product (2725 ([4] Z8). {uw,}, & ) OE

RAETDE, &0 T ,(wn) =r THB. RERD {wa}, \ {w,}n = Z(b) £

Ty, =0 THD {wn}, & MITHBITS closure). L7 >T, Lemma 1 L0

{lbl <1} C Z(¢u,) £78D, b DEERLD {]b| <1} = {|¢s,| < 1} RO THERE

= O

Proof of Theorem 4. (i) = (ii) n=1 OHFEZFAL THIFEE . r (0<r < 1)
LT

b(z) zeD

o 77&567191 (3) -r
11— 7”(#‘553?791 (2) ,
EHBL. D EE b I interpolating Blaschke product Td 0,

(4) Vs g, =1 on Z(b).

(Wt | < 1 C Upess o{lth] < 1} THBDTZD) € Uy ey ili] < 1} T3,
& (1) &0, 2€ Z(b) ITHLTo, € LL (u) WEIEL T ¢y, (x) = 0 Zi7zd. NFE
boior L oy EIET DI ENTES. (Ia¥725, o) =0, — 0, ({e71})6,0, EB &,
o, € LL(p) , (4) KO Yo (x) =0 THY, b6, Lo, ETRDHDT). Z(b) I EM D
compact set 72D T Z(b) C U;‘f:l{lzbajl <1} BBBRED gy, o € LY (n) LD
ZEMTES. EOTEXD 80 Loy (j=1,--+,k) ELTHE. A=3" o
EBSE, Ne Li(p), buon L X THD, Z(b) C {|n] < 1} THD. TOEE,
Proposition 2 &0, M6, N {|Yn] < 1} C Z(¢,) 78% v € LL(\) DEFEET 5.
Ae Li(p) 78DT v e Li(p) THB. Z(b) C M, 72DT Z(b) C Z(3p,) TH
%. b Id interpolating Blaschke product 72D T Lemma 1 &0 {|b| < 1} < Z(4,).
{Ib] < 1} = {{vbs o, | <1} THDZEITEHET DL {|ohs,, | <1} C Z(¢h) ZF5.
(i) = (i) SN '
R(p) = R(pe) UR(pa),  Rolp) = Rolpe) U Ro(pta)
MDD, LIzhio T,

R(p) = Rolpe) UR(ng) by Proposition 2

= Ro(pe)U <R0(ud) U U{lw(seien[ < 1}) by Lemma 5

n=1

b(z) zeD

© Rolu) by (i)
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M= DAE Ro(k) C R(n) IS NEOTRHRZES.

(i) = (iii) (FBASNTH 5.
(iil) = (ii) ZDFEIITIIE SITHERAREL/RL D TAEIR TS ([9) ). O

Theorem 4 IZHBWNT u % discrete 7& measure DFEIR D EROEEE1S

Theorem 7. ;1= o2
ETH%.

(1) R(u) = Ro(p)-
(i) & n WMUT {|vs,| <1} C Z(,) ZBWIZT 1, € L (1) DFET 5.
(i) & n ITHLTSA) = S(w) 2D {lhs 4, | < 1} C Z(9h,) ZWIZT N, € M
MEET 5.
(iv) {|vu] <1} C Z(¢,) ZW72T v e L‘L(u) PFET 5.
(v) S(A) = S(p) DD {|] < 1} C Z(yy) BT A e M+ WEET S,

| @nbeion € MY, (an > 0) ETB. FOEE, ROFKHEIZRE

n=1

Proof. (i),(ii),(iii) DEMEMEIE Theorem 4 12K 5.

(iv) = (v) = (iii) [FBAS .

(it) = (iv) & n WU T {gs,, | < 1} C Z(t,) EWIZT 1, € L (0) DEAET
BHERET D, EREDER c 1ITHLT Z(,) = Z(Ya,) THEDDTIE || <
ETBHIENTED. A=37 1, EBEXNe Li(pn). 2T A b discrete &
measure 72D T,

n=1

A= ibnﬁewn, 7=72L, b, >0, ibn < o0,

n=1 n=1 .

EFELZEITT S 32 palan +b,) < 00 D p, — o0 (n — o0) /&% increasing
positive integers @ sequence {pn}n ZE D v = 3% pu(an + by)bue, EHBL &,
ve Ll (p) THD. D v ARDIZN measure TH DI EERTITIL, |1, ()] < 1
785 x € M\DIZHL T, () =0 THDZEEREERN. v > )= S Vn Uy
&0, EnlZHUTIMND ETlhy| < [th,| THD. B n iTHLUT s, ()] <1
THIL, IKE (i) &0 z€ Z(,) BED. RICTRTO n ITHLT

(5) |96 10, (2)] = 1

ThHdET5.

[e o]

I/L:Z: i(aj 4 b;)6 s, ;L,L—Zaj

j=n
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EBLE, V> pa Z;’;n ;0 6, = Prliy, Thd. UENoT, ol Tm\D
_IZTI’(,D%! < ]Iﬁﬂhlpn T%% J:OT,

lw”(m)‘ : I¢7/l ‘ H hp& o |1’J(a1+b )

[ty (2)] by (5)
< [t (2)
= [Yu(@)[” by (5).
TNNTRTD n TROILDDT, p, = 00 (n— 00) ET D&Y, (z) =0 &%
5. , ,, v , O
B#IZfHlE LT Theorem 7 DM (i) Zi72 T measure ZHLT 2.

Example. P. Gorkin @& [3] &0, TXRTD v e MF ITHLT {|] <1} C
Z(hy) EWRT D N e M, WEET DI EN0ORS. ZIT, A D total variation
YRSl A= e &f)‘f%é ‘
€ M, | <1ETD TDEE, 1 e M, EEL Ty, < 1} C Z(¢,,)
WD ||| < 1/2 2T, 51T, 1 e M, BFELT{|v,,] <1} C Z(th,) M
D |l < (1/2)? &z 9. INZRMENICANS &,

(6) ’ {{wl/k~1| < 1} - Z(%k)
MO ||| < (1/2)% &7 9 K D73 discrete /& positive singular measures @ se-
quence {v}r 5. VX
o= Z Vy
k=1

EBLE, pe M, TEE Ty e Li(n) THD. p({e®}) >0 LIRETSE
v ({e®}) # 0 &78% positive integer k WFHET D, TDEZE, {|hs , | <1} C
{l,] <1} THD, (6) £ {|$54,| < 1} C Z(¢yyy,) %185, ZO measure R
 Theorem 7 DA (i) 2L T3,

z)|
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