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NORM ACHIEVED TOEPLITZ AND HANKEL OPERATORS

B KE - BZHRER FE R (Takashi Yoshino)

Let 1 be the normalized Lebesgue measure on the Borel sets of the unit circle
in the complex plane C. For a @ € L* the Laurent operator L, is given by L, f =
@f for f € L? as the multiplication operator on L?. And the Laurent operator
induces, in a natural way, twin operators on H 2 called the Toeplitz operator 7,
given by T,,f = PL,f for f € H? where P is the orthogonal projection from
L? onto H? and the Hankel operator H, given by H,f = J(I — P)L,f for f €
H? where J is the unitary operator on L? defined by J(z7™") = 2"} n =
0,+1,£2,---. ‘ | ‘

The following results are known.

Proposition 1. If ¢ is a non-constant function in L*, then o0,(7,) N
0p(T,,*) = 0 where 0,(T,) denotes the point spectrum of 7, and the bar de-

notes the complex conjugate.

Proposition 2. If ¢ and 9 are in H*, then T,H?* C Ty, H? if and only if
there exists a ¢ € H™ uniquely, up to a unimodular constant, such that 7,, =
TyTy = Tyg. And then ¢ = g. Particularly, if ¢ and ¢ are inner, then g is also

nner.

Proposition 3. H, has the following properties.

(1) T;*H, = H,T,

(2) H,* = H,+ where p*(2) = ©0(z)

(8) Hapipy =aH,+pHy, a, peC

(4) H,=0Oifand only if (I — P)p =0 (ie., p € H®)
(5)

5) |[Hyll = min{llg + ¢l : ¥ € H}

Proposition 4. Hy*H, =13 —T;1,.



Prdposition 5. For any-»zp € H®, H,Ty = H,y.

‘Lemma 1. The followmo assertlons are equlvalent
(1) Nu,, # {o}.
(2) [Hy HQ]NLQ #+ H?. \
(3) ¢ = gh for some inner functlon g and h € H % such that g and h have

no common non-constant inner factor.
Proof. (1) = (2);

H,f=0 = pfeH?* = ¢'f*eH’
* Lk * N * 21~ 2
= H(pf = Hkp*f =0 ~ f L [HLPHZ} vL

(1) — (3) ; Since Npg,, is a non-zero invariant subspace of T, by Proposition

3, Ng, = T, H? for some inner function g. Hence, by Proposition 5, O = H, Ty =

H,, and pg = h € H® by Proposition 3(4). Therefore ¢ = gh. If g = g192 and
h = g1h; for some non-constant inner function ¢; and g3, h; € H, then, by
Propositions 2 and 5,
TyH? D T,H? = Ny, = Nog,, 2 Ty, H?

and this is a contradiétion, Therefox_*e g and h have no common non-constant
inner factor. ‘ o _

(3) — (1) ; By Propositions 5 and 3(4), we have H,T,H? = H, H? =
HyH? = {0} and Nu, 2 TyH? # {o}. ; o u

Theorem 1. The Toeplitz operator T, is norm-achieved (ie., {f € H? .

1T fllz = [Tl fll2} # {o} ) i
lg| =1 a.e. and that 0 € o,(H,).

And, in this case, {f € H? : | T,.f|l2 = IT,|||fl|lz} = Nu, and it is invariant
under 7, by Proposition 3(1).

CZL“P = g for some g € L* such that

Proof. (—); If ||T¢f'||2 = T, fll2 for some non-zero f € H? then we

have, for g = K

Ifllz = 1T e fll2 = [Tgfllz = [PLgfll2 < 1 Lg fllz2 < [If]]2

[T 1l
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because [|Ly|| = [Tyl = ”%” = 1. Hence T,*T,f = f and PLgf = Lyf and

hence H,f = J(I — P)L,f = o (ie, 0 € o,(H,)). Since, by Proposition 4,
Hy*Hy = Tigp —TgTy, we have Tjgo f = f (i.e., 1 € 0p(T}g2)) and, by Proposition
1, |g|? is constant and |g] =1 a.e. '

(<) ; Since ||T,|| = % = 1 and since, by Proposition 4, H,*H, = I =157,
we have To*1,f = f for all f € Np, and hence ||T,f[2 = ||f]l2. Therefore

1T fll2 = Tl Tg fll2 = N Tl fl2-
The last assertion is clear. In fact, (—) implies that

{f € H* || Tpfll2 = Tl fll2} € N,
and («) implies the converse inclusion. ]

Corollary 1. T is norm-achieved if and only if TTP_W = gh for some inner
functions ¢ and h such that ¢ and h have no common non-constant inner factor.
And, in this case, 0 # o(T,) N{\ € C: ||T,:|| = ||} C 0.(T,) where 0.(1,)

denotes the continuous spectrum of 7.

Proof. By Theorem 1, T, is norm-achieved if and only if m = g for some
g € L™ such that |g| = 1 a.e. and that 0 € 0,(/,). And then, by Lemma 1,
Nu, # {o} if and only if g = Gh for some inner function ¢ and h € H* such that
g and h have no common non-constant inner factor. Since |g| = 1 a.e. if and only
if |h| =1 a.e. and h is also an inner function.

It is known that o(L,) C 0(1,,) and since L, is unitary because |g| =1 a.e.,
we have o (T,,) N{\ € C: | T, || = |A\|} # 0. If T,z = €z for some 6 € [0,27) and

non-zero z € H?, then
|| = || Tgz|| = |Ty" Thall < [[Thell = [l

and equar =T, Tyx =T, T,*Tyx = Thx. Since T}, — equ is hyponormal,

b — € x = o implies (T}, — €* *2 = 0 and this contradicts Proposition |
(T, — €97T,) plies (7 T,) d th dicts Prop 1
and hence o(T,,) N{\ € C: ||T,|| = |\|} C 0.(T,) because

Ur(Tcp) N {/\ eC: ||T<P|| = l/\|} =0

where o0,(1,,) denotes the residual spectrum of T,. U
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In the case of Hankel operators, we have the following.

; Theorem 2. The Hankel operator H, is norm-achieved (i.e., {f € H?
|Hyfllz = 1H N fll2} # {0} ) if and only if “—H‘f;l—! = g+ for some 7 € H* and
g € L* such that |g| = 1 a.e. and that 0 € o,(7}).
And, in this case, {f € H? : [[H,fl2 = lH,|[[Ifll2} = Nz,

Proof. (—) ; By Proposition 3, there exists a g € L* such that HHHg: L= H,
and ||Hy|| = ||gllcc- And then H _» _, = O and ¢ = ]H T — 9 € H® by
Proposition 3. If || H, fll> = || H, ]|]|f|l2 for some non-zero f € H?, then we have

1Al = 1H e fll2 = [ Hg fll2 = (1 = P)Lg fll2 < [[Lg fllz < 1 /]l2

IH [

becanse || = llglle = 17yl = | e Il = Fizh = 1. Hence H,"H,f = f
and (I — P)L,f = L,f and hence Tyf = PLyf = o (i.e., 0 € 0,(Ty)). Since, by
Proposition 4, Hy*Hy = Tjg2 — T5T,, we have T2 f = f (i.e., 1 € 0,(Tjgp2)) and,
by Proposition 1, |g|? is constant and |g| =1 a.e.

(<) ; By Proposition 3, | H,l| = ||HTH_”|| = ”Zw“ = 1. Since, by Proposition

4, H*Hy =1 —-T5T,, wehave Hy*Hyf = f forall f € N, and hence || H, f||2 =
| f|l2. Therefore, by Proposition 3,

1Hp fllz = [ Hya,ngfll2 = 1 Hollll Hg fll2 = [[Hp | Fll2-

The last assertion of the theorem is clear. In fact, (—) implies that
{f € H* : |Hpfll2 = Hfll2} € N,

and («) implies the converse inclusion. U



