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Parametrized Furuta inequality
and the chaotic order
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1. Chaotic order. chaotic order &Iy, &\ 9 ‘:‘ EMBIRYD X
5, AL kZEf Lo positive opretor A, B {25 L TAR — & [20]
Lo THERZBEENEZ Dz, 2 TRHIZ a— power mean o, &
BTN AERARZEES 2R S, THIFROLIICEZBND,

Aty B= A(A"3BA"3)*A%, for a € [0,1]

B BWTH % i% positive invertible operators A, B (2%t L relative
operator entropy S(A|B) 2RO X 5 1Z5 Z 7 (2],
fim Afe B4 A%(log A"?BA™%)A% = S(A|B)

o0 o

T A & B BEHOERIMEE [24] 12 Lo TEH X 67z relative entropy
C—ET 5, Bz S(A|I) = —Alog A L 729 Z}Lid operator entropy &
NS O THS 21 —F. SUIA) =logA THEZEMD, Zh
# A BE OO chaos LRD I ENTEHOTIEHRVWNEEZLND,
FZTlog lCd o TRDLILDIERF. §72H5 logA > log B % chaotic
order ¥ A > B &F4 3 L7 ([5],[6])s chaotic order Z EERZHE -
TV DI AIIROBEEEZFICAND Z LB R, TR (1]
? exponential inequality [IZHIEENESNTZHERTH D 9]

Theorem A. Let A and B be positive invertible operators. Then the
followings are equivalent.

(i) A>B
(1) A*$-u B <T for u<0 and 0<p

(iii). B*f-u AP>1 for u<0 and 0<p
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BRiUT. W 23] i ERERE AV TRBEO EBRE N Lo EEOBIFEHA
52 T3,

2. FLEFTEFEKX. TNV EFTRERDEZ LN7ZDIE 1987, [10](ct.[11])
BN TROL S RETEZLN TN D,

Furuta inequality:
IfA> B >0,

p -

then for each r > 0, (I+r)g=p+ 7:__ ¢

(ABAPAR)T > (ARBPAF)S \\\\\

A
| X

and R

(B%APB%)% Z (B%BPB%)% 1 ...........
holds for p and q such that p > 0 0 1 q
and q > 1 with / .

-r Figure 1
(I+r)g>p+r.

ZDOFRERIL Lowner-Heinz REX%E2 r =0 OFPE L LTERZDHE
18 best possibility I3HIEIZ L - TEEH X TV 5 [22],

Bax OERFBEHOINBZ NS BIVE TN RERIIKRO L) ICEXHE
T ERTE D ([3][8],[14] ete.):

(F) A¥f1ow B’ < A and B < BYfiu AP
p—u p—u
for p > 1and u <0.

BIZFk 41X o — power mean fo, AW T 7 VE RERICHIFEA %2 5 %
RO LD IRfEREZR/T,



Satellite theorem of the Furuta inequality:

IfA> B >0, then

A¥ f1mu BP <B< A< B fi-u AP
C op—u p—u

forallp>1 a,ndlu <0.

EORERT AL I IKRD K HIZHLETE D ([16],[17]).

Theorem B (Parametrization of the Furuta inequality).
If A> B > 0, then the following equivalent inequalities hold.

() A" fow BP < B =B oy B

P—u

(i) B fau A? > A" = A" f5-u A
(iil) A" f1-u BP < AT = A" f,-u AP
(iv)  B*fy=u A? > B” = B* f1-u B

for0<6<p, u<0
for0<6<p, u<0

foru<y<0, 0<p

foru<y<0, 0<p

INHDORMEMIIRDO L HIWTRT T ENTE S,
(i) B> > A $5-u BP = BP | _sou A* = BP {54, A* THDHZ EDD

p—u p-u

—u+p

B 7P Y5y A" > B 2HB5, TNEN -S=v,-p=u,—u=p L&

—u-+p

XX AT (iv) WEDND, AL B% Bl e AL TEEBIDD L

LY () & (i),

DV (i) & (iv) ORMBEEXIE LN D,

7 VB RERR satellite theorem (FHUZ (i) & (i) 128D 6 =1 DHAE
B ER, TS OBRIZKRD Figure 1 I L > THRATE 3,
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3. EAFBY. HHEI TN AREXZIEFRERIERAREZLE LT
HIpR BT L EHRITT D, FIT magic boxes ZFHNVTKRD L H IZF S
b,

£(O) = (B0OB%)7  and g(0) = (AF0A%)3
ZDOEEA>B>07261E f(AP) > f(BP) & g(AP) > g(BP) %" Figure 1
WZRBITD pq,r CBOWTERYVIMDEWI ERTH D, £ 2 THL2DIEHR
HEHE A TRROMRE 52X Tho, 715 RERIT

A" f1ou BP < A f1o0 A and  B" 1=y BY < B" iy A7
EWNHZETHBNE T magic boxes ZNEEDLLEROD L DI
2%, »

A"Fg(0)A™% = AY fi=e O and B3 f(0)B~% = B* fize O
bbb |
“3g(BP)A™% < AT2g(AP)A™2 and B7:f(B")B": < B 3f(A")B7:
LR END, %I T satellite theorem 2% magic boxes A L TH 5,

A" f1oe BP < B"f1o BP < A% f1o0 AP < BY §1-u AP
p—u p—u p—u p—u
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LD ZETHBND
F(0) =D fi B and G(D) =0 fiy AP
LFBE A>B>DEx u<0 LT
F(A") < F(B") < G(A") < G(B")

PRILLTWD &N Z &I

%, BIZH D parametrized form(Theorem
B) IZ#HTHERDE IR D, ‘

A>B>0IHL0<I<p, u<sy<0&9dH, ZTDLX

() F5(0)=0fe B = Fy(A") < Fy(BY) forV u<0,
(ii) G5(0) = O fszu A? = G§(B") > G4(A") for¥V u <0,
() 0y(0) = A" fyee O = ,(B) < go(47) for¥ p >0,

(iv) f+(O) = B* fome O = fy(A?) > f,(BP) forV p>0. :

ZDE D RME R ORI EEETH D, £ T chaotic order &
DOBEREFRTH LI,

4. BU Chaotic order .
K OFER T parametrized form i chaotic order & FfETH 5, #ET
X, E1X Theorem B A> B=>logA>logB Z#\ > TV AHIZ@BEX

WWEWH T EIT B,

Theorem 1. Let A and B be positive invertible operators, then the
followings are equivalent.

(1) A> B (i.e.log A > log B)
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(2) A sz B' < B’ for w<0 and 0<5<p
(3) B"ﬁf;_z_A”ZA" for u<0 and 0<6<p
(4) A"z B" < A7 for u<y<0 and 0<p
(5). B* ﬁﬁ AP > BY for u<vy<0 and 0<p

Proof. Since A §f -« B? <1 by Theorem A, (1) implies (4) is given
as follows: o

A* famu BP = A"y (A" fou BP) S A" By 1= A7

p—u
The equivalence of (2), (3), (4) and (5) are already shown in the Remark
of Theorem A and the converse is the case of § = 0.

RO & % chaotic order DR ITIZ 0 <6 < p ITBWTEEIZH S
TS [9, ZZTiE Theorem 1 ZHWDZ LT u<§<plZlETH
RTE DI ENTED,

Theorem 2. Let A and B be positive invertible operators abd u <
0, 0<pandu<d<p. Then the followings are equivalent:

(1) A> B

(2) p H&(Aa B, p, U’) = A" §s5-u B?
p—u

i3 in,c;easz'ng for u and decreasing for p.

(3) H5(B,A,p,’(1/) = B* ﬁ‘s—_“ AP

i3 tncreasing for p and decreasing for u.
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Proof. For any ¢ > 0, we can use Theorem 1 (2) as follows:
AY ﬁ 5= B”+6 = A% ﬂs u (A“ f omu _p=u B”“) < A ﬂa « BP.

Hence H,;(A, B,p,u) is increasing for p. The decrease for u is also seen
by using Theorem 1 (4) as follows: For ¢ > 0 such that v +€¢ <0

A5 o BP = BPY s AV

p—u—e¢ p~u €

> BPfsou (B fozuze AY) = BP s A = A" fsy BY.

Theorem B ZHWAZ ¢ TLVEEICRODIIICRTZ L TE D,

Corollary. Let A> B andu <0, 0 <pandu < <p. Then

(1) Hs(A, B,p,u) < A foru<é6<0
(2) H;(A,B,p,u) < B’ for0<6<p
(3) Hs(B, A, p,u) < B° for.u <46<0
(4) Hs(B,A,p,u) < B’ for0<4§<p

5. iR (1) F3 V0 FILATERA. BEHONLTWDL STV Ry
AARERUZONWTORBRITKRD L 572 b D TH 5 [14](cf.[12],[13]).

Theorem FYY. Let A> B >0 with A> 0 and
Gp (H(A B T, 8) = A_%{A%(A—%BPA_%)SA%}'@%—T%A—%

for cach t €10,1] and p > t. The following (i) and (11) hold for a ﬁxed 0
and they are mutually equivalent;

(i) if & > 0, then Gpsi(A, B,r,s) is decreasing for r > t and s > 1
such that (p — t)s > 0 —t.
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(i) Ifp > 6, then Gpsi(A, B,r,3) is decreasing for s > 1 and r >
min{¢,t — 0}.

TORRIZHSOWTOERBEINC L 2T 2 OFERIIKRO X 512725,

Theorem C. If A> B > 0, then for each t € [0,1]
Hp,é?t(A,B,Uaﬁ) = A" ﬂ%;i (At h% BP)

is increasing for u < 0 and decreasing for 8 > p where 0 <t < p <
B,u<0andd €00

Hpsi & Gpgy &0)55%617k05i HIZR o TWAB,

Hiy,s4(A, B,u, f) = A3Gpgu(A, B, t — u, §=) A3
SITHERE [ p KHLr=t-us = CEIBEITVD,
Gpsi(A, By, 8) DFD 17 & s ITOWTOBBEIMESE Hys:(A, B, u, )
BRI D u OEFARIME L 8 ORFARIMEIIRCTH 2,

FloH 21T T R ZRERIZBV T parametrized form % 5
2 bNDEERL(18],

Theorem D. If A> B > 0, then for eacht € [0, 1], 0 <t <p < S,
u<0and 0 <6< p

wion

A" foma (A" fout BP) < (A" oot BY)
and

B = (B ot A7) 2 (B' bhazt A7)2.

B2k D Theorem E 2N Z LT T RV EFRERL TVER
LXROMIZHERIEFB O Z & ZR LD Theorem F TH S [19],

Theorem E. IfA> B >0, then for0<t<1and0<t<p<p

(A' ho—e BP)E < B? and (B' -t AP)F > AP,
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Theorem F. IfA>B>0and0<t<1,0<t<p<B,u<O,
then

(i) 0 <6 < p,
A" 5w (At hp-e BP) < AY fs-u BP < B°
- p—t p—u

and
B* ﬁ%zg. (Bt he-: AP) > B ﬁi;& AP > AS.

(i) u <y <0
A" fmu (A oz BY) < A" fyme BP < A
- p—t p—u
and

B" s (B' ozt A”) 2 B* s A7 2 B,

p—u

5‘60) Theorem 2 % Theorem EWZ#EATDZ T Theorem C IiffE
TEERATEDZDOTHDMN, Bl de(u, flICETIRLTRDO LS ITE
ZAHND

Theorem 4. If A > B > 0, then for each t € [0,1], 0 <t < p <
B, u<0 andd € [u,f], ,

1) Hyg(A, B, ) = A" fi (A" haos BY)
is increasing for v < 0 and decreasing for B > p,
(2) Hy (B, Ay, ) = BY oy (B' ozt A7)

18 1ncreasing for B > p and decreasing for u < 0.

Proof. Since A > (A} o=t B”)B is easily led from Theorem E, so we
can apply Theorem 2 to these operators and have the conclusion.

Theorem F AW IVUEERZBEE L L TKROLHIIZERT Z L HTX S,



110

Corollary. If A> B > 0, then for each t € [0,1], 0 <t <p < B,u<
0 and § € [u,p),

(1) I{p,J,t(A,Bau’ 16) S. A" ﬁ‘s_:-l‘- B?
and
(2) Hp,&,t(BaAa u, /8) 2> B* ﬂ‘s—:—“ AP

NS OBRITRD Figure 3 IC L > THHATHZ LB TE D,

Bt s AP
B ﬁa Bt hé._ Ap

B* §,AY / AP
740 %

B

N
S

A" 147 1 B \K

<
2
o
et
o
==
i)

Figure 3



6. I5H (2) kMEDER. 77 F7LFRERIZBW Tt € [0, 1]
NHHEFELTWD, ZHEADEIZE> TRROERZ BREHEK2WD
DNERIZIR>T Wz, L2 A Theorem 1 D ZETAS>B D&
ZWMALY SO,

Theorem 5. IfA> B, then foru <vy<0,0<p< B, u<Ld<p
and p < 3 < 2p,

A" ﬂ%?i (A7 {p-y BP) < A o0 B?
and
B foma (B famy A7) > B fscy AP,
Lemma. IfA> B and 0 < p < [ < 2p, then foru <y <0,
A" Yp-y BY < A¥ fp-u BP

and
B? h.ﬁ_:_i AP > B hg_},i AP,

Proof. Since 1 < 'gf}/ < 2 and by using Theorem 1, we have the
following:

AV oy BP = BP(BP o A7T)B

BP(B™? fg-p (A" f2= B~)BP
p—y p—u

BP(B™ fap (B fpy A™")BP
=y p—u

BP(B™" fg-p A™")B” = A" §a-. B”.

A

I

Proof of Theorem 5. By the above lemma, we have

A §5-u (A7 ho-y BP)
< A" fs-u (A" bhoou BP) = A" fsu B”

Z OB ELKRD Figure 4 IZ &L > THHATE TS, ZOHEBIIRED
LTAHTT Y RINEARERITEATE 2, FER RO T2
PR DDARERIRRFDN B D OO RBOITEIZDONTNRY,
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B* §, (B fjg—y A
B:l:

BY §,A?P
Bu

BY

A* e
u ¥ 0 1 4 p B
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