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1. INTRODUCTION

The Dirac Hamiltonian with magnetic vector potential $\mathrm{a}=$. $(a_{j},(x))_{j=}1,\ldots,d$

is expressed b.y $\mathrm{t}\mathrm{l}$) $\mathrm{e}$ following form

$H( \mathrm{a})=\sum_{j=1}^{d}\gamma j(P_{j}-a_{j})+m\gamma_{d+1}+V$, (1.1)

where $P_{j}=\underline{1};^{\partial_{x_{j}}}’ V$ is a multiplication of an Hermitian matrix $V(x)$ .
$m$ is the mass of electron. The matrices $\{\gamma_{j}\}$ satis.fy the following
relations

$\gamma_{j}\gamma_{k}+\gamma_{k}\gamma_{j}=2\delta_{jk}1$ $(j, k=1, \ldots , d+1)$ . (1.2)

Here $\delta_{jk}$. is Kronecker’s delta and 1 is an identity matrix. We assume
that the speed of the light $c=1$ . When $V\equiv 0$ , the square of $H(\mathrm{a})$ has
the form

$H( \mathrm{a})^{2}=\sum_{j=1}^{d}(P_{j}-a,j)2+m^{2}+\frac{1}{i}\sum_{d1\leq j<k\leq}b_{jk}(X)\gamma_{j}\gamma k$, (1.3)

where
$b_{jk}(x)=\partial_{x_{k}}a_{j}(X)-\partial_{xk}a(j)X$ . (1.4)

lt is called Pauli’s Hamiltonian. The skew symmetric matrix $(b_{\mathrm{j}k}(x))$

is t,he magnetic field associated with a. $\backslash \mathrm{V}\mathrm{e}$ say the magnetic field is
asymptotically constant if it satisfies the following conditions as $|x|arrow$

$\infty$ :
$b_{jk}(x)arrow\exists_{\Lambda_{jk}}$ $(1 \leq j, k\leq d)$ , (1.5)

where $(\Lambda_{jk})_{i,k}$ is a constant matrix.
The aim of this paper is to prove the $1\mathrm{i}_{1}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ absorption principle for

$H(\mathrm{a})$ with a constant magnetic field $(b_{jk}(x))$ and a long-range electric
potential $V(x)$ when $d=3$ . Let us recall some known facts about
the Dirac Hamiltonian with a constant magnetic field for $d=2,3$ .
As can be infered from (1.3), $\mathrm{t}1_{1}\mathrm{e}$ spectrum of $H(\mathrm{a})$ is closely related
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with that of magnetic Schr\"odinger operator appearing ill the right hand
side of (1.3), which $\mathrm{d}\mathrm{e}1$) $\mathrm{e}\mathrm{n}\mathrm{d}_{\mathrm{S}}$ largely on the space dimension. Suppose
$d=2$ at first. For simplicity we consider the case $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}$ the lnagnetic
field $b(x)=\partial_{x_{2}}a_{1}(X)-\partial_{x_{1}}a_{2}(x)=\lambda>0$. $\ln$ this case, the Dirac
Hamiltonian $fi(\lambda)$ is represented by

$h( \lambda)=\sigma_{1}(P_{1}+\frac{\lambda}{2}x_{2})+\sigma_{2}(P_{2}-\frac{\lambda}{2}X_{1})+r?\tau\sigma_{3}$, (1.6)

with $\sigma_{1}=$ , $\sigma_{2}=$ , $\sigma_{3}=$ .
They are called Pauli’s spin matrices. Obviously $\{\sigma_{j}\}$ satisfy the rela-
tion (1.2) and by an elelnentary calculus we have

$h( \lambda)^{2}=(P_{1}+\frac{\lambda}{2}x_{2})^{2}+(P_{2}-\frac{\lambda}{2}x_{1})^{2}+m^{2}-\lambda\sigma_{3}$ . (1.7)

The right hand side is a de-coupled 2 dimensional magnetic Sch\"odinger
operator. So it suggests that the spectrum of $h(\lambda)$ is discrete and

$\sigma(h(\lambda))\subset\{\pm\sqrt{2\lambda n+m^{2}} |n=0,1,2\ldots\}$ .
$\ln$ fact we have

$\sigma(h(\lambda))=\{^{\sqrt{2\lambda_{\mathit{7}l}+m^{2}}}$,
by using Foldy-Wouthuysen transform. (See 7.1.3 in $|8\rfloor.$ ) $r_{1^{1}\mathrm{h}\mathrm{e}}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{e}$

the spectrum of $h(\lambda)$ is of pure point with infinite multiplicities.
Next we consider the case of $d=3$ . We assume

$\mathrm{a}_{0}(x)=(-\lambda x_{2}/2, \lambda x_{1}/2,0)$ $(\lambda>0)$ .
Then $\mathrm{t}1_{1}\mathrm{e}$ associated magnetic field is constant along $x_{3}$-axis :

$B(x)=(b_{32}(X), b13(x),$ $b_{21}(x))=(\mathrm{O}, 0, \lambda)$ .
We denote the associated Dirac Hamiltonian as $H_{0}(\lambda)$ . It is the follow-
ing operator $\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{l}$ on $\mathbb{H}=L^{2}(\mathbb{R}^{3})\otimes \mathbb{C}^{4}$ :

$H_{0}( \lambda)=\alpha_{1}(P_{1}+\frac{\lambda x_{2}}{2})+c\iota_{2}^{t}(P2-\frac{\lambda x_{1}}{2})+a_{3}P_{3}+m\beta$ , (1.8)

where $\{\alpha_{j}\}$ and $\beta$ are $4\cross 4$ Hermitian matrices such that

$a_{j}’=$ , $\beta=$ . (1.9)

We can easily see that these matrices also satisfy the relation (1.2). lt
is known that $H_{0}(\lambda)$ is essentially self-adjoint on $C_{0}^{\infty}(\mathbb{R}^{3})\otimes \mathbb{C}^{4}$ . (See
Theorem 4.3 in [8].) Now we consider the spectrum of $H_{0}(\lambda)$ . At first
we rewrite $H_{0}(\lambda)$ as follows.

$H_{0}(\lambda)=Q_{0}+m\beta=+$ , (1.10)

with $D_{0}=\sigma\cdot(P-\mathrm{a}\mathrm{o})$ and $\sigma=(\sigma_{1}, \sigma_{2}, \sigma_{3})$ .
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By using Foldy-Woutlmysen transform, $\dot{\mathrm{e}}$xplained in detail in the
$\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{i}_{1}$ sect,ion, $H_{0}(\lambda)$ can be diagonalized by a unitary operat.or
$U_{F\mathrm{I}\mathrm{f}\prime}’$ .

$U_{\Gamma W}H0(\lambda)U_{F\iota^{1}}-- \mathrm{t}/=(\sqrt{D_{0}^{2}+7n2}0-\sqrt{D_{0}^{2}+r|l^{2}}0)$ . (1.11)

$\mathrm{F}\mathrm{r}\mathrm{o}\ln$ t,he conlmutation relation (1.2) we have

$D_{0}^{2}=(P_{1}+ \frac{\lambda x_{2}}{2})^{2}+(P_{2^{-}}\frac{\lambda x_{1}}{2})^{2}+P_{3}^{2}-\lambda\beta$ . (1.12)

We can easily see that $\sigma(D_{0}^{2})=[0, \infty)$ . So we have

a $(H_{0}(\lambda))=(-\infty, -m’]\cup[tn, \infty)$ .
Therefore in the 3 dimensional case, the spectrum of $H_{0}(\lambda)$ is absolutely
continuous.

Let us consider $\mathrm{t}1_{1}\mathrm{e}$ perturbation of $H_{0}(\lambda)$ : $\backslash \mathrm{V}\mathrm{e}$ put
$H(\lambda)=H0(\lambda)+V$. (1.13)

Our aim is to show the so-called limiting absorption principle, namely
$\mathrm{t}1_{1}\mathrm{e}$ existence of $\mathrm{t}1_{1}\mathrm{e}$ boundary value of the resolvent $(z-H(\lambda))^{-}1$ on
the real axis. As for the Schr\"odinger operator with constant magnetic
field, Iwashita [4] shows the $1\mathrm{i}_{\ln}\mathrm{i}\mathrm{t}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ absorption principle for long-range
potential by using commutator method. In [4] the following self-adjoint
operator is considered.

$\tilde{H}=(P_{1}+\frac{\lambda\prime \mathrm{r}_{2}}{2})^{2}+(P_{2^{-}}\frac{\lambda x_{1}}{2})^{2}+P_{3}^{2}+V(x)$ . (1.14)

The exist,ence of the boundary values
$\langle x_{3}\rangle^{-S}(\tilde{H}-\mu\mp i\mathrm{o})-1\langle X_{3}\rangle^{-S}$

is proved for $s>1/2$ and $\mu\in \mathbb{R}\backslash (\{\lambda(2n+1)|n=0,1,2, \ldots\}\cup\sigma_{\mathrm{P}p}(\tilde{H}))$ .
$\mathrm{c}_{\mathrm{o}\mathrm{m}\mathrm{l}\mathrm{n}\mathrm{u}}\mathrm{t}\mathrm{a}\mathrm{t}0\mathrm{r}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{t}\mathrm{h}_{0}\mathrm{d}$ is also used for the free Dirac Hamiltonian and

that, wit, $\mathrm{h}$ a scalar potent, $\mathrm{i}\mathrm{a}\mathrm{l}$ , which is decaying as $|x|arrow\infty$ . (See [2].)
Hachem [3] showed the limiting absorption principle for the following
electromagnetic Dirac Hamiltonian with a short-range potential $V(x)$ .
Roughly speaking, his assumption lneans that the absolute value of
$\mathrm{e}\mathrm{a}\mathrm{c}\mathrm{l}\iota$ components of $V$ is dominated from above by $C\langle x’\rangle-1-\epsilon\langle x\rangle^{-}\epsilon(x’=$

$(x_{2}, x_{3}))$ for sufficiently large $x$ . We relnark that $\epsilon>0$ is used as a
sufficiently slnall parameter $\mathrm{t}1_{1}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{g}\mathrm{h}_{\mathrm{o}\mathrm{u}}\mathrm{t}$, this paper. To be accurate,
$\langle x’\rangle 1+_{V}\epsilon(,r)$ is required to be a $H_{0}(\lambda)$-compact operator.

In this paper we treat directly tlie following operator

$H( \lambda)=0_{1}^{l}(P_{1}+\frac{\lambda}{2}x_{2})+0_{2}^{\prime(-\frac{\lambda}{2}X_{1})}P_{2}+O’{}_{3}P_{3}+m\beta+1/^{r}(X)$ , (1.15)

wllpre $V(x)$ is a matrix potential. Our strategy is to apply Mourre’s
$\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{n}\ln\iota \mathrm{l}\mathrm{t},\mathrm{a}\mathrm{t}\mathrm{o}\Gamma$ lnethod directly to this operator, which enables us to in-
clnde $\mathrm{t}_{1}11\mathrm{e}$ long-range diagonal $\mathrm{C}\mathrm{O}\mathrm{l}\mathrm{n}\mathrm{p}_{\mathrm{o}\mathrm{n}}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{S}$ for $V(x)$ . In this case it
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seems that an appropriate choice of the conjugate operator is

$\frac{P_{3}}{\langle P_{3}\rangle}\cdot x_{3}+x_{3}\cdot\frac{P_{3}}{\langle P_{3}\rangle}$ ,

which is inspired by [9], when we proved the $1\mathrm{i}_{\mathrm{l}1}\mathrm{u}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ absorption prin-
ciple for time-periodic Schr\"odinger operator. In fact the method of the
proof shares $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{y}$ ideas in colnmon with [9]. Nalnely we rewrite $H_{0}(\lambda)$

by a direct integral and the conjngate operator $A$ act,s on each space
of fiber. Our main results are Theorem 3.4 and Corollary 3.7.

2. CONJUGATE OPERATOR

Let us recall

$Q_{0}=$ , $D_{0}=\sigma(P-\mathrm{a}_{0})$ , (2.1)

with
$\mathrm{a}_{0}(x)=(-\lambda x_{2}/2, \lambda.x_{1}/2,0)$ . (2.2)

The Dirac Hanliltonian $Q0+m\beta$ can be diagonalized by sandwiching
it between a $\iota \mathrm{m}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}$ operator $U$ and $U^{*}=U^{-1}$ . In the beginning
of this section we introduce a unitary operator which diagonalizes the
self-adjoint operator $H_{0}(\lambda)$ . Secondly we give a conjugate operator
associated with the diagonalized Dirac Hamiltoniall. Finally we show
Mourre’s inequality for $\mathit{0}$riginal Hamiltonians $H_{0}(\lambda)$ and $H(\lambda)$ .

Let $Q_{0}$ be t,he self-adjoint operator as in (2.1) and $|Q_{0}|=\sqrt{Q_{0}^{2}}$,
$|H_{0}(\lambda)|=\sqrt{H_{0}(\lambda)^{2}}$ . We define a unitary operator $U_{F\ddagger \mathrm{t}^{\gamma}}$ , which diago-
nalize $H_{0}(\lambda)$ , in the following way.

Definition 2.1. (i). At first we define a signiture function associated
with $Q_{0}$ by

$sgnQ_{0=} \{\frac{Q_{0}}{|Q_{0}|,0}$ ,’ $onon(ke(k^{\wedge}erQrQ00)^{\perp})$ (2.3)

We note that $sgnQ_{0}$ is isom,etory on $(kerQ\mathrm{o})\perp$ .
(ii). We can easily see that $m/|H_{0}(\lambda)|\leq 1$ . So we denote the square

root of $\frac{1}{2}(1\pm\frac{n1}{|H\mathrm{o}(\lambda)|})$ as $\mathit{0}_{\pm}$ . $i.e$ .

$a_{\pm}= \frac{1}{\sqrt{2}}\sqrt{1\pm m/|H_{0(}\lambda)|}$. (2.4)

(iii). $\mathit{0}_{om},bi,ni,ngt,h,ese$ operators we ($f,efirt,eth,e$ operator $U_{FW}$ as
$U_{F1}\tau^{\gamma}=O++\beta(\backslash sg\uparrow\gamma,Q_{0})a-\cdot$ (2.5)

Lenlnla 2.2. (i). $U_{\Gamma\dagger T^{\gamma}}$ is a $uni,tary$ operator on $L^{2}(\mathbb{R}^{3})\otimes \mathbb{C}^{4}$ .
Further,

$U_{\tau}^{*}W=U-1\gamma F|i=a_{+}-\beta(sgnQ\mathrm{o})a-\cdot$ (2.6)
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(ii). $H_{0}(\lambda)$ can be $d,i,ag_{\mathit{0}}nalized$ by $\iota \mathrm{r}_{F\iota\iota^{\gamma}}$ as follows.
$U_{F\dagger\uparrow r}H_{0(}\lambda)U_{\Gamma}-\mathrm{l}=||VH_{0}(\lambda)|\beta=(\sqrt{D_{0}^{2}+nl^{2}}0$ $-\sqrt{D_{0}^{2}+7)\mathrm{t}\mathrm{z}}0)\cdot(2.7)$

Proof. See 5.6.1 in [8]. $\square$

We denote the $\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{i}_{\mathrm{Z}}\mathrm{e}\mathrm{d}$ Dirac Hamiltonian as $\hat{H}_{0}(\lambda)$ . i.e.
$\hat{H}_{0}(\lambda)=U\Gamma 1VH0(\lambda)Up1V-1$ .

We rewrit,$\mathrm{e}(1.12)$ as follows.

$D_{0}^{2}=$ .

Here $D_{\pm}$ are the operators acting on $L^{2}(\mathbb{R}^{3})$ such that

$D_{\pm}=(P_{1}+ \frac{\lambda}{2}x_{2})^{2}+(P_{2}-\frac{\lambda}{2}X_{1})^{2}+P_{3}^{2}\pm\lambda$ .

It is well-known that $(P_{\mathrm{J}}+ \frac{\lambda}{2}x_{2})^{2}+(P_{2^{-\frac{\lambda}{2}X}}\mathrm{J})^{2}$ has eigenvalues
$\{\lambda(2n+1)|n=0,1,2, \ldots\}$ .

$\sqrt{D_{0}^{2}+77l2}=\sum_{n=0}^{\infty}$ , (2.8)

with $d_{?},=d_{\mathit{7}t}(P_{3})=\sqrt{2\lambda n+P_{3}^{2}+l^{2}}$ .
$\mathrm{C}0\mathrm{n}\mathrm{l}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{g}(2.7)$ and (2.8), we $1_{1}\mathrm{a}\mathrm{v}\mathrm{e}$

$f(\hat{H}_{0}(\lambda))=$

$\sum_{n=\mathrm{t})}^{\infty}$

for any Borel function $f$ .
Now we define $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ conjugate operator. At first we define

$\hat{A}=\frac{1}{2}\{\frac{P_{3}}{\langle P_{3}\rangle}\cdot x_{3}+x_{3}.\cdot\frac{P_{3}}{\langle P_{3}\rangle}\}$. (2.9)

$\backslash \mathrm{V}\mathrm{e}$ note that $\hat{A}$ is essentially self-adjoint operator on $D(|X_{3}|)$ . (It is
$\mathrm{o}\mathrm{b}\mathrm{t},\mathrm{a}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{t}^{\}}(11)\mathrm{y}$ use of Nelson’s $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{n}\ln\iota \mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}$ theorem [7].) The conjugat, $\mathrm{e}$

operator for the Dirac Halniltonian associated with constant $\mathrm{m}\mathrm{a}\mathrm{g}_{\mathrm{l}\mathrm{l}\mathrm{e}}\mathrm{t}\mathrm{i}\mathrm{c}$

field is defined by $\mathrm{s}\mathrm{a}\mathrm{l}\iota \mathrm{d}\mathrm{l}\mathrm{v}\mathrm{i}\mathrm{c}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{g}\hat{A}(f$ between $U_{\tau}^{-1}\dagger \mathrm{f}’$ and $U_{F\dagger V}$ :
$A=U_{F\dagger 1}^{-1}\dot{\text{ノ}}(\hat{A}\beta)U_{FW}$ . (2.10)

Before we $\mathrm{s}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{w}$ Mourre’s inequality, we int,roduce the $\backslash \mathrm{l}\mathrm{s}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{f}_{11\mathrm{n}\mathrm{c}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1$

calculus, started by Helffer and S.i\"ostrand.
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Suppose that $f\in C^{\infty}(\mathbb{R})$ satisfies the following condition for some
$m_{0}\in \mathbb{R}$ .

$|f^{(k)}(t)|\leq C_{k}(1+|t|)^{n?0^{-k}}$ , $\forall_{k}\in \mathbb{N}\cup\{0\}$ . (2.11)

$\mathrm{T}\mathrm{l}\iota \mathrm{e}\mathrm{n}$ we can construct an allnost analytic extension $\tilde{f}(\overline{/\vee})$ of $f(t)$ having
the following $1$) $\mathrm{r}\mathrm{o}]^{)\mathrm{e}}\mathrm{r}\mathrm{t},\mathrm{i}\mathrm{e}\mathrm{s}$

$\tilde{f}(t)=f(t)$ , $t\in \mathbb{R}$ ,
$supp\tilde{f}\subset\{z;|Imz|\leq 1+|Rez|\}$ ,

$|\partial_{\overline{z}}\tilde{f}(Z)|\leq C_{N}|ImZ|^{N}\langle z\rangle m_{0}-1-N$ , $\forall_{N}\in \mathbb{N}$ . (2.12)

Then for all $f$ , satisfying (2.11) for $m_{0}<0$ and a self-adjoint operator
$H$ , we have

$f(H)= \frac{1}{2\pi i}\int_{\mathbb{C}}\frac{\partial\tilde{f}}{\partial\overline{z}}(z)(Z-H)^{-}1d,z\wedge d,\overline{z}$ . (2.13)

3. LIMITING ABSORPTION PRINCIPLE FOR
LONG-RANGE POTENTIALS

Now we show the Mourre’s inequality for the Dirac Hamiltonian by
choosing $A$ defined in $\mathrm{t}1_{1}\mathrm{e}$ previous section as the conjugate operator.

Lemma 3.1. Let $\mathbb{R}_{\mathrm{N}}$ be th, $efollou\prime in,gd,i_{Sc\Gamma}e\mathrm{f},e$ subset of $\mathbb{R}$

$\mathbb{R}_{\mathrm{N}}=\{\pm\sqrt{2\lambda n+m^{2}} |n=0,1,2, \ldots\}\subset \mathbb{R}$.

We take a compa,$cf$, interval $I\subset \mathbb{R}\backslash \mathbb{R}_{\mathrm{N}}arbi,t,rq,\Gamma i,|,y$. $Th,enth,ere$ exists
$\alpha>0$ such $tha,t$ th.e followin,$g$ inequality holds for an,$y$ real valued $f\in$

$C_{0}^{\infty}(I)$

$f(H_{\{)}(\lambda))i[H_{0}(\lambda), A]f(H_{0(\lambda))}\geq a’f(H0(\lambda))^{2}$ . (3.1)

Proof. By the relations (2.7) and (2.10), it, is sufficient to show the
inequality

$f(\hat{H}_{0}(\lambda))i[\hat{H}_{0}(\lambda),\hat{A}\beta]f(\hat{H}0(\lambda))\geq\alpha f(\hat{H}_{0}(\lambda))^{2}$ . (3.2)

We rewrite the colnmutator as follow.

$i[\hat{H}_{0}(\lambda),\hat{A}\beta]=$ . (3.3)

$\backslash \mathrm{V}\mathrm{e}$ proceed the $\mathrm{c}\mathrm{a}1_{\mathrm{C}\iota}11\iota 1\mathrm{S}$ more precisely to see that

$i[ \sqrt{D_{0}^{2}+7\prime l^{2}},\hat{A}]=\sum_{n=0}^{\infty}$ (3.4)
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$1_{\mathrm{J}}\mathrm{y}(2.8).$ Fronl (3.3) and (3.4) the left hand side of (3.2) is rewrittell
as

$f(\hat{H}_{0}(\lambda))i[\hat{H}\mathrm{o}(\lambda),\hat{A}\beta]f(\hat{H}_{0}(\lambda))=$ (3.5)

where

$I_{1}= \sum_{n=0}^{\infty}f(d;l)\uparrow.[d_{n},\hat{A}]f(d\iota)7\otimes\Pi_{\eta}$ ,

$I_{2}= \sum^{\infty}f(d+1)i[n’+1,\hat{A}d_{n}]f(d_{n}n--0+\mathrm{l})\otimes\Pi_{n}$,

$I_{3}= \sum_{n=0}^{\infty}f(-d\prime n)i[d_{n}"\hat{A}]f(-dn)\otimes\Pi_{n}$ ,

$I_{4}= \sum_{=n0}^{\infty}f(-(f_{n}+1)i[d_{n+}1,\hat{A}]f(-d_{n+1})\otimes \mathrm{r}\mathrm{I}_{n}$.

We note that all the sum in $I_{1},$ $\cdots$ , $I_{4}$ are finite since $f$ is a compactly
supported function. By an elementary calucultls, we have

$i[d_{l}, \hat{A}]=\frac{P_{3}^{2}}{\sqrt{2\lambda l+P_{3}^{2}+m^{2}}\langle P_{3}\rangle}$ $(l\in \mathrm{N}\cup\{0\})$ . (3.6)

Since snpp $f\subset I\subset \mathbb{R}\backslash \mathbb{R}_{\mathbb{N}},$ $P_{3}$ is away from zero when $P_{3}\in suppf(d_{l},(P_{3}))$

or $P_{3}\in s\mathrm{c}\iota p\mathit{1}’ f(_{-}d_{l}(P3))$ . So there exist $C_{l}>0$ such that
$f(d_{l})i[d_{l},\hat{A}]f(d,\iota)\otimes\Pi_{l}\geq C_{l}f(d_{l})^{2}\otimes\Pi_{l}$ ,

$f(-d_{l})i[d,l,\hat{A}]f(-d_{l})\otimes\Pi_{l}\geq C_{l}f(-dl)^{2}\otimes\Pi_{l}$ .
Since only a finite nulnber of $l=l_{j}$ $(j=1, \ldots , N)$ is concerned, we
have (3.2) with $\alpha=\inf_{j=1\ldots N},Cl_{j}$ . $\square$

Now we give t,he assumption for the potential, which is necessary to
Mourre’s incquality associated to $H(\lambda)$ . After that we give an example
of $V$ satisfying this assulnption. It consists of a $\mathrm{s}\mathrm{u}\ln$ of long-range part
and short-range part. In our case $\mathrm{s}\mathrm{l}_{1}\mathrm{o}\mathrm{r}\mathrm{t}$-range potential means $V(x)=$
$O(\langle x\rangle^{-\epsilon}\langle X3\rangle^{-1}-\epsilon)$ as $|x|arrow\infty$ . $\mathrm{A}_{\mathrm{I}1}\mathrm{d}$ long-range $1$) $\mathrm{a}\mathrm{l}\cdot \mathrm{t}$ is a Inultiplication
of a real valued function $\varphi(x)$ such that $\varphi(x)=O(\langle_{X}\rangle^{-\epsilon})$ as $|x|arrow\infty$ .
More precisely we $\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{u}\mathrm{l}\iota \mathrm{l}\mathrm{e}$ that $V$ satisfies the $\mathrm{f}\mathrm{o}\mathrm{l}1_{\mathrm{o}\mathrm{W}}.\mathrm{i}\mathrm{n}\mathrm{g}$ .

Assumption 3.2. $V=V(x)i_{\mathit{8}}$, a $m,ulti,p|,icati.ve$ operator of a $4\cross 4$

$Herm,\uparrow,ti,(lm,\mathit{0},t,ri_{TSa},tiSf_{l}/?,n,gth,ef_{ol}|,ou’ i,n,gproperti,eS$.
(i). $V$ is a $H_{0}(\lambda)- com,pact$ operator.
(ii). $Th,e$ form, $[\iota^{r}/, A]$ can be extended to a $H_{0}(\lambda)$ -compact operator.
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For $\mathrm{e}\mathrm{x}\prime \mathrm{a}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{p}\mathrm{l}\mathrm{e}$ a $4\cross 4$ matrix $\mathrm{T}^{\Gamma}’(X)$ satisfying the following inequality
is $H_{0}(\lambda)$ -compact.

$|V(.\iota.)|\leq C’\langle x\rangle-\epsilon$ $(x\in \mathbb{R}^{3})$ . (3.7)

It is owing t,o $\{_{}\mathrm{h}\mathrm{e}$ fact, $\mathrm{t},1_{1}\mathrm{a}\mathrm{t},$ $\iota/(r.\tau)(-\triangle_{x}+1)^{-1}$ is $\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{n}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$ . (lt is due t,o

Theorenl 2.6 in [1].) Under $\mathrm{t}_{\uparrow}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{a}\mathrm{S}\mathrm{s}\mathrm{U}\mathrm{n}\mathrm{u}\mathrm{p}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ we show Mourre’s inequal-
it,$\mathrm{y}$ for $H(\lambda)$ .
Lenlma 3.3. Suppose V satisfies Assum,ption 3.2.

(i). We take $l^{l},$
$\in \mathbb{R}\backslash \mathbb{R}_{\mathrm{f}\aleph}$ and $\delta>0$ so th.at th,$ecl,oSed,$ $i,nt,er\iota\prime 0,l,$ $I\equiv$

$[\mu-\delta, \mu,+\delta]\subset \mathbb{R}\backslash \mathbb{R}_{\mathrm{N}}$ . There exist $a^{\mathit{1}}>0$ and a compact operator
$I\iota^{r}$ such that the $f_{\mathit{0}\iota l_{ou}}’ ing$ inequality holds for all $f\in C_{0}^{\infty}(I)$ .

$f(H(\lambda))\dot{?}[H(\lambda), A]f(H(\lambda))\geq\alpha f(H(\lambda))^{2}+I\iota’$. (3.8)

(ii). There $i,\mathit{8}n,oaccum,ulati,on$ point of $\sigma_{l^{)}p}(H(\lambda))$ in, $\mathbb{R}\backslash \mathbb{R}_{\mathrm{N}}$ . For
$\mathrm{t}\downarrow\in \mathbb{R}\backslash (\mathbb{R}_{\mathrm{N}}\cup\sigma_{pp}(H(\lambda))),$ $th,ere$ exist $\delta_{0}>0$ and $\alpha_{0}>0$ such, that
$th,efollowin,gin,equal,ityh,olds$ for all $f\in C_{0}^{1\infty}([\mu-\delta_{0,\mu}+\delta_{0}])$ .

$f(H(\lambda))i[H(\lambda), A]f(H(\lambda))\geq 0_{0}\prime f(H(\lambda))^{2}$ . (3.9)

With this inequality we llave the limiting absorption principle for
tlle Dirac $\mathrm{H}\mathrm{a}\mathrm{l}\mathrm{n}\mathrm{i}\mathrm{l}\mathrm{t}_{0}\mathrm{n}\mathrm{i}\mathrm{a}\mathrm{n}$ .

Theorenl 3.4. Suppose $Vsati_{\mathit{8}}fiesAssum,pti_{on}\mathit{3}.\mathit{2}$. Then for $\mu\in$

$\mathbb{R}\backslash (\mathbb{R}_{\mathrm{N}}\cup\sigma_{pp}(H(\lambda)))$, the foll,owing $\lim,?,ts$

$R^{\pm}(\mu)=1\mathrm{i}_{\ln}\langle.X_{3}\epsilon\downarrow 0\rangle^{-}s(H(\lambda)-\mu\mp i\epsilon)^{-1}\langle_{X_{3}}.\rangle^{-S}$ (3.10)

exist and $R^{\pm}(\mu)$ are $cont\uparrow,nuous$ with respect to $\mu\in \mathbb{R}\backslash (\mathbb{R}_{\mathbb{N}}\cup\sigma p\mathrm{P}(H(\lambda)))$ .
Sketch of proof

$\mathrm{F}\mathrm{r}\mathrm{o}\ln(3.9)$ and $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln 2.2\mathrm{i}_{1}1[5]$ , we can see that the boundary value
$\langle A\rangle^{-s}(H(\lambda)-\mu\mp i0)^{-1}\langle A\rangle^{-s}$ exist for $\mu\in \mathbb{R}\backslash (\mathbb{R}_{\mathrm{I}^{\backslash }\triangleleft}\cup\sigma_{pp}(H(\lambda)))$. To
see the existence of (3.10), it is sufficient if we show the boundness
of $\langle A\rangle^{S}\langle x3\rangle^{-}s$ . Since $\langle\hat{A}\rangle^{s}\langle_{X_{3}}\rangle^{-S}$ is bounded, it is sufficient to $\mathrm{s}\mathrm{l}\mathrm{u}\mathrm{o}\mathrm{W}$

$\langle.x_{3}\rangle^{\mathit{8}}U_{F}\uparrow \mathrm{t}’\langle x_{3}\rangle^{-S}$ is bounded. We prove it in $\mathrm{t}1_{1}\mathrm{e}$ following Lemlna. Be-
fore $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}$ we int,roduce smooth functions.

Let, ,$\chi(t)\in C^{\infty}’(\mathbb{R})\mathrm{s}\mathrm{u}\mathrm{c}1_{1}$ that

$\chi(t)=\{$
$1/\sqrt{2}$ $(\mathrm{t}>-7n^{2}/3)$

$0$ $(t<-2rn^{2}/3)$ . (3.11)

With this $\mathrm{f}\iota \mathrm{l}\mathrm{n}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ we define $F_{\pm}(t_{\text{ノ}})$ and $F_{x,\pm}$ as follows.

$F_{+}(t)=x(t)\sqrt{1+\frac{m}{\sqrt{t+m^{2}}}}$

$F_{-}(t_{\text{ノ}})=x(t)( \sqrt{1+\frac{rn}{\sqrt{t+m^{2}}}})^{-1}\frac{1}{\sqrt{t+r?l^{2}}}$

$F_{\chi,+}(t)=F+(t)-x(t)$

$F_{\chi,-}(t)=\sqrt{t+\uparrow n^{2}}F_{-}(t)-\prime x(t)$
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Then we can easily verify that
$o_{+}=F_{+}(Q^{2}0)$ ,
$a_{-}sg\uparrow \mathrm{t}Q\mathrm{o}=F-(Q_{0}^{2})Q_{0}=Q\mathrm{o}F-(Q_{0}^{2})$ .

As for the proof of [$Q_{0},$ $F_{-(Q)]}02\equiv 0$ , see 5.2.4 in [8]. By the construc-
tion of these functions, we can also see $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}F_{\chi,\pm()}t$ satisfy (2.11) with
$r??,0<0$ . So we apply the functional calculus in section 2 to $F_{\chi,\pm},(t)$ and
see t,he following properties hold.

Lelllllla 3.5. Suppose $0\leq s\leq 2$ and $z\in \mathbb{C}\backslash \mathbb{R}$ . $Th,en$

(i). For $0<s\leq 1_{:}th,ere$ exists $C_{s}>0$ such that
$||\langle.x\rangle^{s}(z-Q_{0}2)^{-1}\langle x\rangle-s||\mathbb{H}\leq C_{s}(|ImZ|-1+|Imz|-2\langle Z\rangle)$ . (3.12)

(ii). For $1<s\leq 2,$ $th,ereexi,st\mathit{8}C_{S}’>0$ such that

$||\langle x\rangle^{s}(Z-Q_{0}^{2})^{-1}\langle_{X}\rangle-s||\mathbb{H}\leq C_{s}’(|ImZ|..-1+|Imz|-2\langle Z\rangle+|ImZ|^{-}3\langle \mathcal{Z}\rangle^{2})$ .
(3.1.3)

(iii). $\langle x\rangle^{s}F+(Q^{2}0)\langle x\rangle^{-s}$ and $\langle x\rangle^{s}F-(Q_{0}^{2})Q_{0}\langle x\rangle^{-s}$ are bounded operators.

Proof. For the proof of (i) and (ii), we use the resolvent equation. Sup-
pose $0<s\leq 1$ . Then

$\langle x\rangle^{s}(z-Q_{0}^{2})^{-}1\langle x\rangle^{-s}=(z-Q^{2}0)^{-1}+(z-Q_{0}^{2})^{-1}(Q_{0}^{2}+1)$ (3.14)
$\cross(Q_{0}^{2}+1)^{-1}[\langle x\rangle^{S}, Q02](z-Q_{0}^{2})^{-1}\langle_{X\rangle}-s$ . (3.15)

From the boundness of $(Q_{0}^{2}+1)^{-1}[\langle_{X}.\rangle^{s}, Q_{0}^{2}]$ and the following $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}$

$||(z-Q_{()}^{2})-1(Q_{0}^{2}+1)||_{\mathbb{H}}\leq C(|I7nz|^{-}1\langle z\rangle+1)$ , (3.16)

we obtain (i). As for the case $1<s\leq\underline{9}$ , we rewrite the last term
$(z-Q_{0}^{2})^{-1}[\langle X\rangle s, Q^{2}\mathrm{o}](z-Q^{2}0)-1\langle_{X}\rangle-s$ as

$(z-Q_{0}^{2})^{-1}(Q_{0}^{2}+1)(Q_{0}^{2}+1)^{-1}[\langle_{X}\rangle^{s}, Q\mathrm{o}2]\langle x\rangle-s+1$ (3.17)
$\cross\langle x\rangle^{s}-1(z-Q_{0}^{2})^{-1}\langle x\rangle-s+1\langle_{X\rangle}-1$ . (3.18)

By using the result for $0<s\leq 1$ , we have the inequality for $1<s\leq 2$ .
With these $\mathrm{e}\mathrm{s}\mathrm{t}_{1}\mathrm{i}\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{s}$ , we prove (iii). Since $\chi(Q_{0}^{2})\equiv 1$ , we can easily

see that
$\langle_{X}\rangle^{s_{F(Q^{2})\langle}}+0x\rangle-s=\langle x\rangle^{s}F+(\chi,Q^{2}\mathrm{o})\langle X\rangle-s+I$ . (3.19)

Since $F_{\chi,+}(t\text{ノ})$ satisfies (2.12) for $m_{0}=-1/2,$ $F_{\mathrm{x})}+(Q^{2}0)$ can be rewritten
as follows.

$\frac{1}{2\pi i}\int_{\mathbb{C}}\partial_{\overline{z}}\tilde{F}_{\lambda,+},(Z)\langle.x)^{s}(z-Q_{0}^{2})^{-}1\langle X\rangle-Sdz\wedge d\overline{z}$. (3.20)

$\mathrm{F}\mathrm{r}\mathrm{o}\ln$ this fornlula and (i) (ii) we have
$||\partial_{\overline{z}}\tilde{F}_{\chi,+}(Z)\langle.x\rangle s(Z-Q_{0}2)-1\langle_{X\rangle^{-}}s||_{1}\mathrm{f}\mathrm{f}\mathrm{l}$

$\leq C|\partial_{\overline{z}}\tilde{F}+(x,)Z|(|ImZ|^{-}1|+Imz|^{-}2\langle Z\rangle+|Imz|^{-}3\langle z\rangle^{2})$ .
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$\mathrm{F}\mathrm{r}\mathrm{o}\ln(2.12)$ we have
$||\partial_{\overline{\overline{\beta}}}\tilde{F}(\lambda,+Z)\langle.\iota.\rangle S(_{\sim}\sim-Q_{0}^{2})^{-1}\langle x\rangle-s||_{\mathbb{H}}\leq C\langle z\rangle^{-5/2}$ .

This $\mathrm{i}_{1}\mathrm{n}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}$ the boundness of $\langle x\rangle^{s}F_{+}(Q^{2}\mathrm{o})\langle X\rangle-s$ .
In a sinuilar way, we rewrite $\langle.\tau\rangle^{S}F-(Q^{2}0)Q\mathrm{o}\langle.\mathrm{t}’\rangle-s$ as

$\langle.x\rangle^{s}F_{\backslash ,-}’(Q^{2}0)\langle?j\rangle-s\langle x\rangle s_{\frac{Q_{0}}{\sqrt{Q_{0}^{2}+m^{2}}}}\langle_{X}\rangle^{-s}+\langle.X\rangle s_{\frac{Q_{0}}{\sqrt{Q_{0}^{2}+7n^{2}}}}\langle X\rangle^{-s}$.

(3.21)

It is sufficient to show the boundness of $\langle x\rangle^{s}Q_{0}/\sqrt{Q_{0}^{2}+\prime\gamma^{2}}\langle x\rangle-\mathit{8}$ . To
see this, we denote X $(t)/\sqrt{t+m^{2}}\in C^{\infty}(\mathbb{R}^{3})$ as $S(t)$ and its allnost
analytic extension as $\tilde{S}(z)$ . $\backslash \prime \mathrm{V}\mathrm{e}$ can easily see that $S(Q_{0}^{2})\langle x\rangle sQ_{0}\langle_{X}\rangle^{-s}$

$,\mathrm{s}1_{1}0\backslash \mathrm{i}_{\mathrm{S}}|\mathrm{J}\mathrm{o}\mathrm{u}\mathrm{n}_{1}\mathrm{d}\mathrm{e}\mathrm{d}1^{\gamma \mathrm{t},\}}\mathrm{a}\mathrm{t}[.\langle.?,\cdot\rangle^{s}\mathrm{s}_{\mathrm{o}\mathrm{W}\mathrm{e}\mathrm{o}_{1}2},|S(Q)\supset \mathrm{t})]Q_{0}\mathrm{a}\mathrm{i}\mathrm{n}.\mathrm{t}.1\langle\tau\rangle-\mathrm{i}\mathrm{s}\mathrm{b}\mathrm{o}\mathrm{t}1\mathrm{n}\mathrm{d}\mathrm{e}’ \mathrm{d}.\backslash \mathrm{V}^{\cdot}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{t}f\gamma \mathrm{r}\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{s}\mathrm{f}\mathrm{o}11_{0}1\mathrm{e}_{S}\dagger \mathrm{J}\mathrm{O}\iota 11)\mathrm{d}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{S}\mathrm{o}\mathrm{f}\langle l\rangle^{S}F-(Q^{2}\mathrm{o})Q\mathrm{o}\langle_{X}\rangle-s\mathrm{i}\mathrm{W}\mathrm{S}\mathrm{f}\mathrm{v}.r\mathrm{e}$

$\frac{1}{2\pi i}.[_{\mathbb{C}}\partial_{\overline{z}}\tilde{s}(z)\frac{Q_{0}^{2}+1}{z-Q_{0}^{2}}(Q02+1)^{-}1[\langle x\rangle^{s}, Q_{0}2]Q0\langle X\rangle^{-s}\langle x\rangle^{s}(z-Q\mathrm{o}2)^{-1}\langle x\rangle^{-}sdz$A $d^{-}\tilde{‘}$ .

By an elelnentary calculus, we llave $(Q_{0}^{2}+1)^{-}1[\langle X\rangle^{S}, Q_{0}2]Q_{0}\langle x\rangle^{-}s$ bounded.
Colnbining (i) and (ii), we have

$||[\langle_{X}\rangle^{s}, s(Q^{2}0)]Q_{0}\langle x\rangle-s||\mathbb{H}\leq C.[_{\mathbb{C}}|\partial_{\overline{\overline{z}}}\tilde{S}(z)|\{1+|Imz|-1\}$

$\cross\{|In?Z|-1+|ImZ|^{-}2\langle z\rangle+|Imz|^{-}3\langle z\rangle 2\}d_{Z}$, A $d\overline{z}<\infty$ .

This $\mathrm{i}_{1}\mathrm{n}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}$ the boundness of $\langle x\rangle^{s}F-(Q_{0}^{2})Q_{0}\langle x\rangle^{-}s$ . $\square$

Next, we give an example of $V$ . It, requires smoothness, but allows
long-range part ill its diagonal $\mathrm{C}\mathrm{O}\mathrm{l}\mathrm{n}\mathrm{p}_{\mathrm{o}\mathrm{n}}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{S}$ .
Lemnla 3.6. Let $V$ be a $4\cross 4$ Hermitian matrix of $t,he$ form

$V(x)=(v_{ij}(.’\iota’))+\varphi(x)I_{4}\equiv V_{\mathit{8}}(x)+V_{l}(x)$ (3.22)

where $\mathrm{I}_{s}^{r}/(x)=(v_{fj}.(x))$ is an Hermitian $m,abri_{X}$ and $I_{4}i_{\mathit{8}}$ an identity
$mabri_{X},$ . Suppose the following $condi,t?,onsh,old$. $Th,enV(x)sat\uparrow,Sfi,eS$

$A_{SSu}m,pti,on,$ $\mathit{3}.\mathit{2}$ .
$Th,ere$ exist $\delta>0$ such that th, $e$ following $inequal,i.ties$ hold for all

mul,t,i,-in,dex $0’$ .
$|\partial_{x}^{\alpha}v_{jj(X})|\leq C_{\alpha}\langle X\rangle-\delta-|\alpha|\langle_{X}3\rangle^{-}1$ $(1 \leq i,j\leq 4)$ . (3.23)

$\varphi(x)\in C^{\infty}(\mathbb{R}^{3})?,S$ real $?$) $al,\mathrm{t}/.e(l$ and $sat\dot{?\cdot}\mathit{8}fi,eS$

$|\partial_{x}^{\alpha}\varphi(X)|\leq C_{a}’\langle.x\rangle-\delta-|\alpha|$ . (3.24)

The relatively $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{u}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t},\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{s}$ of $V(x)$ it,self is clear since $V$ satisfies
(3.7). So we only have to show the relatively compactness of [V, $A$]. We
prove the relatively compactness of $[l_{s}^{r}’, A]=[V_{s}, [;_{\Gamma 1\Psi}^{-1}\hat{A}\beta UFw]$ at first.
From the boundness of $\langle x_{3}\rangle^{-1}\hat{A}\beta$ and the relatively conupactness of
$\uparrow/^{\mathit{7}}\langle s.X3\rangle$ , it is sufficient to show that $\langle x_{3}\rangle U_{FW}\langle x3\rangle^{-}1$ and $\langle x_{3}\rangle U_{F\mathrm{t}\gamma}-1\langle x_{3}\rangle^{-}1$

are bounded operators in $\mathbb{H}$ . We have already proved it in Lemma 3.5.
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Next we treat the long-range $\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{n}$ . The conjugate operator $A$ can
be decomosed into t,he $\mathrm{s}\iota\iota \mathrm{m}$ of $J_{1},$ $\cdots$ , $J_{4}$ where

$J_{1}=F_{+}(Q_{0}^{2})\hat{A}\beta F_{+}(Q_{0}^{2})$ ,
$J_{2}=F_{+}(Q_{0}2)\hat{A}\beta 2F-(Q0)2Q0$ ,
$J_{3}=\beta F_{-}(Q0)2Q\mathrm{o}\hat{A}\beta F_{+}(Q_{0}2)$ ,
$J_{4}=\beta F_{-}(Q^{2}0)Q\mathrm{o}^{\hat{A}F}\beta^{2}-(Q_{0}2)Q\mathrm{o}$ .

$\backslash \mathrm{v}_{\mathrm{e}_{1}}\mathrm{J}\mathrm{r}\mathrm{o}1^{r}\mathrm{e}$ that t,he $H_{0}(\lambda)$ -compactness holds for each of $[\iota\nearrow_{l}, J1],$ $\cdots$ , $[\iota/_{l}’, J_{4}]$ .
To see t,his we use the functional calculus again and rewrite $J_{1}$ as fol-
lows.

$F_{+}(Q^{2}0)\hat{A}\beta F_{+}(Q^{2}0)=\hat{A}\beta F_{+}(Q^{2}0)^{2}+[F_{\chi,+}(Q_{0}^{2}),\hat{A}\beta]F+(Q_{0}^{2})$

$\equiv.I_{1}’+J_{1’’}$

At first we prove the boundness of $J_{1}^{\prime/}$ and conseqently the relatively
$\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{n}_{1^{)}}\mathrm{a}\mathrm{C}\mathrm{t}\mathrm{n}\mathrm{e}\mathrm{S}\mathrm{s}$ of $[l\nearrow\iota, J_{1’}’]$ . By using (2.13), we rewrite $[F_{\chi,+}(Q_{0}^{2}),\hat{A}\beta]$ as
follows.

$\frac{1}{2\pi i}.\int_{\mathbb{C}}\partial_{\overline{z}}\tilde{F}_{\chi,+}(Z)(\approx-Q_{0}^{2})^{-1}[Q^{2}0’ \mathit{1}\hat{4}\beta](z-Q_{0}^{2})-\mathrm{l}d_{Z}$ A $d\overline{z}$ . (3.25)

$\mathrm{F}\mathrm{l}\mathrm{O}\ln(3.16)$ we have $[Q_{0}^{2},\hat{A}[j](z-Q_{0}2)^{-1}$ is $\mathrm{d}_{0}\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ from above by
$C\{1+|Imz|\}$ . So we have

$||[F_{\lambda,+},(Q^{2}()), \hat{A}\beta]||\leq C\int_{\mathbb{C}}|\partial_{\overline{z}}\tilde{F}_{\lambda+(z},,)|\{|Imz|-1+|ImZ|^{-}2\langle z\rangle\}(fz$ A $d_{\sim}\overline,$ .
(3.26)

Since the alnlost analytic extension $\tilde{F}_{\lambda,+},(z)$ satisfies
$|\partial_{\overline{z}}\tilde{F}_{+}(z)|\leq C_{N}|ImZ|^{N}\langle z\rangle-3/2-N$ $(^{\forall}N\in \mathbb{N})$ , (3.27)

we have $[F_{\backslash ,+},(Q^{2}\mathrm{o}),\hat{A}\beta]$ is boullded and inductively [$\iota\nearrow_{\iota,J]}1^{\prime/}$ is $H_{0}(\lambda)-$

$\mathrm{c}\mathrm{o}\ln_{1^{\mathrm{J}}}\mathrm{a}\mathrm{C}\mathrm{t}$ . So we only $1_{1}\mathrm{a}\mathrm{v}\mathrm{e}$ to $\mathrm{s}1\iota \mathrm{O}\mathrm{W}$ t,he relatively $\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{n}\mathrm{p}\mathrm{a}\mathrm{C}\mathrm{t}\mathrm{n}\mathrm{e}\mathrm{S}\mathrm{s}$ of $[|r_{\tau,J_{1}’}]$ .
$[V_{l}, J_{1}/]=[V_{l},\hat{A}\beta]F+(Q20)^{2}+\hat{A}\beta[\mathrm{T}^{\gamma}l, F_{+}(Q^{2}\mathrm{o})^{2}]$ . (3.28)

Clearly $[l_{l}^{\Gamma},,\hat{A}\beta]F_{+}(Q_{0}2)$ is $H_{0}(\lambda)$-compact. Again we rewrite the com-
lnut,ator in t,he second $\mathrm{t}_{3}\mathrm{e}\mathrm{r}\mathrm{I}\mathrm{n}$ , by use of (2.13). Then we have $\langle.x\rangle^{1+}\delta[Vl, F+(Q^{2}0)^{2}]$

is bounded. Combing these facts, we have the relatively compactness
of $[\mathrm{f}^{r},\text{ノ}, J1]$ .

As for the coInlnutator $[\iota_{l}^{r},, J_{2}])\ldots$ , $[\mathfrak{s}\nearrow_{1}, J4]$ we also replace $F_{\pm}$ by $F_{\chi,\pm}$

alld use $\mathrm{t}_{y}\mathrm{h}\mathrm{e}$ functional calculus. The proof of relatively compactness
of $[|_{1}^{r}/, J_{2}]$ and $[V_{l}, J_{3}]$ are allnost the same. We on.ly give the proof
for $J_{2}$ . We also cstilnate the ’

$1$) $\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{i}\mathrm{l}$) $\mathrm{l}\mathrm{e}$ part before we $\mathrm{c}\mathrm{o}\mathrm{l}11\mathrm{p}\mathrm{u}\mathrm{f}_{l}\mathrm{e}$ the
$\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{n}\mathrm{U}\mathrm{t}\mathrm{a}\mathrm{t}_{0}\mathrm{r}\mathrm{W}\mathrm{i}\mathrm{t}_{}\mathrm{h}\iota_{l}^{7}/$.

$J_{2}=\hat{A}F_{+}(Q_{0}2)F_{-(Q_{0})Q}20+[F_{+}(Q_{0}^{2}),\hat{A}]F-(Q_{0}^{2})Q_{0}$ (3.29)
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It is sufficient to show $\mathrm{t}_{l}\mathrm{h}\mathrm{a}\mathrm{t}[V_{l},\hat{A}F_{+}(Q_{0}^{2})F_{-}(Q_{0}^{2})Q0]$ is a $H_{0}(\lambda)$ -compact
operator. $\backslash 1’\mathrm{e}\mathrm{d}\mathrm{e}\mathrm{C}\mathrm{o}\mathrm{l}11\mathrm{p}_{\mathrm{o}\mathrm{S}}\mathrm{e}$ it into $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ following suln.

$[1_{l}^{r}/,\hat{A}]F+(Q^{2}\mathrm{o})F_{-}(Q_{0}^{2})Q0$

$+\hat{A}[\iota_{l}^{\gamma},F_{+}(Q^{2}0)F_{-}(Q\mathrm{o}2)]Q_{0}$

$+\hat{A}F_{+}(Q^{2}\mathrm{o})F_{-}(Q_{0}^{2})[Vl, Q0]$ .
$\backslash \mathrm{V}\mathrm{e}$ can easily see that t,he first and the third term is relatively compact
since $\langle x\rangle^{1+\delta}[\iota^{\gamma}\prime l, Q\mathrm{o}]$ is bounded. As for the second term, we can also
see the relatively compactness in the salne argument as we have dolle
in $\mathrm{t}_{N}\mathrm{h}\mathrm{e}$ proof of Lellllna 3.5 (iii).

As for $J_{4},$ $\mathrm{t}_{l}\mathrm{h}\mathrm{e}_{\mathrm{P}^{\mathrm{r}}}0$ of is similar. We rewrite it as
$\hat{A}F_{-}(Q_{0}^{2})^{2}Q_{0}^{2}+[F_{-}(Q_{0}^{2})Q0,\hat{A}]F-(Q20)Q0$ (3.30)

$\backslash \mathrm{V}\mathrm{e}$ can also obtain t,he relatively $\mathrm{C}\mathrm{O}\ln_{1^{)\mathrm{a}}}\mathrm{C}\mathrm{t}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{s}$ by $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ the term
[V, $\hat{A}F_{-}(Q^{2}0)^{2}Q0$]$2$ .
Corollary 3.7. Let $V$ be a $4\cross 4Hermiti,anm,abri,x$. Suppose $V\mathit{8}atiSfieS$

$t,h,ecor|,di,ti,on?,nLem,ma\mathit{3}.\mathit{6}$ . $Th,ent,h,efoll,ow?, \eta,g\lim,$its
$R^{\pm}(\mu)=1\mathrm{i}_{\ln}\langle\epsilon\downarrow 0x_{3}\rangle^{-}s(H(\lambda)-l\iota, \mp i\epsilon)^{-}1\langle X_{3}\rangle-s$ (3.31)

$ex\dot{\eta,}st$ for $l^{l}\in \mathbb{R}\backslash (\mathbb{R}_{\mathrm{N}}\cup\sigma_{\mathrm{p}p}(H(\lambda)))an,dR^{\pm}(\mu)$ are continuous $w?,th$

respect to $\mu$ .
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