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Conjectures about the differential operators in an algorithm for
computing the residues.

Shinichi TAJIMA (H& $8—) Niigata Univ.
Yayoi NAKAMURA (H#f #34) Ochanomizu Univ.

Let X = C? and fix a coordinate system z = (z,y) of X. We denote by @x the sheaf of holomorphic
functions on X. Let fi. fo € Ox and (fi1, f2) be a regular sequence. Denote by I the sheaf of ideal of
Ox generated by fi, fo. Put A ={z € X|f; = f» = 0}. Assume that at least one zero has multiplicity
greater than 1. We denote by m the algebraic local cohomology class associated to the meromorphic
function 1/f; fa.

In [4], we gave an algorithm to compute the cohomology class m and the residues. This algorithm has
been constructed by the aid of the theory of D x-module and is based on the properties of the annihilators
of m.

In this note, we exarmine the more detailed properties of annihilators which are useful for our algorithm.
We use the computer algebra system Kan ([5]) and Risa/Asir ([2]).

1 The operators used in our algorithm

Let 25 be the sheaf of holomorphic differential form on X. We assume that the set of common zeros A
consists of finitely many points A;, ..., A,. There is a pairing

Resa, : 2x /102x @ Exth, (Ox,/I,0x) — C.

For m, this pairing yields a unique linear mapping 2x /I2x > ¢(z)dz — Resa,(¢(z)dz, m) € C defined
by the residue of the differential form ¢(z)dz/f1fs at As.

Put Vg = {o(2)dz € 2x/I2x | Resa;(¢(z)dz,m) = 0,j = 1,...,v}. Let u; be the multiplicity
of Aj, j = 1,...,vand g = p; +---+ p,. Then, Vk can be regarded as p — v dimensional vector
space. Denote by Ann the ideal generated by differential operators which annihilate m. Then we have
the following theorem.

Theorem 1

Vk = {(R*¢(2))dz | R € Ann,y(z)dz € 2x/I02x}.

Now we give conjectures about the properties of operators Py, ..., P, € Ann which we use in our
algorithm for computing the residues. :

Conjecture (A) There exist Py, ..., Py € Ann whose adjoint operators act on the vector space Clz, y]/I
and Im(Pf,..., P{) span Vi, where Im(Py, ..., P}) stands for the set of images of the adjoint
operators P, j =1,...,k associated to Clz, y]/I.

If there exist operators Pj, ..., Py € Ann which satisfy the property in the conjecture (A), we have
following conjectures about construction of them.

Conjecture (C1) F;’s are first-order differential operators.
Put P; = ¢j10: + ¢j20y + ¢jo where ¢jo, ¢j1,¢52 € Cla,y] and 8, := 0/0«, 0, := 8/0y.
Conjecture (C2) (c11,¢12,---,Ck1,Ck2, f1, f2) = /{f1, f2) as the ideal of C[z,y].

Conjecture (C3) (Fi,Fs, P1,..., P) = Ann, where F; = f;, j = 1,2 stands for differential operators
of order 0.

Conjecture (C4) As for the number of first order differential operators, we have 1 < k < 2.
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2 Illustration of conjectures
We use the following procedure to investigate the annihilators Pi,i=1 ..,k
(i) Construct annihilators of order zero and of order one.

(ii) Take the grobner bases GB of operators in (7).

(iii) Find first order operators which generate GB together with Oth order operators. (we shall see the
particular case in 2.2.2)

(iv) Verify the condition (1).

These computation can be carried by computer algebra system Kan and Risa/Asir.

2.1 The case A = {(0,0)}.
2.1.1 Example: f; = 2% fo=y?+a2*+2°

In this case, f; and fo have common zero only at the origin with multiplicity 10.

(i) Computing syzygies on the ring of polynomials, we obtain
Fl = 15,
F =9+ +1°
as annihilators of m of grder zero and
o —2yzd. + (4z* + 32%)9, — 10y,
2yz8s + (z° + 4y%)9y + 18y,
(222 + 22)0, + (4yz + 3y)9y + 18z + 16,
258y + (—4z* — 32%)dy + 10y,
(—2¢°z + 2y%)0 + (4yz* —yz® — 3yz?)dy, — 102° — 10y%z,
— 29728, + (42° + 33%)9, — 10yz,
(—22% + 67)05 + 9ydy — 10z + 48,
as annihilators of m of order one (see Section 3).

(ii) The grobner basis GB of the ideal generated by these operators with respect to the lexicographic
order y > z is given by following 8 operators:

F1 = 1‘5,
F,=y* +2* + 23,
P = (—22% + 63)9: + 9y, — 10z + 48,

P, = %8, + 5¢°,

Py = 2yzd; + (—4z* — 32°)d, + 10y,

P, = 35202 4 (—42? + 247)0: — 207 + 30,

Ps = 9202 + (—1622 + 12z + 54)9; — 95°9; — 80z + 60,
Ps = —1d% — 893 — 42920: + (42 — 8)3;.

(433) We find that the operators Fi, F3 and P) generate GB.

(iv) The ideal generated by fi, fo and the coefficients of 9, and 8, in P; is equal to the radical of the
idea’l I’ le 3 (flvf?a _212 + 6‘/17:93!) - (IL’,y) = V <f17 f2>

In fact, we can see that the operator Py satisfies the property in the conjecture (A) and the other first
order operators not as follows. Under the isomorphism 2x/I2x = Clz,y]/I, these operators Pj, j =
1,2,3 act on the 10 dimensional vector space C[z,y]/I. Using the grobner basis with respect to the lexico-
graphic order y > z, the monomial basis M B of Clz,y]/Iis MB = {l,y,z,ym,xz,ym2,r3,yz3,m4,y1¢4}.
Then Im(Py) is given by
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Pl =—6z+ 33 mod I,
Ply = —b6yz + 24y mod I,
Pz = —42% 4+ 27z mod I,
Pryc = —4yz® + 18yz mod 1,
Pra? = —22% 4 2127 mod I,
Pryz? = —2yz® + 12y2®> mod I,
Prz® =152° mod I,
Pryz® = 6yx® mod I,
Pzt = 92t mod I,
Plyz* =0 mod I.

From this computation, it follows that dim Im(Py) = 9. The other side, dim Im(Pj*) <9, j=2,3. Thus,
we verify that the operator P; enjoys (A).

The functions f; and f, are semiquasihomogeneous polynomials of degree 10 and 6 with weights
wit(z) = 2, wt(y) = 3. Put wi(d;) = —2 and wi(dy) = —3. Then the operator P, is the semiquasiho-
mogeneous polynomial in C[x,y, 0z, dy] with the quasihomogeneous part 3(220, + 3y0y + 10+ 6). The
underlined parts indicate that the quasihomogeneous part of the operator is determined by the degree of
f1 and fo as semiquasihomogeneous polynomials.

2.1.2 Example H fl = 177’ fz = y2 + ;L’(I4 + 2x3y —_ 31;5y — z6)
In this case, fi and f; have common zero only at the origin with multiplicity 14.

(i) Computing syzygies on the ring of polynomials, we obtain
F] = :L‘7,
F=y? 4ozt + 22y — 32%y — £°),
as annihilators of m of order zero and
o (—2z° —2yz®)0s + (—5yz? — 8y%z))dy — 242° — 30yz,
o (372% + 36yz%))0; + (94ya® + 144y°1))dy + 4472° + 540yz,
o ((16y + 37)z® — 20ya® + 162))0: + (—24z* — 24yz® + (64y° + 94y)z” ~ 80y%z + 40y))dy
—48z° + (240y + 447)z® — 300yz + 192,
(492 — 2)z° — 2y2))d: + ((164° — 5y)z — 89°))dy + (60y” — 24)z — 30y,
yz°0s + 447220y + 15yz2,
((—16y — 37)a® + (10y° + 55y)z2 — 262))35 + (392* + 39yz® + (=799 — 94y)z”
+(40y® + 220y°)z — 65y))8y + T8z° + (—270y — 447)z” + (150y” + 825y)z — 312,
((16y? + 57y)z° — 102° + 6yz))d: + (—24ys* — 24y%2° + (64y° + 174y%)2” — 25y2))dy
—48yz® + T4Tyzs* + (480y° — 120)z + 42y,
(49> — 2)z° — 2y2))d= + ((16y° — 5y)z — 8y%))dy + (60y” — 24)x — 30y,
((—16y2 — 57y)z> + (32¢° + 114y> + 10)2® — 26yz + 129°))ds
+(24yz* — 249%2% + (—1124° — 174y°)3” + (128y* + 348y” + 259)z — 50y°))0y
—84z* — 120yz® — 74Ty + (—192y° + 141037 + 120)z — 84y° — 282y,
o ((—16y* —57y)z® + 10z° — 6yz))d: + (24yz* + 24y*2” + (—64y° — 174y%)z® + 25y1))0,
+48yz® — T4Tyz? + (—480y° + 120)z — 42y,
o ((—48y* —171y°)z° + (—169° — 27y%)2® + (—18y° + 10y)z — 69°))0x
+(729°2* + (720 + 24y°)z° + (=192y° — 522" + 243°)x” + (—64y* — 99y%)z + 25y%))dy
+42z* + 84yz® + (—144y° — 345y%)z — 84y° + 120y
as annihilators of m of order one.

(i) The grobner basis GB of the ideal generated by these operators with respect to the lexicographic
order y > z is given by following 10 operators

R=z,

F=y? +z(z*+ 2%y — 3z°y — :1:6),

Py = (212° + 162)3, + (—24z* + 40y)d, + 1472° + 192,

P=z'0; + 1%,

P.= —2%0, +42°%9, — 722,

Py = —2yz0, + 52°0y + 362° — 162* — 14y,

Py = (=528, — 24z%)3, + (962° — 352°)d, — 168«,

Py = 42202 + (92° + 40%); + 162*9, + 6327 + 56.

P; = 3202 + 248, — 53* 82 + (—272° + 362°)3y,

Py = 5392 + 4502 — 2882°0; + 252°92 4 (11522° + 90z* — 2405°)9, — 2016z.

(#13) We find that the operators Fy, F; and P; generate GB.
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(iv) Then, the ideal generated by fi, f2 and the coefficients of d; and 9, in P; is equal to the radical of
the ideal I, i.e. , (fi1, f2, 2123 + 162, —24z* + 40y) = (=, y) = /{f1, f2)-

In fact, we can verify that the operator P, satisfies the property in the conjecture (A) and the other
first order operators not as follows. Under the isomorphism 2x /I2x = Clz,y]/I, these operators P;,
j =1,2,3,4 act on the 14 dimensional vector space C[z,y]/I. Using the grobner basis with respect to
the lexicographic order y > , we have M B = {1,y, z, yz, 2%, yz?, 23, yz3, 2%, yz*, 2% ya®, 2%, y2®}. Then
Im(P{) is given by

Pr1 =84x% +136 mod I,
Py = 24z* 4 84yx® + 96y mod 1,
P!z =632° + 120z mod I,
Pryz = 242° + 63yz® + 80yz  mod I,
Prz? = 422 + 10422 mod I,
Pryz? = 242% + 42yx* + 64ys? mod I,
Pra® = 212° + 882° mod I,
Pryz® = 21yz® + 48yax® mod I,
Pra* =121 mod 1,
Pryz* = 32yt mod I,
Pz’ = 562° mod I,
Pryz® = 16yz® mod I,
Prz® = 4028 mod I,
Pryz® =0 mod [.

From this computation, it follows that dim Im(Py) = 13. The other side, dim Im(PJ’-“) <13,j=2,3,4

The functions f; and f» are semiquasihomogeneous polynomials of degree 14 and 10 with weights
wt(z) = 2, wi(y) = 5. Put wt(d;) = —2 and wit(9y) = —5. Then the operator P; is the semiquasi-
homogeneous polynomial in Clz,y, 8;,0,] with quasihomogeneous part 8(2z0, + 5y0, + 14 + 10). The
underlined parts indicate that the quasihomogeneous part of the operator is determined by the degree of
fi1 and f, as semiquasihomogeneous polynomials.

2.2 In the case that A consists of several points
2.2.1 Example:f; = (22 +y?)? +32%2y— 3, fo=2?+y> -1
In this case, A = {(0,1),(v3/2,-1/2),(~v3/2,-1/2)} with multiplicities 2 at each points.

(?) Computing syzygies on the ring of polynomials, we obtain
Fy = 162% — 242* + 922,
Fy=4s* — 522 —y+1
as annjhilators of m of order zero and
o (r°+y*>~1)8y + 29,
(22 + 9> — 1)8, + 23,
(2y2 + y)zd: + (—2y — 1)z26y +6y° + 3y — 3,
(29° = 9* — )0z + (—2¢° + y + 1)zdy + (—6y + 3)z,
(2yac2 +9° - y)0z + (=223 + (=y 4+ 1)z)oy + (6y — 3)z,
(292 + ¥)28s + (—2y — 1)2%9, + 6y° + 3y — 3,
(=2¢4% — y)28: + (2y + 1)2%0y — 6y° — 3y + 3,
(2y + 1)20; + (—22% — 49> + y + 3)3y — 6y + 5,
as annihilators of m of order one.

(#3) The grobner basis GB of these operators with respect to the lexicographic order y > z is given by
following 6 operators;

Fy = 162° — 242* 4 922,

Fo=4z* — 522 —y+1

P, = (45° — 32)0, + (82* — 627)9, — 163* + 362 — 6,

P, = (—16z° + 24z° — 92)0, — 96z* + 9612 — 18,

Py = (82* — 62%)32 + ((122° — 92)3y + 642° — 1220, + (482% — 18)9y + 9627 + 12,
Py = (42° — 33)02 + (4822 — 12)82 + ((—122° 4 92)92 + (242° — 302)9, + 1447)d,

+(—48z7 + 18)3; + (962" — 60)3, + 96.

(#43) We find that the operators Fi, Fy and P; generate GB.
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(fv) The ideal generated by fi, f» and the coefficients of 9, and 0, in P, is equal to the radical of the
ideal I, i.e. , (f1, f2, 423 — 3z,82% — 62%) = (423 — 32,222 + y — 1) = \/(f1, f2)-

In fact, we can verify that the operator P; satisfies the property in the conjecture (A) and the other
first order operators are not as follows. Under the isomorphism 2x/I2x = Clz, y]/I, the operators P;,
j = 1,2 act on the 6 dimensional vector space C[:c y]/I Using the grobner basis with respect to the
lex1cograph1c order Y >, we have M B = {1, z,22 23,z% 25}. Then Im(P}) is given by

Pr1=—162* +242> —3 mod I, .

Pz = —162° + 202° mod [
Pre? = —8z* + 1222 mod I,
Prz® = —122% + 154° mod I,
Pzt = —62* 4 922 mod [

Prz® = —92° 4 45/42® mod 1.

From this computation, it follows that dim Im(P}) = 3(= 6 — 3). The other side, dimIm(Py) =1 < 3.
Put ; = ((42% — 3)?,42> — 4y — 5) and I, = (z?,y — 1). Then I = I; N L. Let m; be the

cohomology class with support at V(I;) and ms the cohomology class with support at V(I3) which

satisfy m = m; + my. From the ideals ((4z® — 3)%,42> — 4y — 5, P;) and (2%,y — 1, P;), we obtain

Ry = (12zy+6x)0,; + (18y+ 9)9y + 12y + 42 as an annihilator of first order of m; and Rz = 20, +2 as an

annihilator of first order of ms. These operators satisfy the localization of the property in the conjecture

(A) to Ox/I;, j =1,2.

2.2.2 Example: fi =25+ (31?=3)z* + (4 + 4> +3)22 + ¥ —y* + 2 = 1, fo= 2%+ (3y? - 3)z* +
(3y* +3y* +3)z% + y® = 3y* +3y” — 1

In this case, A consists of {(z,y)|z® — 2% + 32* — 22 + 1 = 2° + 22? — y? = 0} with multiplicity 1, (0,1)
with multiplicity 2, (0, —1) with multiplicity 2, (1,0) with multiplicity 6, and (—1,0) with multiplicity 6.

(¢) Computing syzygies on the ring of polynomials, we obtain
Fy = —62'% 4+ 2522 — 563° 4+ 852% — 822% 4 472* — 1627 — 3y% 4 3,
F = ' — 42" 4+ 927 — 142" + 142% — 92° + 42* — 2?
as annihilators of m of order zero and 26 operators of order one.
(i1) The grobner basis GB of these operators with respect to the lexicographic order y > z is given by
following 5 operators;

Fi= —6z'* + 2552 — 562 + 852% — 824% + 472* — 162° — 39° 4+ 3,

= 16 _ 4% 4 92012 — 1420 + 142% — 92°% + 42* — 22,

P = (—13z' 4+ 262° — 5227 + 522° — 262° + 132)3, — 1322° 4 1762® — 34425
+152z* + (44y% — 96)2° + 16y° + 10,

Py = (yz*° — yz® + 3ya® — yzt + y2?)dy + 220 — 22° + 62° — 22* + 227,

Pi= ((yz® — yz7 + 3yz® — y2® + yx)dy + 22° — 257 + 62° — 22° + 21)0,

+(10yz® — 8yz® + 18yz* — dya® + 2y)9, + 202° — 162° + 362* — 82 + 4.
(#47) In this case, we need four operators Fy, Fa, P; and P» to generate GB.

(iv) Then the ideal generated by fy, f> and the coefficients of 0, and 9, in P, and P, is equal to the radical

of the ideal I, i.e. , (Fy, Fo, =13z + 262° — 5227 + 522° — 2623 + 13z, ya'0 — yz® 4 3yz® — yzt + y2?) =

(—xt 4 22° — 427 + 425 — 223 + &, —yz® + y2 7 — 3ya® + ya® —yx, — 2210+ 328 - 62° + 5zt —2? -2 + 1) =
(f1, f2)-

In fact, we can verify that the operators P; and P, satisfy the property in the conjecture (A). Under
the isomorphism 2x/I2x =2 Clz,y]/I, the operators P, and P, act on the 32 dimensional vector space
Clz,y]/I. And it follows that the vector space Im(FPy, Py) is 12 dimension.

Put [; = @*+ (P + D2 —y? + 1,22 —a® + y* + 2,28+ 222 — ), I, = (2%, y— 1), Is = (z*,y + 1),
L= ((z=1)2,y%), Is = ((z+1)%,y?). Then I = I;NI3NI3NI4NIs5. Let m; be the cohomology class with
support at V([;), j = 1,2,3,4,5, which satisfy m = +my +m3+ mg +ms. From the ideals generated
by Pi, Py, and I;, we obtain the annihilators of each m;. For my and m3, we have 0, + 2. Concerning
to my, we have ((z — 1)3,y?, (122 — 12)8, — 2% + 442 — 7, ydy + 2) as annihilators of m4. Note that Iy is
generated by (x + 1)® and y?, both are univariate polynomials. For such a case, we need two first order
differential operators. In the same way, we have ((z + 1)3,y?, (122 + 12)8, — 2 — 44z — 7,y0, + 2) as
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annihilators of ms. Note that since the ideal I; is simple, m; does not require any first order differential
operators.

3 Construction of annihilators of first order

We can find annihilators of first order by the computations of syzygies. Put P = a8, + b0, + ¢ where
a,b,c € Clz,y]. If there exist uii, uiz, ug; and ugy which satisfy —afi, — bfiy = u11f1 + wi2f2 and
—afor —bfay = 2 fi +uszfa, P annihilates the cohomology class associated to the meromorphic function

1/f1f2 with ¢ = —uy1 — ugo. In other words, (a, b, u11, u12, u21, ua2) is a syzygy of ( ~‘];lr ), < _23' ),
—J2z —J2y

( {)1 )7 ( {)2 )’ ( 19 )y ( f(') ) Thus, we can obtain the first order differential operators annihilating
1 2

the cohomology class m with respect to the given meromorphic function by using Kan. This obserbation
is due to T. Oaku ([3]) and the algorithm has been implemented by him.

If these conjectures are right, we can compute the algebraic local cohomology group as left Dx-
module without any information on the b-function. Then, we will able to obtain more effecient algorithm

for computing the residues.
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