0000000000
11640 20000 73-76 : 73

On some inverse properties for univalent functions

MAMORU NUNOKAWA and SHIGEYOSHI OWA

Abstract. The object of the present paper is to investigate some inverse properties for univalent
functions in the open unit disk U. Starlikeness and convexity for functions in U are shown.

1 Introduction

Let A denote the class of functions f(z) of the form

z)=z+ Zanz" (1.1)

n=2

which are analytic in the open unit disk U = {z € C: |z] < 1}. Let S be the subclass of
A consisting of functions f(z) which are umvalent in U. It is very famous as Bieberbach

conjecture that if f(z) € S, then
lan] <n (n=2,3,4,...). (1.2)

The equality holds true for the Koebe function k(z) which given by

z
This Bieberbach conjecture was proved by de Branges [1].
In the present paper, we investigate some inverse properties for functions f(z) belonging
to the class S.
Let B denote the class of functions f(z) of the form (1.1) which satisfy the coefficient
inequalities (1.2). Recently, Kim and Nunokawa [2, Theorem 1] proved that if f(z) € B,
then f(z) is univalent in |z| < ro, where ry is the unique solution of the equation

2r3 —6r? +7r —1=0. (1.4)

This result is sharp.
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2 Inverse properties

For the functions f(z) belonging to the class B , we derive

Theorem 1. If f(z) € B, then

2 _4r+1 z 1
w—drtl S (2.1)
(1—r)? z (1—r)?
for |z| =7 < 1. The result is sharp for f(z) = z/(1 - e 2)2.
Proof. Since f(z) € B satisfies (1.2), we have
1F@)] < 1o+ D lanl 121"
n=2
[o o] r
< |z " = 2.2
"'+,,Z=2"” o (22)
for |z| =r < L
Therefore, f(z) absolutely converges in U, and so, f(z) is analytic in U.
On the other hand, we have
1F)] 2 1zl = Y laal l2I”
n=2
N L @4+
zr—;m > T (2.3)
for |z]=r < 1.
O

Remark 1. Theorem 1 shows that |f(z)/z| > 0 for |2| < 71 = 2;2‘/—5 = 0.29289. Thus
Theorem 1 is sharp.

Next we show

Theorem 2. If f(z) € B, then f(z) is univalent and starlike in |z| < 7y, where

1 e

O— 1 —
& 1+\/§( 2e — 1

= 0.08998. (2.4)
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Proof. By means of Theorem 1, we have |f(z)/z] > 0 in |2] < r, = (2 — v/2)/2, and
therefore, log(f(z)/z) is harmonic in |z| < ry.
From the harmonic function theory, we know that

” 27
log—f—(;"—l = 517;/0 (log L(—C—)D gt'zdcp,

¢
where ( = pe?(0 < ¢ < 27),z =re®?(0< 0 < 2n),and 0<r<p<r =(2 - V2)/2.

(2.5)

By using the logarithmic differentiation, we obtain

2(2) 1o ( £©) l) 2
-1=— lo do. 2.6
f(z) 2r J, g ¢ (¢ — 2)? ? (26)
Because, we have
1 (1—r)?
(1-r)? < 2r2 —4r +1 27)
for |z| = r < 1, then, from Theorem 1 and (2.7), we derive
(%) 1o ( £(¢) 2pr
Re >1-— = |1 d
{ 7§ 2 e )y s 0817 ) s speose = 9y 7 2
2p0r (1-p)?
>1 - .
- pg_r210g2p2__4p+17 (2 8)
where 0 < r < p <1 = (2~ v2)/2.
Putting p = (14 V/2)r, we have
2pr pPr—2p+1 ) 1 1
- log ( =log| =+ =1. 2.9
p?—r? 20 —4p+1 2 4{(1+v2)r -1} -2 (29)
Consequently, we see that (2.8) and (2.9) imply
Zf’(Z)}
Re >0 2.10
S (210
in |z| < ry, where ry is the smallest positive root of the equation
1 1
L, = e 2.11
2 4{1+Vo)r-1} -2 (1)
or
ry = — (1 ° ) =0.08998 (2.12)
2 — 1+ ‘/§ 26 — 1 -_— . . .

This completes the proof of Theorem 2. O
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Remark 2. In the proof of Theorem 2, we put p = (1 4+ v/2)r. But we don’t prove that
this is best or not. Therefore, Theorem 2 is not sharp.

From Theorem 2, we make
Corollary 1. If a function f(z) of the form (1.1) satisfies
lan] <1 (n=2,3,4,...),

then f(z) is univalent and convez in |z| < re.

Applying the same method as the proof of Theorem 2, we can obtain some routh
results on the other cases, but we expect that someone get exact results.
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