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Integral Means of the Fractional Derivative for
Certain Starlike and Convex Functions of order o

Tadayuki Sekine[BIREIT B RIKFEH)*
Kazuyuki Tsurumi[#8 702 FREMK T

Abstract

- In this paper we study a subclass of analytic functions consisting of functions
of the form

oo
fiz) =2z~ Z k=00, % (9 real, ax > 0; n € N).
k=n+1

We show the integral means of the fractional derivative for starlike and convex
functions of order a(0 < a < 1) belonging to the subclass.

1 Introduction

Denote by A the class of functions f(2) of the form

f(z )=2z+ Zanz

n=2

that are analytic in the open unit disk U = {2 : z € C, |z| < 1}, and by A(n) the subclass
of A consisting of all functions of the form

(1.1) f(z)=2- i ax?® (@ >0;neN=1{123,-:}).
k=n+1

We denote by T'(n) the subclass of A(n) of univalent functions in U, further by T, (n)
and Cy(n) the subclasses of T'(n) consisting of functions which are starlike of order
a(0 £ a < 1) and convex of order a(0 < a < 1), respectively. These subclasses T'(n),
Ta(n) and Cu(n) were introduced by Chatterjea[l]. When n = 1 these notations are
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usually used as T(1) = T, To(1) = T*(a) and C,(1) = C(a), which were introduced
earlier by Silverman([7]. Chatterjea[l] showed that a function f(z) of the form (1.1) is in
Ta(n) if and only if %2, 1(k — @)ax < 1 —a, and that a function f(z) of the form (1.1)
is in C,(n) if and only if 52,1 k(k — @)ar < 1 — o. In the case of n =1 these results
coincide with Theorem 2 and Corollary 2 of Silverman(7], respectively.

Denote by A(n,?¥) the subclass of A consisting of all functions of the form

f@)=2- % eF=19q, 2% (9 real, a; >0; n € N)
k=n+1

(see, Sekine and Owal6]).
We note that A(n,0) = A(n). We define the subclasses T'(n,¥), Tg(n,?) and C,(n,?)
of A(n,®) by the same way as those for the subclasses T'(n), Toa(n) and Ca(n) of A(n),
respectively. Then it is clear that T'(n,0) = T'(n), T*(n,0) = Ta(n) and C4(n,0)
Cu(n). '

Sekine and Owa(6] proved that a function f(2) in A(n, ) is in T;(n,0) if and only if

o o)

(1.2) Y k-—a)u<l-a
k=n+1

and that a function f(z) in A(n,?) is in Ca(n,¥) if and only if
(1.3) Y kk-a)a <1-a.
k=n+1

We note that the coefficient inequalities (1.2) and (1.3) do not contain ¥ and coincide
with the coefficient inequalities for T, (n) and Co(n) of Chatterjea[l], respectively.

We have the following results needed later. Since the proofs are similar to those in [5],
we omit the proofs(see, [5]).

Theorem 1.1 The extremal points of Tx(n,?d) are functions

(1.4) fi(2) =z and fe(z) = 2 — ei(k“l)"—’é:ﬁzk (k>n+1).

Theorem 1.2 The extremal points of Co(n,d) are functions

(18 (o) =2 and fils) = 2 = &V k;k‘_"‘a) # (k>n+1).

2 Fractional derivative and Subordination

In this section we recall the concepts of fractional derivative and subordination. Fur-
ther we give several known results needed later.
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Definition 2.1 ([4]) The fractional derivative of order ) is defined by

_ 1 d = f(§ _
D;\f(z)“ma‘;/o (z—_z)—dﬁ 0<A<l),

where f(z) is an analytic function in a simple connected region of the z-plane containing

the origin and the many-values of (z — €)™ is removed by requiring log(z — £) to be real
when z — £ > 0.

Remark 2.1
(2.1) prym— _Lm+1)

m—A
= Tmricon  mEN),

where 0 < A < 1.

For analytic functions g(z) and h(z) in U with g(0) = h(0), g(2) is said to be subordi-
nate to h(z) if exists an analytic function w(2) so that w(0) = 0, |w(z)| < 1(z € U) and
g(2) = h(w(z)), we denote this subordination by g(z) < h(2).

In 1925, Littlewood[3] proved the following subordination theorem.

Theorem 2.1 ([3]) If g and f are analytic in U with g < f, then for A > 0 and

0<r<li,
217 Y 27 .
| leee)] o < [ |rre?)
0 0 ~

Making use of Theorem 2.1, Silverman|8] proved the following integral means for uni-
valent function with negative coefficients.

* 46,

Theorem 2.2 ([8]) Suppose f(z) € T,\ > 0, and fy(2) = z — 2%/2. Then for z =
re?, 0 <r <1, :

27 277
| ir@ra < [T inE 1.
Further, Kim and Choi[2] showed the integral means of the fractional derivative for T,

O, T*(a) and C(a). In this paper, we show the integral means of the fractional derivative
of order A for the functions belonging to T (n;?) and C,(n; ).

3 Results

Theorem 3.1 Suppose f(2) € T3(n;9), >0, and fni1(2) is defined by (1.4). Then
forz=re¥ and 0 <r <1, '

[T ao< [

DMfaa(2) d8 (0 <),



Proof. If f(z) € T:(n;¥), then we have f(z) gik—1)9

Remark 2.1 for the function f(z), we have

= Zk_

zl——A

D;f(2) = TZ—W

(1— Y e* V%00 (k)2

k=n+1

where

T(k)T(2 - A)
T(k+1-))

Since ®(k) is a non-increasing function of , it follows that

I'(n+ 1)I(2 - X)

®(k) = (k>n+1).

0<®(k) <P(n+1)=

akz
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(ak Z 0)

)

'n+2-2X)
On the other hand, for the function
; l—-a
rsale) = 2 = eMomg o™
we have s b g T X
D/\fn-{-l( ) 2 e ( OA)F( — ) (n+ )zn )
I'2-2) (n+1-a)l'(n+2-2X)

To prove this theorem we must show that

o 1 i i(k-1)3 @(k)zk_l ’ do < /21r 1 Einﬁ(l - a)F(Z - A)F(n + 2) o 7 de
A o © o =Jo m+l-a)l(n+r2-2 ‘
Since

2T 0 4 27 g
/ 1— Y ¢ D%q,0(k)2* 1 df < / 1- Y ¢k — a)ar® (k)21 do,

0 =n+1 0 k=n+1
by virtue of Theorem 2.1, it suffices to show that
> . wd(] —)I'(2—NT(n+2)
3.1) 1— k=18 (g, _ (k k—1_<1__e ( n
(31 )c:zn-}-le (k ~ c)ax®(k)z _ (n+1-—a)l'(n+2—-2X) #
If we put
* (1 —a)['(2 - N(n+2)
1203 D9k a)a,@(k) =1 - S n
2 & (k- a)ad(k): ri-armrz—y
then we have
1—a)l A s
(’U](Z))n ___ (TL + a) (TL +2 - ) Z ez(k 1)19 a)akq)(k)zk_l

T el — )2 - N(n+2)

k=n+1
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Therefore we have

(n+1-a)l(n+2—2X)

Wizl < (1-a)'(2=XNT(n+2) 4 Z (b = (Bl
n+1—-a)l(n+2-2X) e
= T - TPl 3 (e
n+1-—
< Pl _;ﬁ 2o
n+1l—a had
n+1 k—-n+1

By applying the coefficient inequality (1.2) to the inequality above we have
W) < J2| < 1,
that is, |lw(z)| < 1. Therefore we have the subordination (3.1).

Theorem 3.2 Suppose f(z) € Co(n;¥), >0, and far1(2) is defined by (1.5). Then
forz=re? and0 <r <1,

[iosefas [

Proof. By the assumption, we note

(=) d6 (0<x<1).

l—a

fani(s) = 2= eimg(n—l— n+1-0a)

Also we note that

(n+1) Y (k—a)a < > k(k—o)ax <1-o
k=n+1 k=n+1

that is,
2 k— 1
21

(0%
k=nt1 Lt T & T4l

By means of two notes above, we can prove this theorem by an argument similar to
that in Theorem 3.1.
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