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On meromorphically convex and starlike functions

MAMORU NUNOKAWA

Abstract. The object of the present paper is to show that a meromorphically convex function is a

meromorphically starlike function.

1 Introduction .

Let A be the class of functions of the form

f(z) =2z+ Zanz

n=2

which are analytic in the open unit disk U = {z € C: |z| < 1}.
If f(2) € A satisfies the condition -

Re { zj{((?} >0 (zel), (1.1)

then f(z) maps U onto a starlike domain f(U) with respect to the origin. Further if
f(z) € A satisfies the condition

Zf”(Z) )
1+ Re{ e } >0 (z€eU), (1.2)

then f(z) maps U onto a convex domain.
A function f(z) € A is said to be starlike if it satisfies the condition (1.1), and convex if

it satisfies the condition (1.2).
Marx [3] and Strohhicker [8] proved the followmg result independently:

I f(z) € A satisfies
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1 +Re{z]{,,;iz))} >0 (z€el), |

‘ then

Re{i%;—g—)—} > :‘12- (z € U).

Robertson [7] introduced the concepts of functions starlike and convex of order a as the

following:
If f(z) € A satisfies the condition

Red ——=¢ > « zeU
§c €0
for 0 < a < 1, then f(2) is said to be starlike of order o in U, and if f(z) € A satisfies
the condition 7(2)
z2f"(z
1 4+ Re {——-——-—} e zeU
f,(z) ( )

for 0 < a < 1, then f(z) is said to be convex of order a in U.
From this definitions and Marx-Strohhicker’s theorem, a convex function of order 0 is a

starlike function of order at least 1/2. .
About the convex functions of order a, Jack [1], MacGregor [2] and Wilken and Feng [9]
obtained some results and following sharp result was obtained: If f(z) € A satisfies

1+Re{%l}>a (z €U),

where 0 < o < 1, then it follows that

R{-{g} > Ba)  (zeD),

where

20 — 1 + V9 — 4a + 402

1
Bla) > 1 2 3

and

fa-2a)22e1 -2 a#1/2
Pla) = {l/2log2, a=1/2. (1.3)
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Next, let B be the class of functions of the form

sz

n=0

NI)—-‘

which are analytic in the punctured disk E={z€ C:0< |z| < 1}.
If g(z) € B satisfies g(z) # 0 in E and

—Re{zg' (z)} >0 (zel), | (1.4)

then g(z) is said to be meromorphically starlike in this case, g(2) is univalent in F' and
the complement of g(E) is a starlike domain with respect to the origin [4].
If g(2) € B satisfies g # 0 in E and

(om0 oo, ag

then g(2) is said to be meromorphically convex, and g(z) is univalent in E and the

complement of g(F) ia a convex domain.
If g(2) € B satisfies g(z) # 0 in E and

—Re {zjé‘;)} >a (z€D)

where 0 < a < 1,then g(z) is said to be meromorphically starlike of order @, and if
g(z) € B satisfies g # 0 in E and

"
—(1 + Re{————-——-—z‘q (z)}) > (=€),
g(2)

then g(z) is said to be meromorphically convex of order c.

It is natural that we will expect to obtain almost same results between the meromor-
phically convex and starlike functions as the relationship between univalent convex and
starlike functions.

Nevertheless, there is no interesting and important results between meromorphically con-
vex and starlike functions of order .. After the Jack’s result [1], the author tried it many

times, but failed frustrated and abandoned again and again but at last, it will be settled.
The result is very very easy and it will be settled by simply calculation.
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2 Main theorem
Lemma 1. Let p(z) be analytic in U, p(0) = 1 and suppose that

- Re {p(z) - %?} > 0 (z € U). (2.1)

Then we have Rep(z) >0 in U.
Proof. Applying the same method as [5, Lemma 1] and from hypothesis (2.1), we have
p(2) # 0 in U. If there exists a point 2 € U such that
Rep(z) > 0 for 2] < ] < 1
and Rep(z) = 0, then from [6], we have

Zop'(zo) — ik
p(20) ’

where k is real and |k| > 1. Then we have

Re {p(e) - artsdl — o,

This contradicts (2.1) and therefore we have Rep(z) > 0in U. O

Theorem 1. A meromorphically convez function in U is a meromorphically starlike func-
tionin U.

There exists a function g(z) € B which is a meromorphically convez function of order 0
and simultaneously meromorphically starlike function of order 0.

On the contrary of the results (1.3) for analytic convez and starlike functions, for arbi-
trary a,0 < a < 1, there ezists a function g(z) € B which s a meromorphically conver
function of order a and simultaneously meromorphically starlike function of order 1/2.

Proof. Let us put g(z) € B,g(z) #0in E and

) = _29()
p(e) 9(z) -

Then it follows that

—(1+32"—(Zl) = () - 2,

9'(2)
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From Lemma 1, if g(z) is meromorphically convex, then g(z) is simultaneously meromor-
phically starlike.
Next, let us put

142
p(z) = 7
then it follows that
Rep(z) > 0 (z€U), Rep(z) =0, (lz]=1,2z#1), (2.2)

| N zp'(2) 1+;2
p( ) p(z) - 1_22)

(2.3)
Re {p(z) - ZZS)} >0 ‘(zEU),, (24)
and |
Re {p(z) - Z;’ES)} - Re(itjz) 0 (o|=Lz£%l).  (25)
Putting p(z) = 1/(1 ~ 2), we have
Rep(z) > % (c€U),  Reple) = % (2] = 1,2 # 1), (2.6)
and
wE) _1-z_ (2.7)

p(z) = p(z) ~ 1—-z

From (2.2), (2.3), (2.4), (2.5), (2.6), and (2.7), we complete the proof of the theorem.
(I

Remark 1. For 0 < a <1, from (1.3), we have B(a) > 1/2.
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