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e Alm:
This workshop was a continuation of the workshop “Volume Conjecture”

held at the International Institute for Advanced Studies in October 1999.
At this workshop we discussed various advances made since that time.

The ‘Volume Conjecture’ is that a certain limit of the colored Jones poly-
nomial of a knot determines the hyperbolic volume of its complement. In
the previous workshop we proposed concrete methods to prove the conjec-
ture and we are currently working very hard to develop those approaches.

Alternatively (as A. Kricker has pointed out), the volume of a knot com-
plement can be interpreted in quite a different framework. That is, it may
alternatively be recovered as the L?-torsion invariant of the 3-manifold.
The combinatorial definition of this invariant suggests an analogy with the
so-called twisted Alexander polynomial. Careful study of this analogy will
provide a deeper understanding of the Volume Conjecture, and possibly a
manageable framework for its proof. '

The aim of the workshop was to exchange new ideas, and to develop new
techniques toward the solution of the Volume Conjecture.

e Results:
We list below the abstracts of all the talks (notes taken by H. Nishihara).

T. Takata: Takata described a method for obtaining the limit of the col-
ored Jones polynomial of a knot, illustrating with a concrete example.
In particular, she showed techniques necessary for the application of the
saddle point method in evaluating that limit.

H. Murakami: Murakami numerically calculated limits of the quantum
SU(2) invariants (Witten—Reshetikhin—-Turaev (WRT) invariants) of sev- .
eral closed hyperbolic 3-manifolds obtained from integral surgeries on the
figure-eight knot, using MAPLE. These results strongly suggest that we
can obtain the volumes of these manifolds as certain limits of their WRT
invariants, just as in the case for knots.

M. Okamoto: Okamoto described how to obtain the colored Jones poly-
nomials corresponding to various doubles of a knot, by using those of
the Whitehead link. Further study may confirm the Volume Conjecture



for doubles of knots. Note that doubles of any non-trivial knot are non-
hyperbolic.

D. De Wit: De Wit reported numerical calculations, using Mathematica,
of the limit predicted by the Volume Conjecture for the figure-eight knot.
It turns out that the convergence is very slow and there is a gap between
the theoretical and the experimental limits.

K. Hikami: Hikami explained how to calculate the limits of a class of
formulae, of which the colored Jones polynomials are generic examples,
by using the saddle-point method. This formalism may make it possible
to directly construct a correspondence between the combinatorics of knot
diagrams and the combinatorics of hyperbolic structures on their comple-
ments.

T. Morifuji: Following W. Liick, Morifuji introduced the combinatorial L2
torsion invariant for 3-manifolds. Moreover he described how to calculate
the invariant for the figure-eight knot exterior.

T. Kitano: Looking at the analogy between the combinatorial L2-torsion
and the Alexander polynomial, Kitano indicated the importance of in-
variants interpolating between these two invariants. More precisely, he
suggested constructing a sequence of torsion invariants corresponding to
the lower central series of the fundamental group. This sequence provides
such an interpolation, as its first element is the Alexander invariant and
the combinatorial L2-torsion appears as its infinite limit.

A. Kricker: Kricker described the random-walk interpretation of the col-
ored Jones polynomial introduced by X.-S. Lin and Z. Wang. He then
suggested that examining a certain alternative limit of the colored Jones
polynomial, which yields the Alexander polynomial of the knot (called the
Melvin-Morton conjecture, already well understood) may suggest a man-
ageable framework for proving the Volume Conjecture. He indicated that
the principal difficulty of this approach is to understand how the “trace
in the group ring” is implemented by the limit process.

K. Habiro: Habiro described a linear skein theoretic method to calcu-
late the effect on colored Jones polynomials of knots after applying +1-
surgeries on unknots in their exterior. Using this method, one can present
the colored Jones polynomials of knots such as 3; and 4;, and of links
such as the Whitehead link and the Borromean rings, in simple formulae.

Conclusions:

The content of the talks recorded above shows that this investigation is
well underway. We see that developments to date (based on our previous
workshop) have already given exciting glimpses of the theory that awaits
discovery.

Moreover, this workshop introduced significant developments that have
occurred since the first workshop. Most importantly, we see that the
Volume Conjecture has much wider applicability than we could have hoped
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for, in that it is probably applicable to non-splittable links and irreducible
three-manifolds. Furthermore, we see that the Conjecture lives within a
broader theoretical context, with intimate relations to other important
concepts, such as L2-torsion.

This English version was polished by D. De Wit and A. Kricker. I would
like to express my gratitude to them.

Hitoshi Murakami
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