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ON THE CONVERGENCE OF FEYNMAN
PATH INTEGRALS THROUGH BROKEN LINES

TH#ERE BB BEA (Naoro KUMANO-GO )

0. Introduction

Let K(T,z,y) be the integral kernel of the fundamental solution for Schédinger equa-
tion such that

1
[ihBT + 5B A-V(T, z)]K(T,a:,y) =0
lim K(T, ,y) = 8(z ~y).

In 1948, Feynman expressed the integral kernel K(T', z,y) using path integral as follows:

K(T,2,9) = [ *0IDp).

Here 7 : [0,T] — R? is a path which starts from y at time 0 and arrives at z at time T,
ie., 7(0) =y, y(T) = z. S[y] is the action of path v defined by

T |12
.S'['y]z/o %——V('r,'y)d'r.

Path integral is the sum of the exponential of %S [7] over all path satisfying these

conditions (R. P. Feynman [1]). ,

Path integral was a new idea. Feynman explained path integral as the limit of finite
dimensional integral which is called time slicing approximation.

Let A:0=Ty <Ty <--- <Tp < Tpy1 = T be a division of the interval [0, T
into subintervals. ya be a broken line path (or a piecewise classical path) satisfying
ya(Tj) = zj for any j = 0,1,2,...,L+ 1. Let t; = T; — Tj—1, |A| be the size of a
division |A| = max ;. Then S[ya] is a finite variable function of 71, 1, - .., 1, Zo,
ie.,

S[’YA] = S($L+11$L7" .,271,1120),

in the case of broken line paths,

§ j St M ’ ; / V(0t; + Tj—1,0(z; — xj—1) +zj—1)d0.
0

Typeset by ApS-TEX



Time slicing approximation is an expression as follows:

ivS[y] T (v i ’s( ) s
Wwo |y D — ]j WO (TL+1>TLy---»T1,T0 da: ) 0
/e bl |A|I£l>0 o1 (27ritj) /RdL € ]I=Il J (0)

with v = AL

Now our problem is whether time slicing approximation really converge or not. Since
le?*S| = 1, this integral does not converge absolutely. L2-convergence by E. Nelson is
most famous (E. Nelson[14]). But under smooth condition, time slicing approximation
really convege on R? x R4

Under the conditon |82V (¢,z)| < Cq for any |a| > 2, the time slicing approximation
throgh piecewise classical paths converges uniformly on R? x R? (D. Fujiwara[2],[4]),
and the time slicing approximation throgh broken line paths converges uniformly on
any compact sets on R? x R (D. Fujiwara[3]).

Under the more general condition with electromagnetic fields, the time slicing approx-
imation throgh piecewise classical paths converges uniformly on R? x R4 (K. Yajima[16],
T. Tsuchida[15]), but it is open whether the time slicing approximation throgh broken
line paths converges any compact set or not, though it converges in L2-sense (W. Ichi-
nose|(8]). o

In discussing the convergence of Feynman path integrals, we use Fujiwara’s skip
method (D. Fujiwara[5], T. Tsuchida[15]) and the estimate of H. Kumano-go-Taniguchi
type that we can control the multi integral of the right hand side of (0) by dimensional
power of a constant (H. Kumano-go and K. Taniguchi [11], [10]). However, the origi-
nal estimate was made for hyperbolic equations of Hamiltonian type, not for Feynman
path integrals of Lagrangian type. Therefore, the size of time to satisfy the estimate
must be very short and phase function must be very smooth. Recently D. Fujiwara, N.
Kumano-go and K. Taniguchi gave another proof for the estimate of Hamiltonian type
by integration by parts and by change of variables (D. Fujiwara, N. Kumano-go and K.
Taniguchi [6], N. Kumano-go[13]). In this paper, using this idea, we give another proof
for the estimate for Feynman path integrals of Lagrangian type and show that the size
of time is determined by the derivatives of phase function of 2-nd order.

Remark. 1° In the strict sense of the word, Nelson’s line path is not broken line paths
(W. Ichinose[8]). 2° In the Hamiltonian path integral case, the time slicing approxima-
tion through piecewise classical paths conveges uniformly on R?x R? (H. Kitada and H.
Kumano-go[9]), the time slicing approximation through broken line paths (of Nelson’s
type) converges uniformly on any compact set on R? x R? (N. Kumano-go[12]).

1. Statement of results

We consider the following oscillatory integrals:

L L
I(S,p,v)(zL+1,T0) = N/ i eV S@ELI L L) (g ap, .. ., T1,%0) H dz;j .
R =1

)



Here each z, j =0,1,...,L+1, runs in RY, v > 1 is a parameter, tj, j = 1,2,...,L+1,
are positive constants, T; =t +ta + -+ +t;, j=1,2,...,L+1, and
L+1

N = (_2_7‘_"2”5:1)‘”2 11 (= )"’/2_ (1.2)

v ! 2mit;
=1

Our assumption for the phase function S(zr41,2L,---,Z1,Zo) is the following:

Assumption 1. S(zr4+1,2ZL,...,71,T0) s a real valued function of the form
L1

zT;—Ti-1)>
S(@141,%00- 71,70 = 3 ((_.1—2_2_]__1)_ Fuy(enesm)), (1.3)
j=1 7
and wj(zj,zj—1), j=1,2,...,L+ 1 satisfy the following condtions:

(1) For any integer m > 2 there exists a constant K,, such that
1020 w;(z,y)| < Km (1.4)

forany2<|a+B|<m,z,yc R andj=1,2,...,L+1.
(2) For any integer m > 2 there exists a constant K,, such that
L+1

Z l(awj—1 + a-'Bj + amj+1)a{a£jwj (xbxj—l) + 6gjwj+1 (mj+17$j)}| <Km, (1'5)

Jj=1
forany2<|a+p8|<m, |B]=1, andz; € R%, j=0,1,2,...,L+1.
Our assumption for the amplitude function p(zr+1,zL,---,Z1,Zo) is the following:

Assumption 2. For any inieger m > 0,

L+1
e Sup Haﬁ’waL 1,ZL,---,%1,To)| <00. 1.6
lﬂomﬂll,n.,lﬂl&_llssz,ml,.--,¢L+1€R‘iI(jzo :L‘J) ( +1, ’ y y )l ( )

We denote the left-hand side of this by |p|m.

Proposition. Assume that (4kg + K2)d*Tr 1 < 1/2. Then there ezists a unique solu-
tion (z3,23,...,2}) such that

Toxi—xi . |
T — I = 0p,04(w5, %5 1) + 0w (B540,75) . (L)
j+1 ;
where $2+1 =41 and T = 0.

Furtheremore, for any Br+y1, Bo with |Br+1+Bo| > 1, there exists a constant Cg,, , s,
such that , :

*
Tjp1 T

|02e+1020 (25 — 5)| < Cpiya o » -y
for j=1,2,...,L, where
go — Trn —T3)wo + TiTrsm
g Tr+1

(1.9)
Set
S*(zr+1,%0) = S(TL+1,ZL,- - -, 21, %0) (1.10)
Then our main theorem is the following :



Theorem. Assume that (k2 + K2)d?>TrL+1 < 1/2 and define q(xr11,0) by
I(S:pa V)($L+17 -7;0) = eiuS' (zL+1,$0)q(zL+la :170) ’ (111)

Then for any integer m > 0, there exists a positive constant Cy, independent of L such
that

|3££‘Ll 8% q(zr+1,%0)| < (Cm) " |Plomtdas1 (1.12)

for |Br+1 + Bo| < m.

2. Some Lemmas

In this section, we state two important lemmas needed later. First lemma is found in
H. Kumano-go and K. Taniguchi [10], [11].

Lemma 2.1. Let A = (ajx) be an L x L real matriz. If there exists a positive constani
0 <e¢ <1 such that

L
D el <, | (2.1)
k=1
for any j =1,2,...,L, then we have
(1-o)F < det(I — A) < (1+¢)t, (2.2)

where I, denotes the L X L unit matriz.

Second lemma is found in D. Fujiwara, N. Kumano-go and K. Taniguchi [6].
Let N and L be positive integers and z € RY. For j =1,2,...,L+1, let P; be the
first-order partial differential operator with smooth coefficients given by

Pi= Y ajp(=)0, (2.3)

B85 <73, 185151

where v; € {0,1} ¢ N{¥ and ajg,(z) € C(R"). Furthermore, we assume the
following properties:

1°. There exists a positive integer I independent of N and of L such that
sl <T, (2.4)

forj=1,2,...,L+1.
2°. There exists a positive integer K independent of N and of L such that

u{j= 1,2,...,k; 08%+1a;p,(x) %0} <K, (2:5)

for k = 1,2,"‘ ,L, ﬁj < Yis Iﬁjl < 1’ .7 = 1727"°7k and O#ﬂk‘*"l < Ye+1-
Then we get the following lemma:



Lemma 2.2.
(1) The product of operators Pr 1Py, --- P, is of the form

PryPp--- Py
L+1
= Y Yoy Aet ) ([] 0 ais,@)oz,  (26)
B2} {ag Y i=1

where Y’ is the summation with respect to {/BJ}L"”1 such that B; < v; and

(73 pary
1Bil <1 forj=1,2,...,L+1, Y." isthe summation with respect to {c; 5:01
{o;} 20
L+1 L+1 L L
such that Zoaj = Y. B and a1 = 0, and C({B; +1,{ Ny ) is a non-
Jj= Jj=1

negative integer.
(2) Furthermore, there exists a positive integer C independent of N and of L such

that
SN edB A {o ) < o (2.7)
{8:}iH {320 s

We can choose C < (1+TI'(K +1)).

3. Proof of Theorem in the case |Br+1 + Bo| =0
1°. Note that

2541 3

2
( v )d/?e,"/("’z+l =3)? ( v )d/2 iu("’j_"’ﬂ)

21T’l:tj+1 271'213
d/2 . (= zg)2
_ ( v ) / e _%HL_
27l"iTj+1

v\ - ti+1T; 2 4 (g — T tin _
% (ﬂ) /Rd expw( 2TJ+1§ +(z; Tj+lzg+1 Tj+1-’1?0)§])d§3

Using this inductively, we get

(3.1)

( L+1—=0)?
I(S p, V)(zL-i-l)xO) =€ T ]I(@ D, V)($L+1720) (32)

where

v \dL . L
1@, )@rmm) = (g2) [ perimam,...onz0) [[ g, 63)
. ' ) j=1
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L L L+1

- T; i+l tir1T}j .o
b= E (wj - Tr Tj+1 — T;Eiﬁo)fj - Jzzl m{, + ;wj(a:j,xj_l) . (3.4)

2°. For j=1,2,..., L, we have

T, tinr  tinT
O d=z;— L g, — I gy I e
3 J Tji+1 j+1 1}_4_1 0 T'j+l J
T;_
0r;® = ¢ — ‘C}Tlﬁj—l + Op;wj(Tj, Tj—1) + Oz;wi+1(Tj+1,%5) - (3.5)
J

with & = 0. Set

1 i(3, ®)2,
MJ - 1+V|6§j<1>|2 ’

1-(0,,)0s,

7 14 v|0,,9)?

(3.6)

We denote the adjoint operators of M; and of N; respectively by M. 7 and by N7. Then
we can write
M} = a;(xj41,5,25,%0)0¢; + a3(Tj+1,&5, T, To)

N} =bj(2j11,8,%5,€5-1,Tj-1)0; + b3 (%j41,&5, T, €51, Tj—1) (3.7)

For any (341, a;, B;, there exists a constant Cp, independent of j such that

a;,B;

laﬁﬁl@?” Bﬁjal'(wj+1a £5> %5, %o)|

Tj+1 &5 T
1
< Cﬂj+1,aj,ﬂj 1+ V|3€_<I>|2)1/2V
¥
|aﬂf+16§‘j"8ﬁfa°($j+1,€j,wj,i’l‘o)l

Tj1 z; j
1

< Cﬁj+1,aj»ﬂj (1 + V|5§,-‘I’|2)1/2

—1/2+|Bj1+o;+B5]/2 ,

plBit1+e;+B51/2 (3.8)

For any B;1, B;, there exists a constant Cg,,, g, independent of j such that

|0Bi+108b1 (2541, &5, T, €5—1,Tj—1))|

Tj+1 "Z; ]
1

< 3 ,
< Cﬂg+1,ﬂa 1+ Vlazjq)|2)1/211

|35,’5L‘f"f;fb?($j+1,Ej,xj,fj—l, zj-1)|
1
<GB, (1 + v|0,,B|2)1/2

=1/2+|Bj+1+B51/2 ,

plBit1+B51/2 (3.9)




Integrating by parts, we have
][(q),p, V)($L+17 .’130) = I[(q),po’ V)($L+1$ 517()) ’
where

p° = (NDHH WL - (ND)H
o (ME)HH(ME )™ -+ (M7)*p.

By Lemma 2.2, there exists a positive constant C; such that

1 1

L L
Ip°| < (C1)*|platr .
rle 11 5 amer L oo, speeor

3°. Forj=1,2,...,L, let
Zj=a§j¢, Cj=3wj(I).

For simplicity, we set

El,L = (37173727---71:].3) ’ f:l,L = (61’£2)' "7611) ’
2Il,L == (21,22,... 7ZL) ’ Cl,L = (<17C27"-7<L) .

Then we have

a(zl,L,Zl,L) _ (Al Al)
0(Z1,L,&1,L) Ay A
where A1, As, A1 and Ay are dL x dL matrices defined by

(Id -f5ls 0
T
A, = 0 Lo -7 |
0 0 I
(L 0 0
-3l I, 0
Ba=| 0 mpog, ’
T3
201y 0 0
0 -Ben o

Ay

0 0 4Bl

11

(3.10)

(3.11)

(3.12)

(3.13)

(3.15)

(3.15)

(3.16)

(3.17)

(3.18)



621(4)1 + 621 wo 61,2 6m1 wo 0
A 0z, O, w2 332012 + 82, w3 Oz Oz, w3
2 —_—
0 3:,,2 653 w3 333 wsg + 6:,2:3 wa

Furthermore, we can write

(3 s -1
det —(EEL—’C,;Q = det ( {dlL Al Al ) = det(IdL - A;lAlAglAz) .
o(T1,r,61,L) Ay A Tar
We denote the (4, k)-component of a matrix A by [A];x. Note that
Tr—1 Tk , .2 9 Tr+1
T.,i azka-'tk—1wk + E(azkwk + aa:k“"k+1) + 1—} a’ckaﬂ:k+1wk+1
tx te+1
= ——aa: a:z: Wkt _az a:c Wr+1
{11]' k k—1 ]‘!j k k+1
T

+ t(azk—l + 6ﬂ3k + a$k+1)(a$kwk + awk“"k+1) ’

T;

for any k < j — 1. Then we get the following estimates for any j :
dL
> |[AE 1Az]j,kl < (452 + Ka)d,
k=1

drL
> I[AflAlAz_ 1AZ]J‘,kl < Tpya(4m2 + Ko)d? .
k=1

By Lemma 2.1, we have

oz 1. C.
(1 — Tpp1 (4 + Ka)d?)?L < ‘ det 2G1Lo18) |
9(@1,1,€1,L)
Therefore, there exists a constant Cs such that
p° det M
9(z1,L,C1,L)

L L

1 1
< (Co)E|pla .
(C2)"|pla+r j|=|1 0+ |z [P) @D/ ]11 1+ V|G 2@ D72

12

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Changing the variables: (Z1, L,El, L) — (#,L, El, L), we integrate by 2z; 7, and El, L. Then

there exists a constant C3 such that

lg(zL+1,70)| = [1(®,p°,v)(TL+1,%0)| < (C3)*[plats-

(3.25)
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4. Proof of Proposition

1°. For Z1 1, € R%L| we introduce the norm ||Z1,L|]oo given by

B el = _max o). (41)

We consider the mapping F : Z; , — Y11 given by
‘L = AT MAT M@ L 41,5 1, o) + 2 L, (4.2)
where
Oz, w1 (1, 20) + O, wa(z2,71)
_ Oz,wa(Z2,Z1) + Op,ws(T3, T3)
M&L+1,T1,L,T0) = 2 : : ’ . (4.3)
aszL($L,$L—1) + 3meL+1 ($L+1,$L)
For 51,1,, 5’1711 c RdL, let
‘YL = AT MAT M@ L4, 71,0, 70) + '35
‘Do =ATMAT Nz L4, T\, 1,%0) + 'Z5 . (4.4)
Then we can write

"W —Y,L)

1
= AT AT / Ao(zr41,Z1,L +0(F) 1, — F1,1), T0)d0 (F) L — Fr,1).-
0

(4.5)
Hence we have
N7, — F1,Llleo < (452 + K2)d* T 1|87 L — F1,1 oo - (4.6)
Hence F is a contraction and has a unique fixed point 5:"{, 1, such that
t(a?lk.,L - 5‘1),L) = A;1A1A2_1A($L+11§I,L’x0) ’ (47)
Therefore, there exists a unique solution (z},z3,...,z}) such that
x* 1 T* r* — z"f_l .
= P = Op;wj(3, %5 1) + On;wjg1 (541, 73) - (4.8)

i+ 2

where 7, =z, and z§ = x.
Furtheremore, for any 811, Bo with |8r+1+ 80| > 1, there exists a constant Cg, , g,
such that
|3ﬂ"+13ﬂ3 (m; - :l:;)l < CﬂL+1,ﬁoTL+1 ) (4'9)

TL4+1 T

forj=1,2,...,L.
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5. Proof of Theorem in the case |81 + Bo| #0
1°. For j =1,2,...,L, let

Then we can rewrite
Zyj ("/}]y]+1 + "p Y+ "»b iYi— l) (5'2)
]_—
with
1 1 !
ij = — 2tj+l + /0 (1 - 0)(6$j+16$jwj+1)(:v;f+1 + Byj+1,a:’; + Oyj)dﬂ ,
1 ! . .
v =gt [ (=00 0rn) @ +0351,55 + 0)0
1 1 . .
+ g + / (1 - 0)(02,w5)(? + Oy5, 35, + Ous—1)d8,
W=t / (1= 8)(Bs,_,0u,007) (&% + Oy, 71 + Oy5_1)d0, (5.3)

where yr 41 =y = 0.
Changing the variables: (z1,%32,..-,ZL) = (¥1,%2,---,YL), We have

. L
q(Tr+1,%0) =N e r(TL41,YL,-- - Y1, %0) H dy; , (5.4)
RdL iy
where
L
U=>"y; ("/’}yj-i-l + 7y + 1@-’%—1) , (5.5)
=1
and
T(zL-i'l) YyL,--- 7y1) (E()) = p(zL"l-l) 552 +yL,--- ,IDI + y1,$0) - (56)

For Br+1, Bo, we define rg, , go(TL+1,YL,---,Y1,T0) such that
L
6£fﬂaf§ q(xp+1,%0) =N / . e, 1,00 (TL+1, YL, - - > Y1, T0) H dy;, (5.7)
R - ‘

For any 87, By and non-negative integer K, there exists a positive constant
CﬂL+1,ﬁo,ﬂ£ L1B0K such that

L
'
L+1 0
TL 41 afo I I TﬂL+1,ﬂo ($L+11 Yr;--->,4, xO)’

L
< (CﬂL+1,ﬂo,B£+1,ﬂ6,K) P18 4 1+B0-+8,  +B4 1K

L
> 185172
- 3 (1 + V1/2“’31,L|'oo)2|ﬂ1'+1+ﬂ0| , (5.8)



for any |8j| < K, j=1,2,...,L.
2°. We restore the variables:
zj=y; +zj,

for j =1,2,..., L. Then we have

P19 g(z 41, %0)

R4L

L
=N eiu(s~S*)pﬂL+1»ﬂo ($L+1’ ZL,---,%1,%0) H dz;
1

(zr41—-=0)?

o ]I(q:.:pﬂm—l,ﬂo’ V) ’

—ipS* v
—e 'uJS6

where

*
PBLi1,60(TL+L, Ly - -3 T1,%0) = Tp 41,60 (TL+1, TL — TL, - - -

*
» L1 —9?1,1'0)-

15

(5.9)

(5.10)

(5.11)

For any non-negative integer K, there exists a positive constant Cpg, ,, g, x such that

L
I(H agj)pﬁlrl—l:ﬂo (fL'L_{,.]_,iUL, v.-y3T1, mQ)
j=1

L
> 185172 - ~
< (CﬂL+1,ﬂo,K)L|p|lﬁL+1+ﬂo|+KV'J=1 (1 + Vl/zllml,L - x;,LHOO)2IﬂL+I+BOI(75 12)
for any |8;| < K, j=1,2,...,L.
3° Forj=1,2,...,L, let
Zj = 8§j<1> N Cj = ijé[) - (513)
Since
*Z1,L = AT MAT A (L4, 1L, %0) + P
+ AT L+ ATIMA Y G, (5.14)
and
YT L = AT MAT Nap 41, T, 0) + U 1, (5.15)

we can write

— A]__lAlA;l tEl,L +Ai_l tEl,L

1 :
= (I + AT MAF / Aa(z141,F1,z + 0(F1,L — FY,1), 70)db)
0

X t(&{l’L - x,v*].,L) -

(5.16)
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Hence we have

|1,z = Llloo < 2(ZlZJI+ZlCJI) (5.17)

=1

Therefore,

(1 +V1/2II51 L =% 1]leo)

<22 T[4 vl )1/2H(1+u|<| 2. (5.18)

j=1

4°. Integrating by parts, we have

][(q)7pﬂL+1,ﬂo7 V) = ][(q)ap?h,_,.l,ﬂo, V) ’ (5'19)

where

2 d 9 d
Phopo = (NE)HPrratholtdtl. (N3 )2Prsitholtdtt

o ( Mi)2|3L+l+ﬂ0|+d+1 .. ( Mi")2|ﬁL+1+ﬂo|+d+lpﬁL+hﬁo ] (5_20)

Hence, there exists a positive constant Cg, , g, such that

iagfl,‘ill 6ﬂoq(zL+l ? wo)l = I][(¢7 pﬁL—i—l ,ﬂo ? V) ($L+17 m0)|
< (CﬂL+1 ,ﬁo) lp!3|ﬂL+1+ﬁ0H'd+1 ’ (5'21)
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