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FINITE SUMS OF NILPOTENT ELEMENTS IN
PROPERLY INFINITE C*-ALGEBRAS

Nobuhiro Kataoka

ABSTRACT. We prove that A is the linear span of elements z € A with 22 = 0 if

A is stable or properly infinite. Moreover, we prove the same statement for any closed
two-sided ideal I of such C*-algebras.

1 Introduction

Recall that a C*-algebra A is called stable if A is isomorphic to A ® K, and a unital
C*-algebra A is called properly infinite if there exist projections e, f € A such that
e~ f~1andef =0, where A® K is the tensor product of A and the C*-algebra
K of compact operators on a separable infinite dimensional Hilbert space, and e ~ f
means that there exists a partial isometry z € A such that e = z*z, f = zz*. We prove
that A is the linear span of elements z € A with 2 = 0 (or in particular the linear
span of nilpotent elements of A) if A is stable or properly infinite. Moreover, we prove
the same statement for any closed two-sided ideal I of such C*-algebras. Denoting by
[A, A] the linear span of comrmutators [a,b] = ab — ba, with a,b € A, T.Fack proved in
(2] that [A, A] = A if A is stable or properly infinite. We also show the same statement
for any closed two-sided ideal I of such C*-algebras.

The author would like to thank Prof. A. Kishimoto for some helpful comments.

2 Main Results

For each C*-algebra A, we denote by N(A) the linear span of elements z € A with
z? = 0. We have the following result;

Theorem 1. Let A be a properly infinite unital C*-algebra. Then I = N(I) for any
closed two-sided ideal I of A.

When {A;}2; is a sequence of C*-algebras, we denote by ®$2 , Ay the direct sum C*-
algebra {®2  ax : ax € Ag,limgo ||ak|| = 0}. We also denote by M, the n x n matrix
algebra, and by I,, the unit of M,,. We begin with the following lemma;
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Lemma 2 Let B be a C*-algebra, and suppose that A = B ® (@2, Ma;). Define

E§ € M, for £ € N by
1 I, 0 0
0 0 —%Ig

Then = @ (®2,Ef) € A is a element in N(A) for any z € B.

Proof. Define Ef, € M3 for £ € N, m =1,2,3,4 by

I I, I,
[T vavA N
-1 3L -3l

Then (E.)? = 0, E{ = S0 _, Ef and lim,e ||EL]| = 0 for each m. Thus z ®
(@2,EL) € A, (z @ (82, EL))? =0 for each m and

4

2@ (02, E) =2 ® (82, Y EL)

m=1

4
=> 2@ (82, E,) € N(A).
m=1

Note that E§ equals § by denoting the matrix units of Ms,
2—-Z+1 zz g

by {ef;}.

Lemma 3 Let B be a C*-algebra, and suppose that A = B ® K. Denote by {e;;} the
matriz units of K. Then z ® e;; € N(A) for each z € B.

zlm_

Proof. Define a sequence.()\i)fi1 by

)\-:{4"1_“ (4F-1 < i< 2.4k 1)

= (—3) (2451 <@ <4451 1),
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for each i € N (Le. (Mi)2, = (1,-1,-1,... ,(—%)’C-l,--- ,(—%)k-l,---)). Then
ZkT‘t;rms
[o o] (e o]
€11 = Z /\iei,i - Z /\zez,z
=1 1=2
o 4k—1 o 2:4F-1
= Z Z Aiei,i'f'z Z ( )\z)ezz
k=1 j=4k-1 k=1 j=2.4k-1
© 2.4%=1_1 1 4.4k-1_3
= Z 4k—-1{ Z iT 3 Z €ii}
k=1 1=4k—1 1=2.4k—1
o0 1 2.2.4k-11 1 4.2.4F~1 1
+ Z 9. 4k—1{ Z Ci T 5 Z i}
=1 1=2.4k—1 1==2.2.4k—1

For each £ € N, define *-monomorphisms ¢ : M3, — K by
(€)= erpicrerjor 1<4,5 < 3L

Then
20—1 4l 1
Eg) {Zew— Zezz}
1=24

and Ran(1*") L Ran(s*" —1) Rcm(z2 4 1) L Ran(:**~ ') for each k, k' € N,k # k',
where Ran(1’) is the range of + and L means the orthogonality relatlon Thus the
maps

1w =1idg ® (GBZ‘_’__IZ"’C—I) B (@5 Magp) - A

1 =1dp @ (B2 7) : BR (B, Mygpe—1) — A
are well-defined homomorphisms and injective, where idg is the identity map on B.
Since 4 (N(B @ (932, Ma.qx-1))),102(N(B @ (6%, Msp.46-1))) € N(A), it follows by
lemma 2 that ;

rRenr =u(z® (@Z‘;lEgk_l)) —n(z® (@I;“;lEgAk-l)) € N(A)

for each z € B.®

Proof of Theorem 1. Let ¢, f € A be projectons such that e ~ 1 ~ f, ef =0, and
u,v € A be isometries such that u*u = v*v = 1,uu* = ¢ and vv* = f. For each z € I
since z = exe+ex(l —e€) + (1 —e)ze+ (1 —e)z(l —¢) and (1 —€)ze, ex(1 —e) € N(I),
we only have to prove that exe, (1 —e)z(1 —e) € N(I). Set e;, f; € A for each 7 € N by

o {vi‘lue (v >2)
T e (1=1),

_Jurtv(l—e) (1>2)
fi~{1—~e (1=1).
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 Note that e;’s are partial isometries with mutually orthogonal range projection and
with the same initial projection e, and that f;’s are partial isometries with mutually
orthogonal range projections and with the same initial projection 1 — e. Define *-

isomorphisms ¢ : ele R K — I,¢p: (1 —e)I(1 —e) @ K — I by
e(a ® ;) = e;ae}, a € ele, 5,7 €N,
¢(b ® 6,',j) = fibf;, be (1 - e)I(l — 6), 1,7 € N.

Then ¢(a ® e11) = a for each a € ele and Y(b® ey1) = b for each b € (1 —¢€)I(1 —e).
Thus by lemma 3,

ere = p(eze @ e11) € p(N(ele ® K)) C N(I),

(1- )21 =€) = Y((1 — e)a(l — &) ® 1) € Y(N((1 — &)I(1 — &) ®K)) C N(I).
|

Corollary 4. Let B be a C*-algebra such that the multiplier algebra M(B) is properly
infinite, and C be a C*-algebra. If A= BQ® C (for instance, if A is a stable algebra, a
tensor product with a Cuntz-algebra O,,) then I = N(I) for any closed two-sided ideal
I of A, where the tensor product can be taken with respect to any C*-norm.

Proof. The multiplier algebra M(A) of A is properly infinite and A is a closed two-
sided ideal of M(A). Thus I is a closed two-sided ideal of M(A) and I = N(I) by
theorm 1.1

Recall that a unital C*-algebra A is called infinte if there exists a projection e € A
such e # 1,e ~ 1.

Corollary 5. If A is a simple unital infinite C*-algebra then A = N(A)
Proof. By [1], A is properly infinite. Thus A = N(A) by Theorem 1.1

If we do not assume that A is simple in corollary 5 then the conclusion does not follow
in general. For instance, the Toeplitz algebra ¥ is a unital infinite C*-algebra with a
closed two-sided ideal K, and the quotient C*-algebra ¥ /K is isomorphic to C(S), where
'C(S) is the C*-algebra of complex continuous functionson Sand S = {z € C: |z| = 1}.
‘Then N(%X) = K # %. For N(K) = K by corollary 4, and N(T/K) = N(C(S)) = {0}.
Thus N(%) C Ker(r) = K= N(K) C N(%) since 7(N(%)) C N(T/K) = {0}, where
7 is the quotient map from ¥ onto /K.

Finally we consider the relation between [A, A] and N(A).

Proposition 6. For any C*-algebra A, N(A) C [A, A].
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Proof. For each ¢ € A with 2? = 0, set = u|z|, where |z| = (¢*z)? and u in the
double dual A*™ of A is the partlal 1sometry of the polar—decomp051t10n of z. Then
since u|z|? € A,

z = [ule|?, |z]7] € [4, 4]
|

Corollary 7. Let A be a properly infinite C*-algebra. Then I = [I,I] for any closed
two-sided ideal I of A.

Proof. By theorem 1 and proposition 6, I = N(I) C[I,I] C I.®

Corollary 8. Let B be a C*-algebra such that the multiplier algebra M(B) is properly
infinite, and C be a C*-algebra. If A= B® C then I = [I,I] for any closed two-sided
ideal I of A, where the tensor product can be taken with respect to any C*-norm. -

Proof. The multiplier algebra M (A) is properly infinite and A is a closed two-sided
ideal of M(A). Thus I is a closed two-sided ideal of M(A) and I = [I, I] by corollary
7.a
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