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An Introduction to Quantum Computing for Non-Physicists,
quant-ph 9809016.
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Ll b S,
PR
H : a separable Hilbert space over C.
M (H) denotes a space of all bounded linear operators on .

U(H) denotes a space of all unitary operators on 7.

Stiefel Manifold :
Stm(H) = {V = (U17"'3vm) € H X oo+ X HIVTV — ]-m}

where 1., is a unit matrix in M(m, C).
Grassmann Manifold :
Grm(H) ={X € M(H)|X* = X, X' = Xand trX =m}
Projection
7 i Stm(H) = Gro(H), =(V)=VVi
U(m) 2% St,(H) ITENSER :
Stm(H) x U(m) = Stp(H) : (V,a) = Va
(V) =VVi=X O&&

nY(X) = {VAA € U(m)} = U(m)
ElxB, LIzM-oT

A{U(m), St (H), 7, Grom(H)}



& Gr,(H) LD principal U(m)-bundle TH 5.
M : manifold, P: M — Grn(#H) (a projector) given

Pull-back bundle :

(U(m), E,mg, M) = P*(U(m), Stm(H), 7, Grm(H))

U(m) U(m)
| |
E — St.(H)
I |
M L Grn.(H)

Non Abelian Berry Connection and Curvature
M : B3 parameter space

M3, Ag: areference point

{H>}»em : a family of Hamiltonians
H), : a reference Hamiltonian
H : @ Hamiltonian Hy, {ZX 9 % Hilbert space (over C)

RE Hi(A € M) ODEFEIZ no-level crossing




ZIZTIHE BT
U: M —UH) and U()) = identity

2% LT Hy 23 isospectral .,

Hy =UNHUN)T for e M
e(No) : Hy, D (EALID)EAE
RE FEAE PHERLTWS (ZTOXRKE n &5 <)
{B1, -+, ), T} ¢ (X)) ZEBM D DEAMN Y MIVE

Hyo; =e(N)7; 1<j<m

Dy, Bjy oo, U WK DTHR SIS vector space %

E()\g) = Vect{'Dl,- . ','&j, . ‘,'En}

EB <,

[ A i [EA X 27 b JVZER]
H)\o 6()\0) Eg = E()\())
H)\ G(/\O) EA = U()\)E()\o)

Ey = E(X\) ®& % o.n. base

% = (Ula'”avn)
Z BEET S,

Ey = E(X\y) @ o.n. base & (A LD Stiefel manifold DITE)



E(X) = {VoAlA € U(n)} = U(n)

Bk

Pull-back bundle :
(U(n),E,mg, M) = P*(U(n), St,(H), m, Gra(H))

Fiber at A :

Flx = {UMNVIV € B(n)}
= {U(\VAlA € U(n))

S : cross section
s:M—FE, mgos=idum

I'(E) : E @ cross sections 2K DES 22/ (#4252 HILT D)

a canonical cross section :

s(A) =

|
—
>
.
—
>
~
=
~—



EdDAZE A=1, EBWZ,

s = (A V() AeM

Z D & & pull-back bundle DEEHER connection form A 13
AN = V)iaV(Y) = V([U)dU (M) Ve

ZZIWZdiEM Lo, THEZS5N S, > T curvature form F &

F = dA+ AN A

= dVINTAAV(A) + VOV AV (A)TAV(N)
E75b, Z3d local form TH 5.
A2 b  projector
P(A) =V()V ()

ZH W5 & curvature form 13

PdP ANdP
& global ITE®E %, Libd F &I

PdP AdP =V FV!
OBEBEND 5.,

L(M) : Loop Space of M at ) .,
L(M) = {y:[0,1] — M|(0) = (1) = do}

Z @ connection form A %)% & holonomy operator N EFE I N5,
O : L(M)— Aut(T(E))

5(7)‘1’ = \I}/Pef'yA, ’Peva E U(n) a,nd ‘I’ = (1/}1’ e ,¢n)
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Hol(A) = {eh* |y € L(M)}

id. holonomy group & XidN 5, —fkiT Hol(A) C U(n) TH%., &<IZ
Hol(A) =U(n) D& &, Al irreducible £F D,

PR DRERL T2
(U(n), E,mp, M)
/3. Principal U(n)-bundle T %. Z4UzhiL7 Vector bundle
(C*, E, 7wz, M)
Z. Quantum Computational Vector Bundle &R, HAIX %

ETIAEa—F—OFBFEEELUTHRMATS, Bl5. 2O bundle D A
LD fiber IZ1E#H %2 FH . Holonomy operators A EZ R XIZEHI T,

MU 21772 D,
QO fEHD encoding :
Fiber at Ay (= E(A¢))

Iy
X = &> Y T,
7=0
Tn—1

& [FHRLE
Holonomy Operator at A
A=Peh? cU(n)

Unitary £#: X — 4AX

IR Nz IERBRTHFITIICHT 5,



Simple Example 1

{a,a'} : a harmonic oscillator
[a,a] =0 = [al,al], [a,al]=1
N = a'a : number operator
H = Fock{|n)| n=0,1,2,---}
Action of a,af on H :
a|ny=vn|n-1), d|n)=vVn+1|n+1)
A reference Hamiltonian

Hy=XN(N -1), X isa constant
Eigenspace to 0—eigenvalue (1-qubit)
Vect{|0),[1)} = C*

A family of Hamiltonians

H(a,B) = W(a, B)HoW (a,8)"
W(a,B) =U(a)V(B)

where unitary operators

Ula) = exp(olzaT — Ga),
V() = exp{b(B(a): - e}

U(a) is unitary coherent operators based on abelian Lie algebra C

V(B) is unitary coherent operators based on Lie algebra su(1,1)
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In this case

M = {(a,8) € C x C} 5 (0,0) : a reference point,
| vac) = Vp = (|0),]1)).

As to calculations of connection forms {A4,} and curvature ones {F),,} see
[3] and [6].

Remark Let us explain C and su(1,1) :

(a) C- algebra

[N,al] = al, [N,a] = —a, [af,a] = -1

(b) su(1,1)- algebra

1 1 1
K+ = _(aT)za K_ = _a27 K3 = E(GTG + 5)

then

(K3, K,)=K,, [K3, K_|=-K_, [K,,K_] = —2K;

Simple Example 2

{a1,a1',as,a5'} : 2-harmonic oscillators

[ai,a;] = 0 = [ai',a;1], [ai,a;1] = &

N; = a;'a; : number operators

A reference Hamiltonian

2
Hy=X) Ni(N;—1), X isa constant
=1

Eigenspace to 0-eigenvalue (2—qubits)
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Vect{]0,0),]0,1),]1,0),|1,1)} = C*® C’

A family of Hamiltonians

WA, p) =UX)V ()
where unitary operators

U(X) = exp(laifag — daglay),

Toof

V(p) = exp(paray’ — pagar),

U()) is unitary coherent operators based on Lie algebra su(2)
V(p) is unitary coherent operators based on Lie algebra su(1,1)

In this case

M = {(\p) € Cx C}>(0,0) : a reference point,
[vac) = Vo = (]0,0),10,1),[1,0),|1,1)).

As to calculations of connection forms {A4,} and curvature ones {F,,} see
[4] and [6].

Remark Let us explain su(2) and su(1,1) :
(a) su(2)- algebra

J. =ailay, J_ =aslay, J3= %(aﬂal — agfag)
then

[J3a ‘]+] = Jy, [J?n J—] =-J_, [J-H J—] = 2J;

(b) su(l,1)- algebra



1
K, = alfazf, K_=asa, K3 = §(a1Ta1 + a2Ta2 + 1)

then

[K37K+] = K, [K3’K—] =-K_, [K+aK—] = —2Kj3

Simple Example (General Case)

{a1,a1",--+,an, a,'} : n-harmonic oscillators
[ai, 0] = 0 = [a!, 0], [0, 0,7] = 6

N; = a;'a; : number operators

A reference Hamiltonian

Hy=X) Ni(N;—1), X isa constant

=1

Eigenspace to 0-eigenvalue (n—qubits)

Vect{|0,---,0,0),]|0,---,0,1),---,]1,---,1,0),|1,---,1,1)}
> C’®---® C? (n-times)

A family of Hamiltonians

where unitary operators

v(®) =T oo, vin)=T v,

and for1<j3<n-1
U(x;) = exp(AjajTan— Xjanfaj),
V(kj) = exp(paslan’ — fagay).
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Namely
U (_)?) is unitary coherent operators based on Lie algebra su(n)
V() is unitary coherent operators based on Lie algebra su(n — 1,1)

In this case

M:{()‘17)‘27"'v)‘n~11/1'17/1’2a"'7/"’n—1) e CxCx XC}
5 (0,0,---,0) : a reference point,
l’UClC)E‘/():(10,"',0,0),IO,"',O,I),"',I1,"',1,0),‘1,"',1,1))

As to calculations of connection forms {4,} and curvature ones {F),,} see

[5].
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