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Abstract

How to determine invariant hyperfunction solutions of invariant linear differential equations with
polynomial coefficients on the vector space of $n\cross n$ real symmetric matrices is discussed in this
work. The real special linear group of degree $n$ naturaUy acts on the vector space of $\mathrm{n}\cross n$ real
symmetric matrices. We can observe that every invariant hyperfunction solution is expressed as a
linear combination of Laurent expansion coefficients of the complex power of the determinant function
with respect to the parameter of the power. Then the problem can be reduced to the determination
of Laurent expansion coefficients which is needed to express. We can give an algorithm to determine
them by applying the author’s result in [12]. Our method is applicable to other prehomogeneous
vector spaces.

1 Introduction.

Let $V:=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ be the space of $n\cross n$ symmetric matrices over the real field 1R and let $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ be the
special linear group over $\mathbb{R}$ of degree $n$ . Then the group $G:=\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ acts on the vector space $V$ by the
representation

$\rho(g)$ : $x\mapsto g\cdot x\cdot {}^{t}g$ , (1)

with $x\in V$ and $g\in G$ . Let $D(V)$ be the algebra of linear differential operators on $V$ with polyno-
mial coefficients and let $\mathfrak{B}(V)$ be the space of hyperfunctions on $V$ . We denote by $D(V)^{G}$ and $\mathfrak{B}(V)^{G}$

the subspaces of $G$-invariant linear differential operators and of $G-$-invariant hyperfunctions on $V$ , re-
spectively. For a given invariant differential operator $P(x, \partial)\in D(V)^{G}$ and an invariant hyperfunction
$v(x)\in \mathfrak{B}(V)^{G}$ , we consider the linear differential equation

$P(x, \partial)u(x)=v(x)$ (2)

where the unknown function $u(x)$ is in $\mathfrak{B}(V)^{G}$ .
Our problem is the following. Let $P(x, \partial)\in D(V)^{G}$ be a given $G$-invanant homogeneous differential

operator.

1. Construct a basis of $G$-invariant hyperfunction solutions $u(x)\in \mathfrak{B}(V)^{G}$ to the differential equation

$P(x, \partial)u(x)=0$ .

2. Construct a $G$-invariant hyperfunction solution $u(x)\in \mathfrak{B}(V)^{G}$ to the differential equation

$P(x, \partial)u(x)=v(x)$ ,

for a given quasi-homogeneous hyperfunction $v(x)\in \mathfrak{B}(V)^{G}$ . In particular, when $v(x)=\delta(x)$ , it is
a problem to find a $G$-invariant fundamental solution.
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2 Invariant Differential Operators.

We denote

$x=(x_{ij})_{n\geq j\geq i\geq 1}$ , $\partial=(\partial_{ij})=(\frac{\partial}{\partial x_{ij}})_{n\geq j\geq i\geq 1}$

$x^{\alpha}= \prod_{n\geq j\geq i\geq 1}x_{ij}^{\alpha_{lj}}$
,

$\partial^{\beta}=\prod_{n\geq j\geq i\geq 1}\partial_{ij}^{\beta_{j}}$

.

with

$\alpha=(\alpha_{ij})\in \mathbb{Z}_{\geq 0}^{m}$ , $|\alpha|=$ $\sum$ $\alpha_{ij}$

$\beta=(\beta_{ij})\in \mathbb{Z}_{\geq 0}^{m}$ , $| \beta|=\sum_{n\geq j\geq i\geq 1}^{n\geq j\geq i\geq 1}\beta_{ij}$

and $m=n(n+1)/2$ . Then $P(x, \partial)\in D(V)$ is expressed as

$P(x, \partial):=\sum_{k\in \mathrm{z}_{\geq 0}}\sum_{\alpha,\beta\in \mathrm{z}_{\geq}^{m_{0}}}a_{\alpha\beta}x^{\alpha}\partial^{\beta}$

. (3)

We call the order of $P(x, \partial)$ the highest number $k$ in the sum (3). On the other hand, for

$P(x, \partial):=\sum_{k\in \mathrm{Z}}$

$\sum_{\alpha,\beta\in \mathrm{z}_{\underline{>}0}^{m},|\alpha|-|\beta|=k}a_{\alpha\beta}x^{\alpha}\partial^{\beta}$

(4)

We call the homogeneous part of $P(x, \partial)$ of degoee $k \sum_{\alpha,\beta\in \mathrm{Z}_{\geq}^{m_{0}}}a_{\alpha\beta}x^{\alpha}\partial^{\beta}$ in (4). Differential operators
$|\alpha|-|\beta|=k$

with only one homogeneous part is called homogeneous differential operators.

Example 2.1. 1. We define $\partial^{*}$ by

$\partial^{*}=(\partial_{ij}^{*})=(\epsilon_{ij}\frac{\partial}{\partial x_{ij}})$ , and $\epsilon_{ij}:=\{$
1 $i=j$

1/2 $i\neq j$
(5)

2. Let $h$ and $n$ be positive integers with $1\leq h\leq n$ . A sequence of increasing integers $p=(p_{1}, \ldots, p_{h})\in$

$\mathbb{Z}^{h}$ is called an increosing sequence in $[1, n]$ of length $h$ if it satisfies $1\leq p_{1}<\cdots<p_{h}\leq n$ . We
denote by $IncSeq(h, n)$ the set of increasing sequences in $[1, n]$ of length $h$ .

3. For two sequences $p=(p_{1}, \ldots,p_{h})$ and $q=(q_{1}, \ldots, q_{h})\in IncSeq(h, n)$ and for an $n\cross n$ symmetric
matrix $x=(x_{ij})\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R}))$ we define an $h\cross h$ matrix $x_{(p,q)}$ by

$x_{(p,q)}:=(x_{p.,qj})_{1\leq i\leq j\leq h}$ .

In the same way, for an $n\cross n$ symmetric matrix $\partial=(\partial_{ij})$ of differential operators, we define an
$h\mathrm{x}h$ matrix $\partial_{(p,q)}$ of differential operators by

$\partial_{(p\}q)}^{*}:=(\partial_{Pi,qj}^{*})_{1\leq i\leq j\leq h}$ .

4. For an integer $h$ with $1\leq h\leq n$ , we define

$P_{h}(x, \partial):=\sum_{P_{)}q\in IncSeq(h,n)}\det(x_{(p)q)})\det(\partial_{(P_{)}q)}^{*})$
. (6)
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5. In particular, $P_{\mathrm{n}}(x, \partial)=\det(x)\det(\partial^{*})$ and Euler’s differential operator is given by

$P_{1}(x, \partial)=\sum_{n\geq j\geq i\geq 1}x_{ij}\frac{\partial}{\partial x_{ij}}=\mathrm{t}\mathrm{r}(x\cdot\partial^{*})$. (7)

These are all homogeneous differential operators of degree $0$ and invariant under the action of
$\mathrm{G}\mathrm{L}(V)$ , and hence it is also invariant under the action of $G_{1}:=\mathrm{S}\mathrm{L}_{n}(\mathbb{R})\subset \mathrm{G}\mathrm{L}(V)$ .

6. $\det(x)$ and $\det(\partial^{*})$ are homogeneous differential operators of degree $n\mathrm{a}\mathrm{n}\mathrm{d}-n$ , respectively. They
are invariant under the action of $G:=\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ , and relatively invariant differential operators under
the action of $\mathrm{G}\mathrm{L}_{n}(\mathbb{R})$ , with characters $\chi(g):=\det(g)^{2}$ and $\chi^{-1}(g):=\det(g)^{-2}$ , respectively.

Proposition 2.1.

1. Every $\mathrm{G}\mathrm{L}_{n}(\mathbb{R})$-invariant differential opemtor on $V$ can be expoessed as a polynomial in $P_{i}(x, \partial)(i=$

$1,$ . . , $n$) defined in (6).

2. Every $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariant differential operator on $V$ can be expressed as a polynomial in $P_{i}(x, \partial)$

$(i=1, . . , , n-1),$ $\det(x)$ and $\det(\partial^{*})$ .

For the proof see H. Maass [5] “ Siegel’s Modular Forms and Dischlet Series, Lecture Notes in
Mathematics, vol. 216, Springer-Verlag, 1971’))

3 Some definitions and Propositions.

We denote $P(x):=\det(x)$ and we set $S:=\{x\in V|\det(x)=0\}$ . The subset $V-S$ decomposes into
$n+1$ connected components,

$V_{i}:=\{x\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})|\mathrm{s}\mathrm{g}\mathrm{n}(x)=(i, n-i)\}$ (8)

with $i=0,1,$ $\ldots,$
$n$ . Here, $\mathrm{s}\mathrm{g}\mathrm{n}(x)$ for $x\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ is the signature of the quadratic form $q_{x}(v)arrow:={}^{tarrow}v\cdot x\cdot v\sim$

on $varrow\in \mathbb{R}^{n}$ . We define the complex power function of $P(x)$ by

$|P(x)|_{i}^{s}:=\{$
$|P(x)|^{s}$ if $x\in V_{i}$ ,

$0$ if $x\not\in V_{i}$ .
(9)

for a complex number $s\in \mathbb{C}$ .

We consider a linear combination of the hyperfunctions $|P(x)|_{i}^{s}$

$P^{[\vec{a},s]}(x):= \sum_{i=0}^{n}a_{i}\cdot|P(x)|_{i}^{s}$ (10)

with $s\in \mathbb{C}$ and $a\sim:=(a_{0}, a_{1_{\rangle}}\ldots, a_{n})\in \mathbb{C}^{n+1}$ . Then $P^{[\vec{a},s]}(x)$ is a hyperfunction with a meromorphic
parameter $s\in \mathbb{C}$ , and depends on $aarrow\in \mathbb{C}^{n+1}$ linearly.

Proposition 3.1. $P^{[\vec{a}s]}$) $(x)$ is holomorphic with respect to $s\in \mathbb{C}$ except for the poles at $s=-(k+1)/2$
with $k=1,2,$ $\ldots$ . The possible highest order of the pole of $P^{[a,s]}(x)arrow$ at $s=-(k+1)/2$ is

$\{$

$\lfloor\frac{k+1}{2}\rfloor$ $(k=1,2\ldots., n-1)$ ,
$\mathrm{L}\frac{n}{2}\rfloor$ ( $k=n,$ $n+1\ldots$ . , and $k+n$ is odd),
$\lfloor\frac{n+1}{2}\rfloor$ ( $k=n,$ $n+1\ldots.$ , and $k+n$ is even).

(11)

Definition 3.1. Let $\lambda\in \mathbb{C}$ be a fixed complex number.
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1. We denote by $PHO(\lambda)$ the possible highest order of $P^{[\vec{a},s]}(x)$ at $s=\lambda$ . Namely we define

$PHO(\lambda)$ $:=$

’

$\lfloor\frac{k+1}{2}\rfloor$ $\lambda=-\frac{k+1}{2}(k=1,2\ldots., n-1)$ ,
$\mathrm{L}\frac{n}{2}\rfloor$ $\lambda=-\frac{k+1}{2}$ ($k=n,$ $n+1\ldots$ . , and $k+n$ is odd),

(12)
$\lfloor\frac{n+1}{2}\rfloor$ $\lambda=-\frac{k+1}{2}$ ( $k=n,$ $n+1\ldots.$ , and $k+n$ is even),

$\sim 0$ otherwise.

2. Let $q\in \mathbb{Z}$ . We define a vector subspace $A(\lambda, q)$ of $\mathbb{C}^{n+1}$ by

$A(\lambda, q):=$ { $\vec{a}\in \mathbb{C}^{n+1}|P^{[\vec{a},s]}(x)$ has a pole of order $\leq q$ st $s=\lambda$ }. (13)

Then we have $A(\lambda, q-1)\subset A(\lambda, q)$ by definition. We define $\overline{A(\lambda,q)}$ by

$\overline{A(\lambda,q)}:=A(\lambda, q)/A(\lambda, q-1)$ (14)

3. We define $o(a, \lambdaarrow)\in \mathbb{Z}$ by

$o(\vec{a}, \lambda):=\mathrm{t}\mathrm{h}\mathrm{e}$ order of pole of $P^{[\tilde{a},s]}(x)$ at $s=\lambda$ . (15)

We have $p=o(\tilde{a}, \lambda)$ if and only if $a\sim\in A(\lambda,p)$ and $[\overline{a}]\in\overline{A(\lambda,p)}$ is not zero.

4. Let $aarrow\in \mathbb{C}^{n+1}$ and let $p=o(\vec{a}, \lambda)\in \mathbb{Z}\geq 0$ . This means that $P^{[\vec{a},s]}(x)$ has a pole of order $p$ at $s=\lambda$ .
Then we have the Laurent expansion of $P^{[\vec{a},s]}(x)$ at $s=\lambda$ ,

$P^{[\vec{a},s]}(x)= \sum_{w=-p}^{\infty}P_{w}^{[\tilde{a},\lambda]}(x)(s-\lambda)^{w}$ (16)

We often denote by

$Laurent_{s=\lambda}^{(w)}(P^{[\vec{a},s]}(x)):=P_{w}^{[\tilde{a},\lambda]}(x)$ (17)

the w-th Laurent expansion coefficient of $P^{[\tilde{a},s]}(x)$ at $s=\lambda$ in (16).

Proposition 3.2. Let $abarrow,arrow\in \mathbb{C}^{n+1}$ and let $p=PHO(\lambda)$ .

1. Let $q$ be on integer in $q\leq p$ , We hove

$a-\sim b\in A(\lambda, q)arrow$

if and only if
$Laurent_{s=\lambda}^{(w)}(P^{[\tilde{a},s]}(x))=Laurent_{s=\lambda(P^{[^{arrow}}(X))}^{(w)b,s]}$

for $w=-p,$ $-p+1,$ $\ldots,$ $-q-1$ . In particular,

$P^{[\vec{a},s]}(x)=P^{[\tilde{b},s]}(x)$

if $a-arrow barrow\in A(\lambda, q)$ for some $q<0$ .

2. Let $r=o(a\lambdaarrow,)\in \mathbb{Z}\geq 0,$ $i.e.$ , the order of pole of $P^{[\tilde{a},s]}(x)$ at $s=\lambda$ . Then the Laurenf expansion

coefficients at $s=\lambda$

$\{Laurent_{s=\lambda}^{(-r+i)}(P^{[\vec{a},s]}(x))\}_{i=0,1,2},\ldots$

ore linearly independent.
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3. Let $a_{1}arrow,$

$\ldots,$
$a_{k}arrow\in \mathbb{C}^{n+1}$ be the vectors satisfying that they aoe linearly independent in the quotient

space $\mathbb{C}^{n+1}/A(\lambda, q-1)$ with a positive integer $q.$ Then, for an integer $w$ with $w\geq-q$ , the hyper-
functions

$\{Laurent_{s=\lambda}^{(w)}(P^{[\vec{a},s]}(x))\}_{i=1,2,\ldots k})$

ore linearly independent.

Definition 3.2. We say that $v(x)\in \mathfrak{B}(V)$ is quasi-homogeneous of degree $\lambda\in \mathbb{C}$ if and only if there
exists an positive integer $q$ such that

$F_{k,\lambda}\mathrm{o}F_{k,\lambda}\mathrm{o}\cdots \mathrm{o}F_{k\lambda}(v)=0$

$\overline{q}$
’

for all $k\in \mathbb{R}_{>0}$ where

$F_{k,\lambda}(v):=v(k\cdot x)-k^{\lambda}v(x)$ .

Definition 3.3. We use the following notations.

1. $QH(\lambda):=$ { $u(x)\in \mathfrak{B}(V)|u(x)$ is quasi-homogeneous of degree $\lambda\in \mathbb{C}$ }

2. $QH(\lambda)^{G}:=QH(\lambda)\cap \mathfrak{B}(V)^{G}$

3. $QH:=\oplus_{\lambda\in \mathbb{C}}QH(\lambda)$

4. $QH^{G}:=\oplus_{\lambda\in \mathbb{C}}QH(\lambda)^{G}$

Proposition 3.3. Let $p\in \mathbb{Z}$ be the order of the pole of $P^{[\vec{a},s]}(x)ots=\lambda$ .

1. Then the Laurent expansion coefficient of $P^{[\tilde{a},s]}(x)$ at $s=\lambda$ defined by (17)

$Laurent_{s=\lambda}^{(w)}(P^{[\tilde{a},s]}(x))=P_{w}^{[\tilde{a},\lambda]}(x)$

is a quasi-homogeneous hyperfunction of degree $n\cdot\lambda$ of quasi-degree $p+w$ . $Conversely_{f}$ let $v(x)\in$

$QH(n\cdot\lambda)^{G}$ . Then $v(x)$ is written as a linear combination of Laurent $expans\dot{\iota}on$ coefficients of
$|P(x)|_{i}^{s}$ at $s=\lambda$ .

2. Let

$LC(\lambda, w)=\{Laurent_{s=\lambda}^{(w)}(P^{[\tilde{a},s]}(x))|aarrow\in \mathbb{C}^{n+1}\}$ ,

the vector space of w-th Laurent exponsion coefficients of $P^{[\tilde{a},s]}(x)$ . Then we hove the direct sum
decomposition

$QH(n \cdot\lambda)^{G}=\bigoplus_{w\in \mathrm{Z}},LC(\lambda, w)w\geq PHO(\lambda)$

(18)

Namely let $v(x)\in QH^{G}(n\cdot\lambda)$ . Then $v(x)$ is written as a linear combination of Laurent expansion
$coeffic\dot{\iota}entsof|P(x)|_{i}^{s}$ at $s=\lambda$ .

Proposition 3.4. Let $P(x, \partial)\in D(V)^{G}$ be a homogeneous $diffeoent\dot{\iota}al$ operator.

1. The homogeneous degree of $P(x, \partial)$ is $\dot{\iota}n(n\cdot \mathbb{Z})$ . Namely the homogeneous degree is divisible by $n$ .
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2. If the homogeneous degree of $P(x, \partial)$ is $nk$ with $k\in \mathbb{Z}_{f}$ then we have

$P(x, \partial)(\det x)^{s}=b_{P}(s)(\det x)^{s+k}$ (19)

wheoe $b_{P}(s)$ is a polynomial in $s\in \mathbb{C}$ and $x\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ is positive definite. We have also

$P(x, \partial)P^{[\tilde{a},s]}(x)=b_{P}(s)\det(x)^{k}P^{[\vec{a},s]}(x)$

(20)
$=b_{P}(s)\mathrm{s}\mathrm{g}\mathrm{n}(\det(x))P^{[\tilde{a},s+k]}(x)$

for all $x\in V-S$ .

3. If $k<0$ , then $b^{\underline{-k}}(s-1)|b_{P}(s)$ where $b^{\underline{-k}}(s-1):=b(s-1)b(s-2)\cdots b(s-(-k))$ with $b(s):=$

$\prod_{i=1}^{n}(s+\frac{i+1}{2})$ .

Definition 3.4 ( $b_{P}$-function). Let $P(x, \partial)\in D(V)^{G}$ be a homogeneous differential operator. We call
$b_{P}(s)$ in (19) the $b_{P}$ -function of $P(x, \partial)$ . Namely let $P(x, \partial)$ be a $G$-invariant homogeneous differential
operator of homogeneous degree $nk(k\in \mathbb{Z})$ . (Homogeneous degree of $G$-invariant differential operator
is divisible by $n.$ ) Then we have

$P(x, \partial)(\det(x))^{s}=\exists_{b_{P}(s)(\det(x))^{s+k}}$

with $s\in \mathbb{C}$ and $x>$ O,i.e., positive definite. Here $b_{P}(s)$ is a polynomial in C. We call $b_{P}(s)$ the
$b_{P}$ -function of $P(x, \partial)$ .

$\mathrm{E}\mathrm{x}\mathrm{a}\mathrm{I}\mathrm{n}\mathrm{p}\mathrm{l}\mathrm{e}3.1$. 1. For $P_{h}(x, \partial):=\sum_{p,q\in In\mathrm{c}Seq(h,n)}\det(x_{(p,q)})\det(\partial_{(p)q)}^{*})$ (homogeneous degree $kn=$

$0)$ defined by (6)

$b_{P}(s)= \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}.(s)(s+\frac{1}{2})\cdots(s+\frac{h-1}{2})$ .

2. For $P(x, \partial)=\det(\partial^{*})$ (homogeneous degree $kn=-n$ ),

$b_{P}(s)= \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}.(s)(s+\frac{1}{2})\cdots(s+\frac{n-1}{2})$ .

3. For $P(x, \partial)=\det(x)$ (homogeneous degree $kn=n$),

$b_{P}(s)=1$ .

4 Main theorems.

We have the following theorems.

Theorem 4.1. Let $P(x, \partial)\in D(V)^{G}$ be a non-zero homogeneous diffeoential operator with homogeneous
degoee $kn$ .

1. We suppose that

the degree of $b_{P}(s)=$ the order of $P(x, \partial)$ . (21)

The space of $G$-invanant $hyperfunct\dot{\iota}on$ solutions of the differential equation $P(x, \partial)u(x)=0\dot{\iota}s$

finite dimensional. The solutions $u(x)$ aoe given as finite linear $combinat\dot{\iota}ons$ of quasi-homogeneous
$G$-inva$7\eta ant$ hyperfunctions.
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2. We suppose that

$b_{P}(s)\not\equiv 0$ . (22)

Let $v(x)$ be a quasi-homogeneous $G$-invariant hyperfunction. Then there is a solution $u(x)\in \mathfrak{B}(V)^{G}$

of the differential equation $P(x, \partial)u(x)=v(x)$ . The solutions $u(x)$ are given as finite linear combi-
nations of quasi-homogeneous $G$-invariant hyperfunctions.

3. Let $P(x, \partial)\in D(V)^{G}$ be a non-zero homogeneous differential opemtor satisfying the condition (21)
and let $Q(x, \partial)\in D(V)^{G}$ be a homogeneous diffeoential operator satisfying the condition (21) with
the same homogeneous degree $kn$ as $P(x, \partial)$ and suppose that $b_{P}(s)=b_{Q}(s)$ . Then the G-invariant
$solut\dot{\iota}on$ space of the diffeoential equation $P(x, \partial)u(x)=v(x)$ coincides with that of the diffeoential
equation $Q(x, \partial)u(x)=v(x)$ .

4. We can give an algorithm to compute all the $G$-invariant hyperfunction solutions of the diffeoential
equation $P(x, \partial)u(x)=v(x)$ provided that we can calculate the total homogeneous degree of $P(x, \partial)$

and the explicit form of $b_{P}(s)$ in some way.

5 Algorithms for constructing solutions.
We define a standard basis of $\mathbb{C}^{n+1}$ .

Definition 5.1 (Standard basis). Let

$SB:=\{a_{0}, a_{1}arrowarrow, \ldots, a_{n}\}arrow$ (23)

be a basis of $\mathbb{C}^{n+1}$ . We say that $SB$ is a standard basis of $\mathbb{C}^{n+1}$ at $s=\lambda$ if the following property holds:
there exists an increasing integer sequence

$0\leq k(\mathrm{O})<k(1)<\cdots<k(PHO(\lambda))=n$ (24)

such that

$SB_{q}:=\{\vec{a}_{0},\vec{a}_{1}, \ldots, a_{k(q)}\}arrow$

is a basis of $A(\lambda, q)$ for each $q$ in $0\leq q\leq PHO(\lambda)$ .

When $\lambda\not\in\frac{1}{2}\mathbb{Z}$ , any basis is a standard basis since all $P^{[\vec{a}s]}$) $(x)$ is holomorphic at $s=\lambda$ . When $\lambda$ is in
$\frac{1}{2}\mathbb{Z}$ , we can easily choose one standard basis for a given $\lambda$ . However, it is sufficient only to consider the
three kinds of standard basis, $SB^{hal}f,$ $SB^{even}$ and $SB^{odd}$ .

Algorithm 5.1 (The case of homogeneous degree zero). For a given non-zero $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariant
differential opemtor $P(x, \partial)\in D(V)_{0}^{G}$ of homogeneous degree $0$ satisfying the condition

the degree of $b_{P}(s)=$ the order of $P(x, \partial)$ , (25)

one algorithm to compute a basis of the $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariant differential equation $P(x, \partial)u(x)=0$ is given
in the following.

Input $A,?on$-zero $\mathrm{S}\mathrm{L}_{n}$ $(]\mathrm{R})$ -in t’arian $\mathrm{f}di\mathrm{f}ferenti\mathrm{a}/\mathit{0}\rho \mathrm{e}r\mathrm{a}$for $P(x, \partial)\in D(V)_{0}^{G}$ sa $tis6’ing$ the condifion (25).

Output A basis of $\mathrm{f}he\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -inva$ri\mathrm{a}nthy\rho erfunctions$ to the differen $ti\mathrm{a}/equ\mathrm{a}\mathfrak{t}io’?P(x, \partial)u(x)=0$ .

Procedure

7



1. $Com\rho ute$ the $b_{P}$ -function for $P(x, \partial)$ . It is denoted by

$b_{P}(s)=(s-\lambda_{1})^{k_{1}}$ . . $(s-\lambda_{p})^{k_{p}}$ .

. 2. For each $\lambda_{i}$ $(i=1, \ldots , p)$ . take one standard $ba\mathrm{s}is\mathrm{a}\mathrm{f}s=\lambda_{i}$

$SB^{\lambda}$ . $=\{a_{0}(arrow\lambda_{i}), \cdots, a_{n}(arrow\lambda_{i})\}$ ,

which is defined in Definifion 5.1.

3. $Com\rho u$ fe the Lauren $\mathrm{f}$ expansio$n$ coefficie$nts$

$Laurent_{s=\lambda}^{(k)}.\cdot(P^{[\tilde{a}_{j}(\lambda\dot{.}),s]}(x))$

for each $\vec{a}_{j}(\lambda_{i})(i=1, \ldots , p,j=0, \ldots , n)$ and $k=-\mathit{0}_{ij},$ $-\mathit{0}_{ij}+1,$ $\ldots wi$th $\mathit{0}_{ij}:=o(a_{j}arrow(\lambda_{i}), \lambda_{i})$

un $til$ all the $0\sigma en\mathrm{e}$rators of (26) will be obtained.

$L_{ij}:=\{Laurent_{s=\lambda_{i}}^{(k)}(P^{[\vec{a}_{\mathrm{j}}(\lambda.),s]}(x))\}_{k=-\mathit{0}_{j}}.\cdot,\ldots$
$,-\mathit{0}_{i\mathrm{j}}+k.-1$ (26)

4. Then

$j=0, \cdot..,n\bigoplus_{i=1,.\cdot.p},L_{ij}$

(27)

forms a basis of the $G$-invarianf $hy\rho erfunction$ solufion $s\rho ace$ to $P(x, \partial)u(x)=0$ .

Algorithm 5.2 (The case of positive homogeneous degree). For a given non-zero $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariant

differential operator $P(x, \partial)\in D(V)_{q}^{G}$ of positive homogeneous degoee $q>0$ satisfying the condition

the degoee of $b_{P}(s)=$ the order of $P(x, \partial)$ , (28)

one algorithm to compute a basis of the $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invanant differential equation $P(x, \partial)u(x)=0$ is given

in the following.

Input A non-zero $\mathrm{S}\mathrm{L}_{n}(]\mathrm{R})$-invarian $\mathrm{f}$ differenfial $\mathit{0}\rho era\mathrm{f}orP(x, \partial)\in D(V)_{q}^{G}$ with $q>0$ safisfying the condi-

tion (28).

Output A basis of the $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariant $hy\rho erfun\mathrm{c}$ fions to the $differentia/equa$fion $P(x, \partial)u(x)=0$ .

Procedure

I. Consider $\iota he$ set $R:=R_{1}\cup R_{2}$ with

$R_{1}:= \{\lambda_{i}:=-\frac{i+1}{2}|i=1,2, \ldots, n+2q-2\}$ ,

$R_{2}:=\{\lambda\in \mathbb{C}|b_{P}(\lambda)=0\}$ .

Let $p$ be the number of $e/ements$ of the se $\mathrm{f}R_{2}-R_{1}$ . We denote by

$\lambda_{n+2q-1},$ $\lambda_{n+2q},$
$\ldots,$

$\lambda_{n+2q+p-2}$

the elemenfs of $R_{2}-R_{1}$ . Then we can wrife $\mathrm{f}h\mathrm{e}$ elemenfs of $R$ by

$R=\{\lambda_{1)}\lambda_{2}, \ldots, \lambda_{n+2q+p-2}\}$ .

2. We define the $mu/\mathfrak{t}i\rho/i\mathrm{c}i\mathrm{f}yk_{i}$ of $\lambda_{i}$ by

$k_{i}:=\{$
the $multi\rho li\mathrm{c}ity$ of $s-\lambda_{i}$ in $b_{P}(s)$ $j\mathrm{f}b_{P}(\lambda_{i})=0$

$0$ if $b_{P}(\lambda_{i})\neq 0$

(29)
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3. For each $\lambda_{i}(i=1, \ldots, n+2q+p-2)$ , fake one $s$ fandard basis

$SB^{\lambda:}=\{a_{0}(arrow\lambda_{i}), \cdots,\vec{a}_{n}(\lambda_{i})\}$

$\mathrm{a}\mathrm{f}s=\lambda_{i}$ . which is the $s$ fandard basis $SB^{halj},$ $SB^{even}$ and $SB^{odd}$ . when $\lambda_{i}\in\frac{1}{2}\mathbb{Z}$ and the one
defined in Definition 5.1 $\mathit{0}$ therwise.

4. For each $\lambda_{i}$ . we associafe an finife increasing infeger sequence $\{l(u)\}_{u=0,1,2},\ldots$ wifh the lant term
$n$ . $/f \lambda_{i}\in\frac{1}{2}\mathbb{Z}$ , then we define $\{l(u)\}_{u=0,1,2},\ldots\cdot/f\lambda_{i}\not\in\frac{1}{2}\mathbb{Z}$ , fhen we define it by $\{l(\mathrm{O})=n\}$ .

5. $Com\rho u$ fe the Laurent expansion coefficients

$Laureni_{s=\lambda_{*}}^{(k)}(P^{[d_{j}(\lambda),s]}:(x))$

for each $a_{j}(arrow\lambda_{i})(i=1, \ldots, n+2q+p-2,j=0, \ldots, n)$ and $k=-\mathit{0}_{ij},$ $-\mathit{0}_{ij}+1,$ $\ldots$ with $\mathit{0}_{ij}:=$

$o(a_{j}arrow(\lambda_{i}), \lambda_{i})$ until all the genera fors of (30) and (31) are obtained. For $\lambda_{i}$ in $1\leq i\leq n+2q+p-2$ .
we put

$p_{1}:=PHO(\lambda_{i})$ ,
$p_{2^{-}}.-PHO(\lambda_{i}+q)$ .

$/fa_{j}^{arrow}(\lambda_{i})\not\in SB_{l(p_{2})}^{\lambda}$ , then we set

$L_{ij}:=\{Laurent_{s=\lambda}^{(w)}.\cdot(P^{[\vec{a}_{\mathrm{j}}(\lambda),s]}:(x))\}_{-\mathit{0}\leq w\leq-p_{2}+k.-1}:\mathrm{j}$. (30)

$/fa_{j}^{arrow}(\lambda_{i})\in SB_{l(p_{2})}^{\lambda}$ , fhen we se $\mathrm{f}$

$L_{ij}:=\{Laurent_{s=\lambda}^{(w)}.(P^{[\tilde{a}_{j}(\lambda:),s]}(x))\}_{-\mathit{0}_{ij}\leq w\leq-\mathit{0}_{j}+k\dot{.}-1}.\cdot$ (31)

6. Then

$i=1,..,n+.2q+p-2 \bigoplus_{j=0,..,n}L_{ij}$

(32)

forms a basis of the solufion space.

Algorithm 5.3 (The case of negative homogeneous degree). For a given non-zero $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariont

differential operator $P(x, \partial)\in D(V)_{-q}^{G}$ of negative homogeneous degoee-q $<0$ satisfying the condition

the degree of $b_{P}(s)=$ the order of $P(x, \partial)$ , (33)

one algorithm to compute a basis of the $\mathrm{S}\mathrm{L}_{n}(\mathit{1}\mathrm{R})$-invanant differential equation $P(x, \partial)u(x)=0$ is given
in the following.

Input A rion-zero $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invarianf differential $\mathit{0}\rho eratorP(x, \partial)\in D(V)_{-q}^{G}$ wifh $-q<0$ sa $tis\theta ing$ the
condifion (33).

Output A basis of the $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariant $hy\rho erfun\mathrm{c}tio\mathrm{n}s$ to the differenfial equation $P(x, \partial)u(x)=0$ .

Procedure

1. Let $b_{P}(s)$ be the $b_{P}$ -funcfion of $P(x, \partial)$ . Then it is decomposed to

$b_{P}(s)=b_{1}(s)\cdot b_{2}(s)$

with

$b_{1}(s):= \prod_{k=0}^{q-1}b(s-k)$

$b_{2}(s):=b_{P}(s)/b_{1}(s)$

where $b(s)=s(s+ \frac{1}{2})\cdots(s+\frac{n-1}{2})$ .
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2. Consider the se $tR:=R_{1}\cup R_{2}$ wifh

$R_{1}:= \{\lambda_{i}:=-\frac{n-i}{2}|i=1,2, \ldots, n+2q-2\}$ ,

$R_{2}:=\{\lambda\in \mathbb{C}|b_{2}(\lambda)=0\}$ .

Let $p$ be the number of elements of the set $R_{2}-R_{1}$ . We deno$te$ by

$\lambda_{n+2q-1},$ $\lambda_{n+2q},$
$\ldots,$

$\lambda_{n+2q+p-2}$

the elements of $R_{2}-R_{1}$ . Then we can write the elements $ofR$ by

$R=\{\lambda_{1}, \lambda_{2}, \ldots, \lambda_{n+2q+p-2}\}$ .

3. We define the $mu/ti\rho/icityk_{i}of\lambda_{i}$ by

$k_{i}:=\{$
the multiplicity of $s-\lambda_{i}$ in $b_{2}(s)$ $ifb_{2}(\lambda_{i})=0$

$0$ if $b_{2}(\lambda_{i})\neq 0$

(34)

4. For $e\mathrm{a}ch\lambda_{i}(i=1, \ldots, n+2q+p-2)$, ta$ke$ one $s$ta $nd\mathrm{a}rd$ basis

$SB^{\lambda_{*}}=\{a_{0}(arrow\lambda_{i}), \cdots,\vec{a}_{n}(\lambda_{i})\}$

at $s=\lambda_{i}$ , which is the $s$ fandard basis defined $SB^{half},$ $SB^{even}$ and $SB^{odd}$ when $\lambda_{i}\in\frac{1}{2}\mathbb{Z}$ and
the one defined in Definifion 5.1 $\mathit{0}$fherwise.

5. For $e\mathrm{a}ch\lambda_{i}$ , we associate an finite increasing infeger sequence $\{l(u)\}_{u=0,1,2},\ldots$ wifh $th\mathrm{e}/\mathrm{a}s\mathrm{f}$ ferm
$n$ . If $\lambda_{i}\in\frac{1}{2}\mathbb{Z}$ , fhen we define $\{l(u)\}_{u=0,1,2},\ldots\cdot$ If $\lambda_{i}\not\in\frac{1}{2}\mathbb{Z}$ , fhen we define it by $\{l(0)=n\}$ .

6. $Com\rho ute$ the Laurent expansion coefficienfs

$Laurent_{s=\lambda}^{(k)}.(P^{[\tilde{a}_{\mathrm{j}}(\lambda_{i})_{)}s]}(x))$

for each $a_{j}(\sim\lambda_{i})(i=1, \ldots, n+2q+p-2,j=0, \ldots, n)$ and $k=-\mathit{0}_{ij},$ $-\mathit{0}_{ij}+1,$ $\ldots$ with
$o_{ij}:=o(a_{j}arrow(\lambda_{i}), \lambda_{i})$ un $ti/a//the$ generafors of (35), (36) and (37) are $ob$ fained. For $\lambda_{i}$ in $1\leq i\leq$

$n+2q+p-2$ , we $\rho u\mathrm{f}$

$p_{1}:=PHO(\lambda_{i})$

$p_{2}:=PHO(\lambda_{i}-q)$

$and/e\mathrm{f}$

$a_{ij}:=p_{2}-o(a_{j}(arrow\lambda_{i}), \lambda_{i}-q)$ .

$lfa_{j}^{arrow}(\lambda_{i})\not\in SB_{l(p_{2})}^{\lambda_{i}}$ , then we $se\mathrm{f}$

$L_{ij}:=\{0\}$ . (35)

$/fa_{j}^{\sim}(\lambda_{i})\in SB_{l(p_{2})}^{\lambda}-SB_{l(p_{1})}^{\lambda_{i}}$, then we se $\mathrm{f}$

$L_{ij}:=\{Laurent_{s=\lambda}^{(w)}.(P^{[\tilde{a}_{j}(\lambda_{i}),s]}(x))\}_{-\mathit{0}_{j}\leq w\leq-\mathit{0}_{ij}+a_{i\mathrm{j}}+k.-1}.\cdot$ (36)

If $a_{j}^{arrow}(\lambda_{i})\in SB_{l(p_{1})}^{\lambda_{l}}$ , fhen we se $\mathrm{f}$

$L_{ij}:=\{Laurent_{s=\lambda}^{(w)}.(P^{[\vec{a}_{j}(\lambda.),s]}(x))\}_{-\mathit{0}_{ij}\leq w\leq-\mathit{0}_{j}+(p_{2}-p_{1})+k_{i}-1}.\cdot$ (37)

7. Then

$i=1,..,n+.2q+p-2 \bigoplus_{j=0,..n},L_{ij}$

(38)

forms a basis of the $so/u$fion $s\rho ace$ .
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6 Examples.

Let us consider the case of $P(x, \partial)=\det(x)$ . Then the total homogeneous degree of $P(x, \partial)$ is $n$ and
$b_{P}(s)=1$ . We can prove by our algorithm that the $G$-invariant solution space of the differential equation
$\det(x)u(x)=0$ is generated by the $G$-invariant measures on all the singular orbits (i.e., $G$-orbits contained
in $\det(x)=0)$ , and hence, it is $\frac{n(n+1)}{2}$-dimensional ( $=\mathrm{t}\mathrm{h}\mathrm{e}$ number of singular orbits). Here the G-invariant
measure on each singular orbit is a relatively invariant hyperfunction.

Similar argument is possible for the case of $P(x, \partial)=\det(\partial)$ . operators. In this case, the total
homogeneous degree of $P(x, \partial)$ is $(-n)$ and we see that $b_{P}(s)= \prod_{i=1}^{n}(s+\frac{i-1}{2})$ . The solution space of
$\det(\partial)u(x)=0$ is just the Fourier transform of that of $\det(x)u(x)=0$ , and hence it is $\frac{n(n+1)}{2}$-dimensional
and generated by relatively invariant hyperfunctions. We can construct them from the complex power of
$\det(x)$
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