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Conditional Expectations &
Sampling Functions Z % BZ#r

RN LERELBEHR
Mi3EZE (HisAHARU UMEGAKI)

#F250 D Conditional Expectations &) D B ld, ASRIIHERRIC
R BEARNRES 2R L TS, ZOMa%E 1953 FELI%K,
JE R 2 SFRICEWTER L TERD, SE>TEDHR
DR VIR VBN S, FHlzREBRICHEEDZNVERS.

§1. MEFEZZR | @ Conditional Expectations

Q= (0L, P) ZHEREMEL, B % Lo LD o-#RAEEKRETS. KT, B
ZHIRL, BRAEMIESEKEL, Z0 ‘atoms’ £k %

BO é {B17B21'” 7Bn}

&L
P(A/By) £ Y 13- P(AN B)/P(B) (1.1)

BeBy
LBE, INZEAc Lo DEMAMER (relative to By) &S, 2T 1 13 B OFE
ZHETHD.
BT (EREE) BERER fiT LT

Eumwézxmmwwnéﬂwmw>

ELiEE, Z¥ % ‘conditional expectation’ of f relative to By WS, #FIT f =1,
EBE
E(f/Bo) = P(A/By)
&5,
Conditional Expectation E(f/B) IZB8 4 2& AL, VB e BT L T

Amwmwwwn=éﬂmHW) « (12)

THD, ZD%EK (1.2) A conditional expectaﬁon DHMEFERBEDTHS. —
RIZ, BZ Lo D—DD oD ERKETSD. ZDEE, Vf e LI(Q)ITHLT,
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a5 (1.2) Z2W/2 S B-AlHl/RERER E(f/B) N—RBICHFET S (T ORI
Radon-Nikodym ¥ 2 W TIT 3).
Conditional Expectation {ZRH 3 2 EANHEIIROERICI>TEA LGNS,

FE 1.1, B2 LP(Q) = LP(Q, Lo, P) (1 <p< +o0) &L, o-HROEEHK
BC Lo &5 %% = 3E(f/B) € LP; %X (1.2) 2727

TH1.2. B f— E(f/B)iZ LP(Q) = [P(Q,B,P) THHHRHBEMRT
1 NEf/B)lp < M1 £llps
2°. E(f/B) = E(f/B), E(1/B)=1,
3. E(fg/B)=E(f/B)-g (g€ L>(Q)),
4. E(af + Bg/B) = aE(f/B) + BE(g/B).
Bz, ZOFEBIZAWT, p=1or 20FHNEET, BENEKRNGINNS.

§2. Banach ZZR{EFEFEZITE

MR 2ZeRE (Q, Lo, p) ETEZE SN, Banach 2] BIC{EZ & DHEREXK f,9,. ..
BE2%. QOBERTRSE {A;}C Le) & BOILOARFI{¢}HC B) ITHMLT
Q LOBEE S : f(w) =) 14,(w)§; (ae. w € Q) % simple random variable &5,
BT, ZORBREES {f.}IT&>T

[fa(w) = F =0 (e we)

THDHEE f % strong random variable &Y.

7. strong convergence D1 01T weak convergence 2 L THRRICE R
&1 (weak random variable), B 2SR5y DIFE, Wi (MAIAIME) 3-89 5.

EE D HG % base 1 L Tstrong random variables f, g, ... DK 5 LP-25[H (1 <
p < 00) MEHESNS:

1£1, 2 ( / Ilf(w)ll”u(d<v)>1/p < +o0

&L,
LP(Qy; B) = LP(Q, Lq, 1; B)

LB &, LP(Q; B) i3 Banach ZEf#] & 72 0 (p = oo DIFEIL, || ||eo = esssup|| f(w)]| <
00), KD Tensor R IC L > TR E N S:



BRFIOR {z;} C L/(Q) & {4} CBIMLT
Z 3,04 = > zj(w)é  (mod p)
j=1 j=1 :

EBL. T IP(Q;B) DERTH D, TOHOEKDOLAEE [F(Q) © B TX
3. ZHi3 Banach ZEf DXt LP(Q) & B DD pre-Tensor TH D, £ZThid
LP(Q; B) @ dense #432¢@TH 0, HDLP(Q;B) D/ )V A |- ] & cross-norm I
720: :
[z @{ﬂp = |lzll, - l€ll, =z € LP(), £ € B (cf. Schatten [6]).

ko eBO/ VA - |]p B9 35D LP(Q) & B B ® Tensor
Product Banach Z¢ff] [?(w) @ B THhB. > T1<p<+coDEE

1?(Q,B) = I’(Q)® B

TH0, Vf e LP(Q; B) 1d Bochner A[f&H TH %, ie., HHME [ f(w)P(dw) * B
DEHREL L TC—ZICEETS. £/-, indentify E =10€ (£ € B,1 =1)IT&»>
TZefd] B LP(Q; B) OME s EMERBIN, 5B

P / F(w)P(d2)

13 norm-one projection LP(§2, B) — B (onto) &7%%.
AHTHRICHLERLDAAROIZZEMLY(Q;B) & L“(Q-B)“t“aéé. NS ITR
tF % norm {Z Schatten Tensor #&, /L LADR N, DEFICX>TERINS:

v, (Z - @&) —at 3 sl I
i=1 Jj=1
(Z T; @éz) = SUPZ Ti, T 5176 >

12, inf i3 {Vyj € L}(Q),Vn; € B Y 2 ©& =301y an}’ sup 13 {Va* €
L*(Q),¥¢" € B (lz*]lo < L, 1€ < 1}ZDONWTES.
N, N\iEZ V| - ﬂp (p=1oroo) E—HT%:

LNQ;B)=IL'(Q) ®, B

L®(Q) ® B C L*(%; B)
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§3. Conditional Expectations of Strong Random Variables f,g € L!(R2, B)

i § DFREHZEZDEEM S, Strong random variable f,g, ... € L}(Q, B), o-
subfield B (C Lg) &L, f ® BIZEIJ % B-valued conditional expectation £(f/B)
IERDIRICER S NS:

(i) £(f/B) i B IcBIL THATMIT, BOMMATHS, ie, £(f/B)
L9, B). o

(ii) /Ef/B w)udw):/fw (dw) for VB € B.

772U, (i) DORME Bochner-Integral Td 5. Z ? vector valued f @ Conditional
Expectatlon (Dﬁf CHRENHEE LS.

E(f0¢/B)=E(f/B)o¢,  feL'(Q), {€B,

DED, f = fOEDHBAIT (), (i) 2¥A, ZN# linear-hull IZIEAL, FHiZ
Schatten / JV.Is Ny ODWEZRNWT, —&D f € L}, B) IZxt L T Conditional
Expectation E(f/B) 2SR S 115.

BEDXDIT, B-valued fITx L Till# @ Radon-Nikodym € & Tensor f{ %
HMAEHES I &ITLK> T, vector-valued 7% conditional expectation E(-/-) AN HERK
ahs.

_ B-valued Conditional Expectation 73 EZ& X315 &, strong Random variables 7%
KRR 9 % Martingale f##7 VB X 15 . Martingales I3 Conditional Expectations
DEMRICE>THEHRIN, TNOPCREREL B-valued o-additive BIFE Ik 35
Radon-Nikodym EH QR EILICREE T 5.

§4. Sampling Functions S, & Z=fE BL,

FRAC DB EK Sy 13 Entropy # & 3£1Z Shannon 15RO E=b 5.
Fix SNE=EEL> 012 L T, B

2wt
2\ (t=0)

sin 2wt
SA(t):{m—_ (t £0, —00 <t < o)

%% Sampling Function T 5. ZN® Fourier £ 13

S’)‘(UJ) = 1[_,\))‘](0.)) (: IZ‘FEH [—)\,/\] @i%gjﬁ)

§,\(w)=/ e~ 2wt g, (t)dt

—O00
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Z @ Sampling function |36k % 78, FERICHLEH DHEE B> TS, HlZIT

Sy % S(t) = / S(t — 8)Sx(s)ds = Sa(£) = Sa(—t) = Si(8),

oult) 2 (2N 1S(t = n(23)7)

{en} = {@n(-);n=0,%£1,42,...} 1d Sampling F$X % &1 5. Hilbert 224 BLy(=
{f € L¥(—00,00); f(w) = 0 (jw] > N)}) IKAWT, {p.}id CONS GELEHET
%) &72%. Z®DCONS {p,} ZM T Fourier BB % &, Shannon O Sampling
EHEEENESNS. '

§5. Sampling Functions & Y Conditional Expectation ~\
VA > 01Xt LT, Hilbert Z2f L2(R) & DR FEMAR P RIS T 5:
Pif=5Sx+f (A>0).
ZnEHW, VA€ A(L?) (L? £® bounded operators D £4K) iZxf L
AP 2 E[A/P)] & PAAP, + (1 - PVA(L - Py)
Ay 2 (AP A € A}
EB< &, operation A — AP ie.
AcUL?) — AP e,
NESNDA, TN L TROBEBRINHRILT 5:

(ARBY» = P\(APB)P, + (1 - P\)(APB)(1 - P)
= P\(PA\AP\B)P, + P\(1 — P,)A(1 — P\)BP,
+(1 = P)(PAPy+ (1 - P\)A(1 - P\)B(1 - P)
= PAP\BP,+0+0+ (1 - P)A(1 - P\)B(1 - P,)

ABBPY = (P\AP\ + (1 — P)A(1 — P)))(PABP, + (1 — P\)B(1 — P)))
= P,AP,BP, + (1 - P)\)A(l - P)‘)B(]. - P)‘)
(AP,\B)P)\ — APABP,\ — (ABP,\)PA
(AP = (AP)*,  (aA+ BB)™ = aAP + gBD

MMERILT 5. Fid, T von Neumann Algebras iZ A1 % conditional expectation
D HEIH) 72 model TH B, i.e.,

AP = E[A/P] = E[A/%)]
Th5.



(N

von Neumman algebras |- Conditional Expectations O —f&A#ERL ILaRL [11]
DOITHEALRED, 2 DD New-Concept ZFEL T [11] D IL, III, IV /g & &3k,
FERHHEZR S, von Neumann B - FHIERAR EZBRE LBHANZ SN
TW5. Reference IZHIFE L i XiIfMNBZNICEADZ LD THS.

Zhick v, ERFER {AP; X € R\ > 0} @ martingale DR IZEI 5 L T <
F-INMTEIND.

References

[1] S. D. Chatterji, Martingale convergence and the Radom-Nikodym Theorem in Banach
Spaces, Math. Scand. 23 (1968), 21-41.

[2] J. L. Doob, Stochastic Processes, New York, 1954.

[3] Mieko Hirahara, On the generalized Randon-Nikodym Theorem and Riesz’s Represen-
taion Theorems, Thesis (1972), 230p.

[4] M. Hirahara and H. Umegaki, Conditional expectation and channel operators, FT#RK
ERPEFRATI ST AR R 8% 290 (1977), 42-56.

[5] S-T C. Moy, Characterization of conditional expectation as a transformation finction
spaces, Pacific J. Math. 4 (1954), 47-65.

[6] M. Nakamura and T. Turumaru, Ezpectations in an operator algebra, Tohoku Math.
J. 6 (1954), 182-188.

[7] M. Nakamura and H. Umegaki, On von Neumann theory of measurements in quantum
statistics, Math. Japan. 7 (1962), 151-157.

[8] R. Schatten, A Theory of Cross Spaces, Math. Studies 26 (1956).

[9] I. E. Segal, Non-commutative eztension of abstract integration, Ann. Math. 57 (1953),
401-457. '

[10] C. E. Shannon, A mathematical theory of communication, Bell System Tech. J. 27
(1948).

[11] H. Umegaki, Conditional ezpectation in an operator algebra, TMJ. 6 (1954), 177-181;
II, ibid 8 (1956), 86-100; III Kodai Math. Sem. Rep. 11 (1959); IV ibid 14 (1962),
59-85.

[12] H. Umegaki and A. T. Barucha-Reid, Banach space-valued randon variables and tensor
product of Banach spaces, J. Math. Anal. Appl. 31 (1970), 49-67.

(18] HEEFER, MR DM, 1 T2 AL, 1995 4E.

[14] MpEFE#R, Sampling functions ¢ Fourier Spectral fi##fT, TR K EBERARAT I FEFT, 1999
#£6H.

150



