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1 Introduction

The translation semigroup on a weighted function space LL(I) or Cp ,(I) is characterized to be
hypercyclic, chaotic, supercyclic, and so on, according to the property of the admissible weight
function. In 1997, W. Desch, W. Schappacher and G. F. Webb gave a necessary and sufficient
condition to be hypercyclic for the translation semigroup on a weighted function space L5(I)
or Cy,(I) by using the property of an admissible weight function. In 1999, M. Yamada and
F. Takeo gave a necessary and sufficient condition to be chaotic for the translation semigroup
on the same function space LH(I) or Co,(I). D. A. Herrero et al. investigated the spectral
properties of hypercyclic and supercyclic operators on a complex, separable infinite dimensional
Hilbert space [3, 4]. The definition of a hypercyclic or chaotic operator is consistent with that
of topologically transitive or chaotic, respectively in a topological space defined by Devaney [2].
In [5], chaotic semigroups are associated with the idea of exactness and are applied to partial
differential equations. C. Read has developed the theory of hypercyclic and chaotic bounded
linear operators in connection with the invariant subspace problem of Hilbert spaces [6].

We investigate how the property of an admissible weight function changes according to
supercyclic, hypercyclic and chaotic translation semigroups on a weighted function space L5(I)
or Cp ,(I). As for supercyclicity, the translation semigroup on a weighted function space L5(J)
or Co,(I) is always supercyclic if I is an interval [0, oo)(Theorem 1(1)). For I = (—o0,00),
the semigroup is not always supercyclic and we give a necessary and sufficient condition to be
supercyclic for the translation semigroup on a weighted function space L% () or Cy ,(I) (Theorem
1(2)). We also construct the special function z such that {cT'(¢t)z | ¢t > 0,c € R} is dense in X
(Remark).

2 Preliminaries

Let X be a Banach space. A strongly continuous semigroup {T'(t)} of linear operators on X
is called supercyclic (resp. hypercyclic) if there exists € X such that {¢T'(¢t)z |t > 0, c € R}
(resp. {T'(t)z |t >0}) is dense in X [4]. A strongly continuous semigroup {T'(t)} is called
chaotic if {T'(t)} is hypercyclic and the set X,., = {z € X | 3t > 0 s.t. T(t)z = «} of periodic
points is dense in X[1]. Let I be the interval [0,00) or (—00,00). By an admissible weight
function on I we mean a measurable function p : I — R satisfying the conditions:

(i) p(z)>0forallzel;



(ii) there exist constants M > 1 and w € R such that p(z) < Me“*p(t + z) for all z € I and
t > 0. With an admissible weight function, we construct the following function spaces:

LE(1,C) = {u :I—-Clu measurable,/|u(r)]"p(r) dr < oo}
I

1

P
with [l = ([ 1u)Por) ar)”, 21
Co,,(I,C) = {u :I—=Clu continuous,TEin p(t)u(r) = 0}
with [|ul| = sup |u(7)]|p(7).
T€l
We consider a (forward) translation semigroup {T'(t)} with parameter ¢ > 0 such as

[T(t)u)(r) = u(r +1t) foru € Co,(I) or LH(I).

When p(r) = 1, weighted function spaces are equal to L? or Cy and the translation semigroup
is never hypercyclic, since the norm of T'(t) is equal to 1 for all ¢ > 0 in L? or Cp. Necessary
and sufficient conditions for the translation semigroup in L% or Cp , to be hypercyclic or to be
chaotic are known as follows. '

Theorem A [1]. Let X be L5(I) or Co,(I) with an admissible weight function p. Then the
following (1) and (2) are equivalent:
(1) the translation semigroup {T'(¢)} on X is hypercyclic;

(2) (1) #f I=1[0,00), then liminf; o p(t) = 0 holds.

(ii) if I = (~o00,00), then for each 6 € R there ezists a sequence {tj}52, (tj = oo as
Jj — o) of positive real numbers such that

Jim p(t; +0) = lim p(~t; +6) =0.

Theorem B [7]. Let I = (—o0,00) (resp. I = [0,00)) and let X be L5(I). Then the
translation semigroup {T'(t)} on X is chaotic if and only if for alle > 0 and for all 1 > 0, there
exists P > 0 such that

Z p(l+nP)<e¢ (resp. ip(l +nP) < e) .

n€Z\{0} n=1
Theorem C [7]. Let I = (~o00,00) (resp. I = [0,00)) and let X be Co,(I). Then the
following assertions are equivalent: ‘

(1) the translation semigroup {T'(t)} on X is chaotic;

(2) for alle > 0 and for all I > 0, there exists P > 0 such that
p(l+nP)<e  foralln e Z\{0} (resp. n€N);

(3) there ewists {I;}32, C R* (li = 00 as i — 00) such that for alle > 0 and for alli € N
there exists P > 0 such that p(l; + nP) < € for alln € Z\ {0} (resp. n € N).
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3 Supercyclic semigroups

As shown in the previous section, necessary and sufficient conditions for the translation semi-
group to be hypercyclic or to be chaotic are known. In this section, we shall give a necessary
and sufficient condition for the translation semigroup to be supercyclic. In the first subsection
we consider a semigroup on a Banach space, and in the next subsection we treat a translation
semigroup on weighted function spaces.

3.1 Supercyclic semigroup on a Banach space

Lemma 1. Let X be a separable infinite dimensional Banach space. Suppose that {T(t)} is
supercyclic, i.e. there exists ¢ € X such that the set {cT'(t)z |t >0, c € R} is dense in X.
Then the set {cT'(t)z |t > s, ¢ € R} is also dense in X for all s > 0.

Proof. Assume there exists sp > 0 such that A = {¢T'(t)z |t > so, ¢ € R} is not dense in X.
Hence there exists a bounded open set U such that U N'A = ¢. Therefore we have

Uc{cT'(t)z]|0<t<sg ceR}

by using the relation

X ={cTt)z |t >0, ce R} = {cT(t)z |t > so, cE R}U{cT(t)x | 0 <t < sp, ¢c €R}. By the
definition of semigroup, if there exists ¢o > 0 such that T'(¢{o)z = 0 then T'(t)z = 0 for all t > to.
So we have T'(t)z # 0 for all ¢ > 0 since the set {¢T'(t)z |t > 0, ¢ € R} is dense in X. Since
T(t)z is continuous with ¢ and T'(t)z # 0 for all £ > 0, there exists m;,my € R such that
0 < my < ||T(t)z]| < my for 0 < t < so. There exists M > 0 such that ||y|| < M for any

y € U because U is bounded. So we have U C {cT(t)z | 0<t< sl < li}, which means U

is compact. Hence X is finite dimensional, which contradicts that X is infinite dimensional. O

Lemma 2. Let {T'(t) |t > 0} be a strongly continuous semigroup on a separable Banach space
X. Then the following are equivalent:

(1) {T(t)} is supercyclic;

(2) for ally,z € X and alle > 0, there ezists v € X, t > 0 and ¢ € R such that ||y —v|| < ¢
and ||z — cT(t)v|| < &;

(3) for ally,z € X, alle > 0 and for alll > 0, there exists v € X, ¢ > 1 and ¢ € R such that
lly = vl| <€ and ||z — cT(t)v]| < e.

Proof. (1) implies (3): Let {c¢T(t)z |t >0, ¢ € R} be dense in X. For any y,z € X and any
[ > 0, there exists s > 0 and ¢; € R such that ||y — ;T (s)z|| < €, and there exists v > s+ 1
and ¢z € R such that ||z — c2T(u)z|| < € by Lemma 1. Put v = ¢;T(s)z. Then we have the first
inequality. Putt =« —s>1land c= % Then we have the second inequality.

(3) implies (2): It is obvious.

(2) implies (1): The proof is similar to the proof in case of hypercyclic in [1]. O
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3.2 Supercyclic translation semigroups on a separable Banach space, L and

OO,p

In this section we shall consider a translation semigroup in L5(I) and Co,,(I). At first we shall
quote the lemma which is needed later.

Lemma 3. [1] Let I be the interval (—oo,00) or [0,00) and let p be an admissible weight
function on I, that is, there exists M > 1 and w € R such that p(1) < Me“!p(t+t) forallT € I
and t > 0. For 1 >0, put M; = Me** for w > 0 and M; = M for w < 0. Then M; > 1 and the
inequality

TP(@) < p(r) < Miplo +1 (1a)

holds for any o € I and any 7 € [0,0 + 1].

By using the lemma, we give a necessary and sufficient condition for a translation semigroup
to be supercyclic. ’

Theorem 1. Let X be the space LE(I) or Co,(I) and p be an admissible weight function. Let
{T(t)} be a translation semigroup on X. Then the following assertions hold:

(1) of I =[0,00), then {T(t)} is supercyclic;

(2) if I = (—o0,00), then {T'(t)} is supercyclic if and only if there exists a sequence {t;}32,
(tj = 00 as j — 00) such that lim;_,e0 p(t; + 0)p(—t; + 6) = 0 for each 6 € R.
Proof. (1) Let X be the set of all 2 € X such that the support of z is compact. For any
Y,z € X and any € > 0, there exists yo € Xo such that ||y — yo|| < § since Xo is dense in X.
There exists t; > 0 such that T'(s)yo = 0 for any s > ¢; since yo € Xo. Put

z(T —t1) th<r
W'(r) = { ﬂsglr+z(0)(1— L)y t1—e<7<ty

0 0 S T S t; — €.
Then T(t;)w' = z holds. Put w = Eﬁ%;_[’ c = M and v = yo + w. Then we have v € X,
ly = ol =1y = vo — wll < lly - goll + lwll < & and J}z = eTer)ol] < ||z = T (Ex)eol| + [T (t2)e -
cT'(t)vl| = ||z = T(t1)w'|| + ||eT (¢1)yol| = 0. By Lemma 2 (2), {T'(t)} is supercyclic.
(2) We shall show the proof for the case X = L5(I,C) (p > 1), since it is similar to that in the
case X = Cp ,(I,C).
(=) Let {T'(t)} be supercyclic. We will show lim;_,c p(t; + 0)p(—t; +60) = 0.
Fix any 0 € R. Let y,z € X be functions with compact support C [#,0+1] (I >0),y >0,z <0,
and ||ly|| = ||z|| = 1. By Lemma 2 (3), for any € > 0 there exists v € X, t. > [ and ¢, > 0 such
that ||ceT (te)ve — 2| < & and ||ve — y|| < &. Put wy = v}y, 0 and wo = 9350, prrpny-
Then we have the following: w; > 0, supp(wi) C [0,0 + ], supp(T'(¢tc)w1) C [0 — te, 0 + 1 — t.],
wy < 0, supp(wz) C [0 + ¢, 0 + I +t.], supp(T(te)wz) C [6,6 + I]. Then the following holds:

lleeT (te)wnl| < € (2a)

Iyl = llnl] < £ (2b)

lonll < & %)

E ”CET(te)UJZH <E. (2d)
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By Lemma 3, there exists M; > 1 satisfying (1a). Then the following holds:

lleeT (te)wr P

O41—t. .
/0 p(T)|cewr (T + te)|PdT

v
|

1 o 0+1—te
(6 t)lel? / jwr( + to)Pdr

0—te

|C€|p 0+l
= Lot [ e

6+1
walP = /o p(r) i ()P

IN

0+1
Ahp(&-kl)jr lwr (7) P
/]

So we have the inequality:

lorlP . MillecT tewn) I

) 3
Mip(6+1) = JeePpl0 - ) (82)
Similarly we have the following;:
O+1+te
ale = [ pllen(rpar
0+t
1 O+1+t
> g0+t [ o,
1 O+t
0+1
lecT(teall = [ p(r)lecwn(r +te)Par
[
041+t
< Mipo+0lel [ falr)pa
O+t
So we have the inequality:
Millwa|P _ leeT (tews)|”
> . 3b
P01 1) > MilePp(0+1) (8)
By the inequalities (2a), (3a), and (2b),
e? > |leT(te)wrll?
S leel"p(6 = te)[lwn]l?
- M{p(6+1)
Pp(0 — t.)(1 — £)?
5 el )(1-¢) (3¢)

MEp(6+1)
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holds. Similarly by (2c), (3b), and (2d),

ef > lwollf
> p(8 +te)|leT (te)wa| P
- ME|ce|Pp(6 +1)
Y

MPlce|Pp(6 + 1)

holds. By (3c) and (3d), we can verify that 2 > (-]ééli&)zp(ﬂ +t)p(6 —t.) > 0 holds. If e

Pe(0+1)
tends to 0, then p(8 — t.)p(0 + t.) tends to 0.
(+=) Assume for each § € R, there exists a sequence {¢;} C Ry such that lim;_e p(t;46)p(~t;+
) = 0. Let y and z be any nonzero functions with compact support [# —1,6] (§ € R, [ > 0).
For [ > 0, there exists M satisfying (1a) by Lemma 3. By the assumption, for any € > 0, there
exists t; > [ such that

(p(6 — 1)e)?

P+ 0Pt 40 < iy
holds. Put
y(7) Te0-1,6]
v () = { :T'Z(T—tj) TE[t; +0—1,t;+ 6]
0 otherwise

it = ()
- ep(6-1 :
By Lemma 3 and the above inequality, we have

'U'——ypz ’ ly7-+t pPT dTSlMlp(J—I-a)Zp:g
J ] c. 7 —_—
J

401 & p0-1)
and -t 2 ( )
-1 M{p(0 —t;
c~Tt'v-—z”.—_/ — - 2(t = t;)Pp(r) dr < E—L 2|1 |IP < g
Ty =2l = [ 1522t = tFotr) dr < GG
Therefore {T(t)} is supercyclic by Lemma, 2. O

Remark. 1t is possible that the supercyclicity is proved by showing the existence of the special
function = € X such that {cT'(t)z | t > 0,c € R} is dense in X. We shall show that in the case
of X = Co,([0,00)) the translation semigroup on X is supercyclic from the definition directly.

Let Cepe([0, 00)) be the space of continuous functions on [0, c0) with compact support. Then
Cept([0,00)) is a dense subset of X. Let C5,,([0,00)) be the set {f € Cpp([0,00)) | || flloo <
1,7(0) = 0}. Put s(f) = sup{r € [0,00) | £(r) # 0} for any f € Cp ([0, c0)).

Let F'= {fr};Z, be a countable subset of C5,, , ([0, 00]) such that for any g € Copt1([0, 00))
and for any € > 0, there exists f € F satisfying ||f — g||loo < € and |s(f) — s(g)| < 1. Let
F' = {flaf27f17f3af21f11 f47f31f2af17"'} = {hlah2)h3»"'}° For k € N, put Ly = s(hk) +1,
Kippy = ELILZ' and o = SUP7€[0,K oy, +1] p(7). Then oy is finite by the definition of an admissible
weight function p. Put K; =0, §; = max{a;,1} and

ﬂk = max{kak, kﬂlaka Tty kﬂk—lak}



for k > 2. Put

Elghk(T - K;) Kip< T< Ky

Then z is continuous on [0, c0), since h; € C, ([0, 00)). So z belongs to X by the following
relation:

IN

lim Je(Mp(r)| < lim  sup o |h(r — Ki)lo(r)

k=00 re[Ky Kiq1] Pk

A
g
2

ol
A
g

|
|

o

We shall show that for any f € X and any € > 0, there exist ¢ € R and ¢t > 0 such that
||f = cT'(t)z|| < e. Since Cept([0,00)) is dense in X, there exists fo € Ceps([0,00)) (|| folleo # 0)
such that sup,¢fo,c0) |(f(7) = fo(7))p(7)] < §-

Put K = sup,¢jo,s(s,)+2) P(T)- There exists h € F' such that sup,¢jo,c0) |”’%|% —h(r+1)] <
K= 2nd |s(fo) = (s(k) — 1)] < 1. By the way of construction of F, there exists countable
numbers m(1) < m(2) < --- < m(j) < --- such that h = hy;) € F'. For any j € N, put
tj = Kp(j)+1and ¢; = Bpj)l| folloo- Then for 7 € [0, 5(h)] we have hy, ;) (T+1) = By (T+t5).
So by using the relations s(h) < s(fo) + 2 and s(fo) < s(h), we have

sup folr) = 6 T(E)e@lp() = sup |folloel 2L — h(r + 1)lp(r)
T€[0,s(h)] T€[0,5(h)] “f Hoo
<Ml g K < 5

and

sup  |fo(T) = ¢;T(¢t;)z(r)|p(T) = sup |e;T(¢;)z(m)|p(T)
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T€[s(h),00) T€[s(h),00)
hy, K
—ap s sup [ follooingyy 20T = Eomttt) oy
125 ke{1,2, m(+1)=m()} 7€l mp 4+ LKt 4 k1+1] Bm()+k
QX (1)+k 1
< supsu oo Bm(i) - 2 < o F ——.
> IZE) kafOlI ﬂ ) ﬂm(l)+k “fOH m(])

Since lim; 400 m(j) = oo, we have

lfo = ¢;T(t;)ell < maX{ sup |fo(r) = ¢;T(t;)z(T)lp(r), sup |fo(r) — ¢;T(t;)(r)lp(r) }
T€[0,L] TE[L,00)

1
<§,

for sufficiently large j. By the inequality ||f — ¢;T(t;)z|| < ||f = foll + ||fo — ¢;T(t;)z]| < &, we
get the conclusion.
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