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1 Notation -

The result of this paper is a joint work with Akihiko Hida ! . Let
G be a finite group, and (K, O, k) be a splitting £-modular system for G.
Here char(K) = 0, char(k) = £ > 0. For R € {O,k}, let BO(RG’) be the
principal block of RG.

G, denotes the symmetric group on n letters. F, denotes a field with ¢
elements with £ { ¢. Let natural numbers e(q) and r(q) be as follows:

e(¢g):=Min{ieN|¢ = 1(mod /) },
r(q) :=Max{reN| £ | ¢¢9 —1}: the ¢-part of ¢°@ — 1.

Let A and B be blocks ideals. “A ~j; B” means that A is Morita
(Puig) equivalent to B. “A ~; B” means that A is derived (splendid
Rickard) equivalent to B (see [34],[35]).

We use results on representation theory of finite general linear groups
in non-defining characteristic due to Fong-Srinivasan and Dipper-James

( see [14], [15], [9],[10],[11],[12], [13],[19]).

2 Motivations

We wish to prove the following conjectures:

Conjecture 2.1 (Broué). [2,[9], 4] Let B be an £-block ideal of G with
abelian defect group D. Then B and its Brauer correspondent in Ng(D)
are derived equivalent?

0The detailed version of this paper will be submitted for “Doctor thesis at Chiba
Univ., Japan”.

1H1d.'a, s address is “Department of Mathematics, Faculty of Education, Satitama
University, Urawa city 338, Japan E-mail: ahida@post.saitama-u.ac.jp”



Conjecture 2.2 (James). [20] Suppose that. char(k) = £ > n ande(q) =
e. Let ¢ be a pmmztzue e-th root of unity in C. Then, the decomposztzon
matriz of szper—James Schur algebra Sé(m, r)c over C is equal to that of
Dipper-James Schur algebm Sq('n, Tk over k ¢

Let G be a connected reductwe algebralc group over F, with a Frobe-
nius map F. We assume that the centre of G is connected. Let £ be a
prime number with £ 1 g.

Lusztig series :
The fo]loWing is so-called Lusztig series: |

E(GT, {S},) U{xe G (X, 29)) # 0}
(T.0)
Here, the above pair (T, 6) runs s; € {s} and 0 € TF ¢ s; € T*F, and
RS(9) is a generalized Deligne-Lusztig character.
Its modular version is given as follows:
For a sem131mple Z’-element s€ G*F let

(GF {s}) —U5(GF {St}) tE(CG*(S)F )e

Theorem 2.3 (Broue-Mlchel) [5] Each set SZ(GF {s}) is @ union of
£-block of G¥.

Definition 2.1. An £-block B as an algebra is unipotent, if there exists
x € &(GF,{1}) such that x belongs to B. In;partz'culur,.Bo(OGF ) is
unipotent.

Theorem 2.4 (Bonnafé-Rouquier) [ ] Suppose that the centre of G
s connected and O’G* (s)*F is a Lem subgroup of G.- Then' ~

5e(GF {3}) ~M 5e(CG*(5)*F {1})

as {£-block ideals. (i.e. . If a block B, belongs to Sg(GF {s}), then there
ezists a umpotent block B’ of Ca- (s)*F such that B and B} are Morita
equivalent: ) e . :
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Remark 1. The Morita equivalence in the above theorem is not a Puig
equivalence in general.

In particular, for finite general linear groups we may concentrate unipo-
tent blocks by Bonnafé-Rouquier theorem.

We want to classify the block ideals of kG(IF,) up to Morita equivalence,
and recover its structure as algebras from some small subgroups. So, we
wish to prove the following conjecture:

Conjecture 2.5. If e(q) = e(q'),r(q) = r(q’) then for any unipotent
block ideal B of G(F,) there ezists a unipotent block ideal B' of G(Fy)
such that B ~y B’ by an ezact £-permutation (B, B')-bimodule. 'This
equivalence preserves the natural indices of modules. . o

In this article we deal the special case concerning these three conjec-
tures for finite general linear groups.

3 Abacus and [w'k]-pairs

Definition 3.1. For a k-core T and a non-negative integer w, let Akw T
be the set of paritions of kw + || whose k-core is T. =
Given partition A = (A1, Mg, ... , Ay), define B = (61,5, ...) as follows:

Gi: r—z+)\(1<z<r)
We call this ﬁ an r- element (3-set for A |

Definition 3.2 (Scopes). For a.non-negative integer m and an m-core
7= (71,...,7r), let T be the r-element (3-set for T, and suppose that when
I' is diplayed on an abacus with m-runners there are k. more than beads in
the i-th column than in the (i — 1)-th column. Let m-core T be displayed
by an r-element B-set T satisfying

T, =T; forj#éi-1

where [ is the number of beads on the Jj-th runner in the abacus conﬁgu—
lation for T'. In these situation, we shall say that Amw o and Ap o, 7 form
a Scopes [w:k]-pair.
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, Scopes proved the following:

Theorem 3.1 (Scopes). [37 If Apwr and A,y form a [w : k]-pair
with k > w, then p-blocks B*"™ and B¥" of symmetric groups are Morita
equivalent.

By Jost we also know the following:

Theorem 3.2 (Jost). [23] If Acwr and Acy, form a [w : k]-pair with
k > w, then unipotent £-blocks B,, . and B,,, are Morita equivalent.

Example 1. If B is a unipotent block of GL,(q) with e-weight 2, then
one of the following holds:

1. B = By(kGL2.(q)).

2. (B, B) forms [2:1]-pair for some unipotent block B of kGLn_1(q). (
Actually, these blocks are derived equivalent to its Brauer correpon-
dent of the £-local subgroup. (Hida-Miyachi(1999)) (The method we
used is different from J. Chuang’s for &, )

3. B ~p B’ for some unipotent block B' of kGL,,(q) withm < n.

4 A core p and results of J. Chuang and
R. Kessar

Definition 4.1 (Chuang-Kessar-Rouquier). [8] Let p be the e-core
which satisfies the following property : p has an abacus configulation in
which each runner other than the leftmost one (the 0-th runner) has at
least w — 1 more beads than the runners to its immediate left.

38



Chuang and Kessar considered the following setting up:

e=p>w.
r=|p|-
G:= 617!04—1"

B¥*: the p-block of kG with p-weight w and p-core p.
D := a defect group of B**. N

N :=6,16, D D.

L:=6,x---x6, x6,.

H:= (6,16,) x 6, D Ng(D).

OH f:=the Brauer correspondent of B*»* in H.

Let X be the Green correspondent of B** in G x H with respect to
(G x G,A(D),G x H). Chuang and Kessar proved the following:

Theorem 4.1 (Chuang-Kessar). [8] Suppose that p > w. Then, we
get an isomorphism

OHf = Endg(Xo)v

by checking ranko(Endg(X)) < w! - ranko(OLf). In particular, OHf is
Morita equivalent to B¥»P.

Remark 2. 1. X is ezact.
2. OHf — Endg(X) is a split (OH f, OH f)-monomorphism.
3. w! rankp(OLf) = ranko(OHf).
4. By Marcus [27] OHf ~4 Bo(ON).
5. (D* ®pws X) L1, is known, but D* ®puw. X is not known.
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5 A theorem of Chuang-Kessar type

We assume that char(k) = ¢ > w. Choose a prime power q with
e(q) = e. Just mimicking Chuang and Kessar’s setting up, we consider
the following:

= |pl.
G(4) := GLewir(q)-

B**(q): the unipotent ¢-block of kG(q) with e-weight w and e-core
p- . :

D(q) == a defect group of B¥».

N(q) == GLe(q) 16y D D(g). -

L(q) := GLe(q) X -+ - X GLe(q) X GL(q).

H,(q) = (GL(q) 16y) x GL:(g) D Ne(D(g)).
OH,(q)f,=the Brauer correspondent of B, ,(q) in Ha(q).

Onee we believe that an anology of Chuéng—Kessar theorem holds for
finite general linear groups, we can easily prove the following:

Proposition 5.1. (An anologiy-“ofv Chuang-Kessar theorem ) Let
X (q) be the Green correspondent of B**(q) in G(q) x H,(q) with respect
to (G(q) x G(g), A(D(g)), G(g) X Hy(g)). Then, we get an isomorphism

OH,(q)fq = Endg)(Xo(q))

by checkzng ranko(Endg(q) (XO((I))) < w! ranko (OL(q)fq) In partzcular
OH,(q)f, is Morita equivalent to Bw ,,(q)

Remark 3. One must consider not only unipotent characters but also
characters indezed by semisimple £-elements. We can know these charac-
ters by [9]. We also need some results by [15] in order to mimic Chuang
and Kessar’s argument.
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6 Indices of By(GL.(q)!6,)-modules

In this section we reformulate indices of the simple' Bo(GL.(q) 1 &,,)-
modules to fit that of B,, ,(¢) via the equivalence in Proposition 5.1. For
i=1,2,... ,elet v; = (3,1°7%) - e. The prmmpal block By(kGL, (q)) has
e IlO]:l—lSOIIlOI‘pth irreducible modules

{ D) | i = 19, w}.

Fix R € {K,k}. Let n be an e—tuplé non-negative integer of w. i.e.
Yo ni = w. Sgen) = ®(SRq(VZ)®n’) is an R[GL, (q)xw]—module

In particular, SKq(n) is a s1mple K|GL.(q)*"]-module. The parabolic

subgroup &, act on Sgg4(n). So, Spe(n). is an R[L(w) X &,]-module.

Indz":;xb”SR,q(ﬂ) is decomposed' into GB(SR.‘,(n) ®r (dimp S}) - SI"{)
IS

where S% means the Specht module of R[G),] corresponding to u, SA =

®S‘ and Sgq(n) ®r Sk is the inner tensor product of R[L(wy x Gp)-

modules Sg4(n) and S} . Let

Loph S}\{ ifi+eiseven, o
R — S’)‘ L i . A
r if i+ eis odd.

Here, AL 1s the conjugate partitioﬁ of A;. Let Th = ®; TI’;".
For A - n let Ug,(A) be Inde;,‘q;‘gw (Srq(n) ® TA), and let Uy g(A)?

be the R[H,,(q)]-module Ug4(A) ® & Srq(p)-
Moreover, one can construct modules by using

{ Dig(ws) |i=1,2,... €}

instead of kK[GL,(q)}-modules { Si,(1:) | i =1,2,..."e}. We denote it
by Vk,q()«)".



7 Results

Now we can state our main results of this article as follows:

Theorem 7.1 (Hida-Miyachi). [18] For any simple B, ,(q)-module
Dy 4()), the Green correspondent Dy 4(X) ®ue X(q) of Dyg(A) is inde-
pendent of q in the following sense:

Assume that e(q) = e(q') and r(q) = r(¢'). Let Mgy be the canonical
" (kH,(q)f,;, XH(q') fy)-bimodule which induces kH,(q)fq ~um kH(q')fy,
due to A. Marcus. Then

Dicg(A) ®Bapa) X () Bktru(@)f, Mag Oxttte)sy X(@)Y = Dig(A)-

Actually, Dy 4(\) ®B,, () X(q) = Viq(A)?. Here, X is the e-quotient of
A. Moreover, we know the decomposition numbers corresponding to the
e-core p :

dyy = dX,ﬁ = [0 k,q(x) : Vk,q(ﬁ)]-
( The other parts of By, ,(q) can be calculated by Dipper-James theory.)

Remark 4. First we can determine the Green correspondents of simple
B, ,(q)-modules in Hy(q), finding two trivial source modules of B ,(q),
using the decomposition numbers for Hecke algebras of type A by [33]
and [22], chasing the image of Mullineuz-Kleshchev map [29, p.120], the
property of Specht modules [19] and induction on A,z ,.

Nezxt we can determine the Green correspondents of simple B, ,(q)-
modules in H,(q) using induction on w and some commutative diagrams
among By, ,(9),Bo(GLe(q)) ® Bu—1,,(q) and their Brauer correspondents.

In order to prove By ,(q) ~m Buw,(qd") with the property in the above
theorem we use [14],[27], and [36].

Corollary 7.2. [18] If there ezist a sequence of e-cores

such that A, 4 i and Agy ri+1 form a [w : ki}-pair with k; > w—1, Broué’s
conjecture is true for By, rs(q).
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Theorem 7.3 (Hida-Miyachi). [18] Assume that e = e(q) = e(¢') and
r(q) = r(¢'). If there ezist a sequence of e-cores

such that A, ++ and Ay, 41 form a [w : k;|-pair with k; > w — 1, then

B‘w,T‘ (Q) ~M B’w,‘r" (q’)

Here, each [w : w—1]-pair is a derived ( spelendid ) equivalence be-
tween two unipotent blocks. Moreover, the above Morita equivalence pre-
serves natural indices ( partitions ) of modules. ( i.e. The simple mod-
ule Dy 4(p) (resp. the “Specht”like module Sy q4(1), the Young module
Xq(p), PIM P,(p) ) indezed by a partition p corresponds to Dy g (1)

(resp. Sig (1), Xg (1), For(n) )- )

Remark 5. Just mimicking an argument in [7], constructing a general-
ization of [38] and using Theorem 7.1, we deduce the above results. (see
also [32]).

8 A conjecture

8.1 The theory of Lascoux-Leclerc-Thibon

Let v be an indeterminate over Q. Let U,,(;E) be the quantized en-
veloping algebra over Q(v) corresponding to the Dynkin diagram Ag_)l.
The so-called “Fock space”

F. = P Q)N

is the Q(v)-vector space with basis |\) indexed by the set of all partitions.
In [24] Lascoux, Leclerc and Thibon introduced an algorithm to compute
the canonical basis of the basis representation M, (Ao) and conjectured
that it also compute the decomposition matrix of the Iwahori-Hecke al-
gebras of type A at a root of unity over C. This is so called the LLT
conjeture.

The LLT conjecture is now a theorem (see, for example, [29, Chap. 6]
and the references of Chapter 6 ).
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In [25], Leclerc and Thibon define a canonical basis of the v-deformed
Fock space representation F, of the affine Lie algebra E[e.' They conjec-
tured that the entries of the transition matrix between these basis and
{|A)}» are also crystalized decomposition numbers of the Dipper-James’
Schur algebra for ¢ specialized at a primitive e-th root of unity.

This LT conjecture is now a theorem over Q(¢) where ( is a primitive
e-th root of unity over C, due to Varagnolo and Vasserot [39].

Leclerc and Thibon showd that

Theorem 8.1 (Leclerc—Thlbon) There exist bases {G(A)} and {G (M)}

of F, characterized by :

LG =GM), G- (A) G- (O)) o
2.G(\) = |\) mod vL, G~-(\)= |A>'mod'v—'.1L—.

Here, L (resp. L™ ) denotes the Z[v] (resp Z[v‘l] )- lattzce in F, with basis
{IN}-
Let

Gu) =Y du@A), G (N =) eru(v)ln)
A . A -

and Dm,e,o(’v) = [d)\,ﬂ(v)],\,#km.

Theorem 8.2 (Leclerc—Thibon, Varagnolo-Vasserot). The matriz
Dpnc0(1) is equal to the decomposition matriz Dy, ¢ 0.

Remark

If both ¢ and (' are primitive e-th roots of unity in C, then Dy, ¢ =
Dm,(',O- SO, we may Wl‘ite Dm,e,O inStea'd' Of Dm,C,O'

2 - Our hope
‘v,_Le;:c: heqa(A) b_e;the Loew.y lengthio'f,.S:'k,q()\). For £ > w, we Adeﬁvne
rady ,(v) € NJv] as follows:

l,g(A)—1

radyu(v) = . [Rad*(Uies(X))/ Rad"“(Uk,q(A)) Vk,q(u)]v

k=0
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Remark 6. Note that rady ,(v) is given explicitly by some products of
Littlewood-Richardson coefficients and v*. Moreover, an explicit formula
for rady ,.(v) will be written in [30].

By the comstruction of the Loewy series of Skq()\) for A€ Aew py We
also know

Rad*(Si,q(A))/ Rad™ (Sicg(A)) 2 Soc®™ ’(Sk «(N)/ SOC"‘(A 77 (Skq(V))-

Theorem 8.3 (Geck). [16] There ezists a square lower unitriangular

matriz A such that each entry of A is non-negative and Dy, 50 = D e -
A.

By the above theorem and Theorem 7.1, we deduce
Corollary 8.4. Ifrady ,(v) =0, then dy .(v) =0 for any A\, 1 € Mg p--

Not only do we want to show that James’ ;cenjecture is true, but we
want to know an explicit formula for dj ,(v) which is now known to be a
certain parabolic Kazhdan-Lusztig polynomial.

Accordmg to James conjecture and Rouqmer—Leclerc—Thlbon conJec-
ture [29, 6. 33 (see also 6. 27 )] on Ja.ntzen ﬁltratlons over C, we hope the
fo]lowmg ‘ :

Conjecture 8.5. dyu(v) = rad)\ u(v) for any )\ e Ae w,p-

The first announcement of this was stated in the author s lecture “On
the unipotent blocks of finite general linear groups” at a conference ”
Algébres de Hecke affines et groups réductifs (CIRM,Luminy,16-20 octo-
bre 2000)“ organized by M. Geck and R. Rouquier.
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