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CONVOLUTIONS OF CERTAIN ANALYTIC FUNCTIONS

SHINJI SAITA AND SHIGEYOSHI OWA

Abstract. Two subclasses M*(a) and N*(a) of aﬁalytic functions f(z) with f(0) =0 and f'(0) =1
in the open unit disk U are introduced. The object of the present paper is to derive some convolution
properties for functions f(z) belonging to the classes M*(a) and N*(a). ’

1. Introduction |

Let A dencte the dlass of Functions S0 of the fam
(_.\-,f\) o jcm =_Z+'%=Q,JC’

which are analytic in the open  unit disk

U-fxeC: i<t

Matheimatics Subd'ed C‘assi)ticaﬂm (1990) = 20045

Key \NQYAS ahci .P"\MSQS; Ahq‘l\/"ﬁc, §uhd"\oh, Convo(ufion,
Hadamard Pmc]ud.
Caud\y - Qohwarz ‘mequa‘i‘ry,
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et M@ ‘)e the subclass of A (-,onsishng of  functions
$0 which  satisfy

M"@f%’ﬂq (zeu)

%mr some & @1, And let Nay be the subclass of A
(}onsisﬁnz o)c ]Cuv\c‘hons S0 which saﬂsfy

Pe% n %ééfli <d | ' (el
Tor come & G0, Rec,ehﬂy, Um\egadcli, Ganig'i and -
Sarangi [31 (olso, Nishiwaki and Owa I\]) )nqwe showed that

O i T €A éa‘risfieg
m) | “Z(wouladéot-)
.)Cw Some ol (\<oL<:§z), then ‘?(X)G.M(al\;
@15 TeeA  satisties
13 Zntedladsd-l
Sor Some A (1<d<F), then ‘&X)GN(&.
By means of the above, we define the subclass M) of Mw

oonsisfmg 0 Uc(k) which S&T\Sjcy (1.2), and the subclass N*@0 of
NW cnsisting of o) which safisfy (.3).
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Fmr ]Cundions UC}(Z)GA ‘gi\te,n \))/ :
(L4) {; 0= z*éan,g X,

H\e COhVO‘UTiOh (or Hac!almard Pmcfud) (‘g'\*)C;)('Z) 0‘§ 'sjl(k) anc!
fac0y s cJe)Cinecl by | - | |

A5 G =%+ Quy Gua X

In "r‘\e _P\resem‘ P“F”' We  consider 'H\e convoluttions o)c ‘gundiov\s
.‘S'&m ‘)e\onging to M* and N*G) |

2. Convolutions of functions n +he class M@

App\y‘mg the came ‘hc}mic{ue )Cor convolutions due + Owa 21,
we first derive

“Theorem |, H ‘&(’&)GM*W) Ucmr =l 2,3, -~ ,m

7

then  hoxfaxw sf) e M*B), where

jﬁ (d3=)
TrQ-dy) + T -\)

Q) B~ 1+

The vesult s SkarP &ov ‘guncdﬁovxs

2.2) 3Cm=x+ O;(z}—‘o{'; 5.(2 (=023 . m) .
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?NQS‘ We use 'H\Q ma*kemahca\ mclud'lon ‘gor ‘H\e Proo'fv
Let ‘)C\(z éM*(om and ‘)Cz(X)éM (olz) Tken
=Y O [/ WY - O B ST

giv es us thot

@) E & (ozé\le =l (d=(,2)

—“\QYQ]CWE, an aPP‘lm‘hon og Cauoky Sol\warz mec?uahfy

\mPhes JVL\ON
mﬂﬂ(h da) mh
(OL ) ” QY\ \Har\ 2
= ( N < .
f(;:m Jou!) (£ (4o )2
Thus, i§

QY\,\V a“vfz

2 (=)

< /thm ~d)
3 =) () )IQM

Q. 4|

or iy
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2. 5) /'Gm”ﬂu‘ = ( n~£\) &\__ot))((};:fl\l%

U(w Nz 12, ‘Hf\ev\ J;mé MX().

Furﬂ\emwe since (2.3) 3i‘ves JrkaJr
\/’an&l -4\/'id‘;|_‘ | $=1,2)

(. Q) (Oll \)(sz‘\) = (g"\ | M=) n—da)
(= n=d) =8 @=D0a~)

oY if

n-¥§ <A M—=d) (n~da)
Q.1) T—T_ = (=D (da=1)

j}w nZJ, Jr}\ewr\ _\No. have ‘?(k)e M*(SI),
B Jollows From @1 Hhot

QS) g\z \_\_ (?\—\) (J\"\)(c)\l\\) E‘K(TL)
(=) k) +dh=1) (o)

Joe nza. Nete that Koo s decreasing for nza.

Consequén‘r\y ) We have‘
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(2.9) {2 R@)

= |4 . Q\“‘\)(J\r\)
Q-4 Qo) + (di=1) (do=1)

which chows that g€ M¥(5) , Where

(2.19) g = |+ (A=) (Jq-\l‘)

-

Q‘J\)Q‘Ju) F (=D (da=1)

Nexct, we suppose That |
Q1) G s xf o meMig) |

where
"N
=)
Q=)+ 1 d=1)

(0.12) Pl= 1+

“Then, \ay means 0{ "H\e?re\nous Fmo)c, we have
(‘S:\* fa% .._.%§mx fh\*\)('x) EM*(/S) )

Where

2. 393 P = \ A ' (PC\)b(J\m-»\“'\) |
| Q") Q=clmn) = (\{31\) (st =1 )
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Since

(PL \) ('J\m-»\ ’“\) :

m—ﬂ

A (- \)
g(a-om-*fm—n

OmA |

M =d;)
Q‘F’ ) &Q“Olnm) = =l z

Fo-dr Fg-n

2.13) gives

m|

_’T (di=1)

"T—u—olm TG0

erﬂ\er, consider  the )Cunchons §}(’Z) C‘Q}Cinerl L)/ Q.2) .
Rr Sud\ unctiong ‘& X)), We koNQ

(2.14) | =~

Farfar +f) “@( I Q\A&)z%%_Aa*
with Aa =} _%&:JT 3
T Jollows tha
15) é}}:\' 'A»\f:\ |
This 'com\)\e*es #‘\e }vroojc oJ .H'\Qorem.!\ .

LQH’\Y\? O(é;_ol\ “gmr 3=(.2,3,~~‘,m in -\T\eorem‘,

We  have
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QYQ“O!‘\/ ' | I}C ‘&(w < M*a) ‘g:w | Jf-l,l 3 m

~ hen (&*)C;*‘“'_*§M)(X)€'MX§P)/ where

/

- e\
(2.16) F \—" @‘ol)m‘* (=)~

The  vesult s S.karlP 3Cov gundioﬁ‘sv

CHLIE FCTEE R wa A S I g

3 Con\mlufions ot &uﬁcﬂov\s i the clss N¥@)
For  convolutions of 0 € N¥w) , W& have
Theorem 2. T T e Ny for 2,3, -, m
then Chakax 16D e NHP)  where

j =1)

(3.1) P m-
e 3 Todi)+ i (d-1)

The result s Sl’\O«YP ~§m~ )Cundions

. di -
Q,:z). J;(}(X) 1+ 204y e (§=1,2,3 >, m)
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ng -AS | n ‘H\Q' );Y(m‘g O)C Theorem \ ) UCOY 3C\('X)6N*Q~|)
Qv\.cl '&(’X)QN*(&; , Hhe ‘?o"owing ihe({ua\i’ﬂ/-

(3. 3) g hén:\?) I'Ou','

O 2 |

‘\\mP\ies (‘&*‘FJ (X)‘GN*‘(S'). g})ey\ding ﬂwe same

manner  of the ;»m_o-f in Theavem |, we obtain that

) ) da )
%(YL" O(n) (n- cLu) Al (oh -\ )(dn“ )

) §T |+

'g:or Nz, The H?H hand side ojf 3.1) takes it

© moxXimum value mer n=2, \Decause T 1S a
C\QQYeaSin ‘fuhdiovx pjc nza. WQYQ)COYQ , We hove

Eoxf) e N¥G)  with

oL (=) (da=l)
R N e PR Y gy vy

Moreover, Suppose thot
| (‘Sz\*"gl X - *.Sjm)(z) € N*(F)} /

where N

A (=)

30 el e
2 0 Y
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Then  we 3& |
k;g_\*‘?a* *‘?\n; *3Cm+\ ) OO. € N*(P) ’

wkere

P‘ |4 = ((3/-\) (o'lmﬂ ~\)
' QDrﬁ’) (2=chmn ) + ({9/—” (J\m\‘\)

(3.7)

o W) "
= s oy
2 Q-+ L (da=1)

?ur%hér, A%aking “§; (x) given \)y (3.:2»'5,'\«\1& know that
The vesuld QC Theorem. 2 is,skavr. -

—F\Y\O\H\{, \eﬁing ols,‘—o( jcw 5;1,11,3, -, in 'ﬁxeoremlj
: Cmronary 2. I@ | 3C;(x)eN*(4) »‘gmr 1=02,3, -, m
‘H\QY\ (‘S\’\*‘&* "\X.‘S:m)('X)eN*({Q) , W}\QYQ

/

6.9 2y — L=D”
( o A Q="+ W=

The  vesult i3 skavP ]Cmr

G0 ey e
> ‘&LQX) X 2(2-d) £ (3=(,2,3, m) .
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?Eh\&\’\k | Um\egacu'\ QY\C‘ DEQO{\IM] )\ON& Qkowu( some

canvolution '_koPeﬁies o§ univalent Ucund‘\ov\s with

- positive Coé‘&ic\eh‘\%. Qur result in the present

Ea?e\r are 2Qh€m\i20\'\"\0h Hheorems O‘S: the’ vesults
Y Um‘egqédi and  DesoiT41 .
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