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On Starlikeness and Convexity of
Certain Analytic Functions

HIDEHIRO KITAMURA: and SHIGEYOSHI OWA

Abstract. Two subclasses S(a, b) and C(a, b) of the class A consisting of all analytic functions with f(0) =0
and f'(0) = 1 in the open unit disk U are introduced. The classes S(a,b) and C(a,b) are the generalization
classes of classes defined by H.Silverman (cf.[2]) and by T.Sekine and S.Owa (cf.[1]). The object of the present
paper is to derive some coefficient inequalities for functions belonging to S(a,b) and C(a,b). Also we consider
some necessary conditions for f(z) belonging to the classes S(a,b) and C(a,b). Some interesting examples for
our results are also given.

I . Introduction.

Let A denote the class of functions f(z) of the form:

f(z)=z+ ianz"

n=2
which are analitic in the oﬁen unit disk U = {z: z € C and |z| < 1}.
A function f(z) in A is said to be starlike of order o if it satisfies
Zf'(2)>
Re > o
( f(2)

for some o (0 < a < 1) and for all z in U. We denote by S*(c) the subclass of A consisting of

~ all starlike functions f(z) of order ¢ in U.

Further, a function f(z) € A is said to be convex of order « if it satisfies

Re(l—i—%?) >a

for some o (0 £ o < 1) and for all z € U. We denote by K(a) the subclass of A consisting of
such convex functions f(z) of order a in U.
Let S(a,b) denote the subclass of A consisting of functions f(z) which satisfy

),

) <Re(d)—a (0Z a<Red) —b-1|)

for b € C.
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Figuré 1: Image of

Let C(a, b) denote the subclass of A C'énsiSting of functions f(z) which satisfy

21" 4l Re(d) — o (0< a0 < Refb) — I —
l1+ 0 b' <vRe(b)‘v a (0; < Re(d) —|b-1))

for b € C.

Remark 1. Letting b = 61 + ibz, the condition
0<a<Re(d)—|b—1]

shows that
0Sbh<(1—a)2h—(1+a). -

Therefore, b should be in the right half plane of the parabola.

-0.5 0j5\1 1.5 2 2.5 3 3.5

Figure 2: Range of b, that is, |b — 1| < Re(b) — a.
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Remark 2. (1) In 1975, Silverman [2] has showed that if f(z) € A satisfies

o0

> (n-a)|an| £1-0,
n=2
then ,
z]{(g) — 1' <l-a (z€U),

so f(z) € S(a,1).
(2) Sekine and Owa [1] have showed that
(i) if f(z) € A satisfies

S (n-a)la <1-a

n=2 -

for 1 £ b < 2, then

@) _pch-a (

) b’<b: (z€U),
so f(2) € §(e,0),

(i) if f(2) € A satisfies

Z(%—_ﬂ:—a)l%l"' Y (n-a)|a £1-a

n=2 . n=_1+1 .

for b > 2, then

sz'(z) —b‘ < b"Qd (zel), |

- f(®
so f(z2) € S(a,b),
(m) if f(z) € A satisfies
n—a)la,|<20-1—«

> (n—a)|a|

n=2 o
for 1+0€<b<1,then

Z}ZS)“” <b-—a (z€U),

so f(z) € S(e, b).

II. Coefficient Inequalities.

We shall now prove the following theorems in a same way of Theorem 1 of Silverman [2], or

Sekine and Owa [1].
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Theorem 1. Let f(z) € A, b€ C and 0 < a < Re(b) —|b— 1|. If f(2) satisfies

> {In—b| + Re(b) — o} lan| £ Re(b) —a— |p— 1],

n=2

then

2f'(z) )
5 bl < Re(b) — a,

that is, f(z) € S(a, b).

Proof. For f(z) € A, it follows that

zf'(z) _ bl (1 =04>70 (0 — b)agz™ !
f(2) B 1+ 2 a2 1

b—1-=3 2 ,(n—b)az"?
1+ Z;‘_’__z apz™1

[b— 1]+ 3 nzp In — bllanllz"~"
1=2 0 lan|lz|"

A

b= 1|+ > oo, In — bllax|
1 _Z;.;z |ax|

The last expression is bounded by Re(b) — « if

=1+ In - bllan] < (Re(®) - ) (1 - Zlanl) ,

n=2 n=2

which is equivalent to

> {In — b +Re(b) — a} |an| < Re(b) — o — |b - 1|.

n=2

Hence we have

!
%(;) - b\ < Re(b) — o, and the Theorem 1 is proved. O
P

Remark 3. If we take b = 1 in Theorem 1, then we have Theorem 1 by Silverman [2]. Further,

1
if we take some real b such that b > _';‘Z, then we have Theorem 1 by Sekine and Owa [1].
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Corollary 1. Let f(z) € A, be C and 0 < oo < Re(d) — |b— 1. If f(2) satisfies

S n{ln - b| + Re(b) — o} lan| < Re(b) = o — b 1],

n=2
then

zfll(z) . 7
o+ - <t =
that is, f(z) € C(a,b).

Proof. 1t is well known that f(z) € C(a b) if and only if zf'(2) € S(a b). Because, suppose
that F(z) = zf'(z). Then

2F(z) b’ _ |2 @) +2"G) b,
F(2) 2f'(2)
_F@ e
-\F
e 2@ me
~ 1+ L 4] <Ret) -

Since zf'(z) = z+ ) oo, nan2™, we may replace a, with na, in Theorem 1.

This completes the proof of Corollary 1. _ - O

Remark 4. If we take b =1 in Corollary 1, then we have the result by Silverman [2]. And if

1
we take some real b such that b > %, then we have the result by Sekine and Owa [1].

II. Distortion Inequalities.

If we consider the function f(z) € S (}1 2) then

zf'(z) 3| 1
1 13
Recently, Silverman [3] has given the function f(z) = z — gz which is in the class S ( 7 4)

But this function f(z) dose not Satisfy the coefficient inequality of Theorem 1. As we mention
the above, the inverse of Theorem 1 is not true in general.

Now, let Sp(a,b) be the subclass of S(o,b) consisting of f(z) satisfying the coefficient
inequality of Theorem 1. Further, let Cy(c,b) be the subclass of C(e,b) consisting of f(z)
which satisfy the coeflicient inequality of Corollary 1.



Theorem 2. If f(z) € So(a,b), then

Re(b) —a — [b— 1 Re(d) — a — |b — 1|

|2l S 1f(2)] £ J2] +

2] - min,>, [n — | + Re(b) — o

Equality holds for the function f(z) given by

Re(b) —a—|p—1]
min,>, [n — b| + Re(b) —

flz) =2+ (z = %|z|).

Proof. By the assumption f(2) € So(e, b), we note that

{mm In — bl + Re(b }Z lan| < Z{ln - b| +Re(b) — a}tlan| £ Re( )

n=2 n=2

that is,

o< Rel)—a-=1
il _mlnn>2|n——b|+Re(b)—a

Thus, using the preceding result, we have

z+Zanz

n--2

[o.°]
S e+ laall2l”

n=2

'<M+kﬁz]%l

n—2 :

Re(b) — & — b — 1|

< 2
= |2l +,min,@2‘,|vn —b] + Re(d) - alzl '
Similarly, we have
2)| =z + Zanz"
n=2
2 [2] =Y lanll2”
n=2
2l =AY Jaal
n=2
Re(b)) —a—|b—1 |
> Js] - —

ming>; [n — b| + Re(b) — «

min,>, [n — | + Re(b) —

2
|z

54

(z € U).

- Ib— 1[7
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Consequently, if f(z) € So(e, b), then we obtain

Re(d) —a — |b— 1| Re(b) —a—|b—1|

- 2L < 2
g ming,>, |7 — b + Re(b) — alzl SO min,>; [n — b| + Re(b) — alzl )
Finally, taking the function
. Re®)—a-p-1
(z) =2+ Min,>; [n — b] + Re(b) —a
we have the equalities for z = |z|, and for z = —|z|, respectively.
This completes the proof of Theorem 2.
For f'(z) of f(z) belonging to Sp(c, b), we have
Theorem 3. If f(z) € So(e, b), then |
2(Re(b) —a—|b—1 2(Re(b) —a—-|b—1 ,
| 2Bel) a1 MReB)ma 1)

ming>; |n — b| + Re(b) — a min, > |n — b + Re(b) — o
FEquality holds for the function f(z) given by

Re(b) — o — [b— 1] 9 L
min, 3, |7 — b] + Re(d) — & (2 = £lzl).

f(z)=2z+

Proof. By the assumption f(z) € So(e, b), we note that

S {In - bl + Re()) — a}lan| = 3 {n

n=2

1 —%l + Re(b) — a} |

1= 4 ol + S (Re(9) - el

n=2

S

n=2

SRe(h) —a— b -1,

which implies that

) b o0 o0 o0 b oo o 1 N 1 P
11{1;121 1- - ;nlan{ + ;(Re(b) - a)|an[ < ; {n 1-— E}} lan| + ;(Re(b) — a)lan]-
This gives us that
min1 - > ] < Relt) = = o= 1] = (Re(9) =) 3 e

Re(b) —a—|b—-1
< Re(b) —a— b~ 1| - (Re(b) — @) — >2(|7)1 my +|Re<b)|— a

< (Re(b) — o — [b — 1|) min,, [n — b]
= min,>; [n — b + Re(b) — a

7
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that is, that ,
o (Re(b) — @ — |b— 1) ming, |n — b| 1
Z nla,| = B .
min,>, |n — b| + Re(b) — o

n=2

-
n

minn22

_ 2(Re(d)—a—p-1)) -
~ ming3, |n — b| + Re(b) —a’

b

Because, min, >, [n — b| has the minimum value when Re(b) is the nearest n, and min,>
2 = n

b\ . - .
has the minimum value when Re (;) is the nearest 1, in other words, when Re(b) is the nearest

min,>; |TL - b|
n. Consequently, we have = l = 2.

b

min >9 1—--—
n> n

In view the above, we see that |

. (>}
1+ Z n apz™ !

n=2

()] =

o0
<1+ nlaalz*

n=2

voo
S 1+ 2] ) nlan|

n=2

2(Re(d) —a—|b—-1|)
min,>, |n — b| + Re(b) — a

<1+

2.

Similarly, we have

00
If(2) =1+ nan""
n=2
o0
21— nlalz""
n=2

o0
21— 2| ) nlad|

n=2

2(Re(b) —a — b — 1)

21—
= min,>; |n — b| + Re(b) —

2.
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Consequently, if f(z) € So(e, b), then we obtain

2(Re(d) —a— |b—1|) 2(Re(b) — a — |b—1|)

1- : <|f <1 .
min,>, [n — | + Re(b) ——’al*z'l sIFGEI=1+ min,>; [n — b| + Re(b) — alzl
Taking f(z) given by o
. 2Re(®)—a—|p—1))
! - 1
- ,_f(?) ¥ itz In— b + Re(b) —a =
which is equivalent to
_ Re(b) —a — |b— 1| 9
I = =t T Re(®) —a * "
we see that the equalities in Theorem 3 are attained. O
Now, we give an example for Theorem 3.
Example 1. Let f(z) € So(e, b),b=3 + %2 and0 S a= g— <3- g Then we have
—5/1 C9(22 —
f(z)=z+ 22 - 517 2Z2and fl(z) =1+ M z.

27

27
Therefore

Figure 3: Image of U by f(z) for Example 1.
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0.06
'
Figure 4: Image of U by 2f(z) for Example 1.

f(2)

Furthermove, for f(2) in the class Cy(a, b), we see
Theorem 4. If f(z) € Cy(e ,b), then
o —— Re(d) —a — [b-1] Iz
2{min,3, |n — b| + Re(b) — a}
Equality holds for the function f(z) given by o
e(b) —a—|p—1
fz) =2+ 2{minf;i [)n — ] +| Re(b)l mpe il

Re(b) —a — |b— 1]

2{min,>, |n —b| + Re(b) — a} |z|* (2 € U).

* S 1f (@) < J2l+

(= = £]z]).

Proof. For f(z) € Cy(a,b), we note that

2 {Irflzlgl |n — b] + Re(b) — a} > lanl S > “nfln - b] + Re(b) — a}lan| < Re(b) —a —|b— 1],

n=2 n=2
that is, that
= . b)—a—|b—
-~ 2{min,>, |n — b| + Re(b) — a}

n=2

Applying the above inequality, we have

o ,
z+ _s_ 2"

n=2

[f(2)] =

[
<zl + ) lanll2l”
n=2

o0
Szl +12* ) lanl
n=2

Re(b) —a — |b— 1] 2
2{min,>, |n — b] + Re(b) — a}

< 2] + ?
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Similarly, we have

0o
If (@) =|z+ ) an2"
n=2
m - .
2 |2l =) lanll2l®
n=2

o0
2 Jel = |2 foal

n=2

_Re(b) —a—|b-1] 122
2{min,>; |n— b| + Re(b) —a}""

2 -

Consequently, if f(z) € Cy(a,b), then we obtain

3 Re(b) —a—|b—1|
2{min, >, [n — b| + Re(b)

Re(b) —a—|b—1| 5
2{min,>, |n — b| + Re(b) — a} 2|

2]

P SIS bl +

Finally, letting

B Re(b) —a — [b— 1] )
) =2+ 2{min,>; [n — b| + Re(b) —a}
we know that the equalities of the theorem are attainded. O

For the derivative f'(z) of f(2) in Co(a, b), we also have
Theorem 5. If f(z) € Cy(e ,b), then

Re(d) —a — |b—1] Re(d) —a—|b—1]

2] S |f'(2)] S 1+

1— ming>, |n — b| + Re(b) — a min,>, |7 — b] + Re(b) — alz[ (z € ).
Equality holds for the function f(z) given by |
o Re(b) —a— |b—1| - s
IO =2 min g o — o+ Reh) —ay © = D
Proof. Noting that
{g{lzig In — b] + Re(b) — a} gnlanl § ;n{mf b| + Re(b) — a}|an| < Re(d) —a — b — 1],

for f(z) € Co(c, b), we have

- Re(b) — o — |b — 1|
<
>_mlan] < mifl,sg [ — b + Re(?) — o

n=2
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Thus, we have

o0
1+ Z napz™ !

n=2

1f'(2)] =

[o o]
<1+ njaglle*?

n=2

[o o]
<1+12 ) nlan|

n=2

Re(d) —a—|b—1|

<14+ —
= min,3, |n — b + Re(b) — o 12l
and
o0
F@) = {1430 ane™!
: n=2
[o o]
21-) nlag||z[*
n=2

co
21— |2| ) nlan|

n=2

___Re())—a-—|p-1
ming>; [n — b| + Re(b) — o

21

|2]--
Consequently, if f(z) € Co(c,b), then we obtain

Re(b) —a — |b—1] Re(b) — a — |b — 1]

1-— S|f(2)] 1 :
min,>, |n — b} + Re(b) — alzl slf@l=1+ min, >, |n — b| + Re(b) — alzl
Making
Re(b) —a— |b—1|
! —_ 1
f(z) + min,>; |n — b| + Re(b) —a
. Re(b) — a— b — 1|
_ ew)—a—10— 2
f&) =24 i, In— b+ Re(®) — o}
we complete the proof of Theorem 5. O

For Theorem 5, we give the following example.
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1 4 : 17
Example 2. Let f(z) € Co(c , b), b:3+-2—z' and 0 L a = E <3—'§. Then we have
BT, . 2-5/TT Voo 22517
- flr)==z+ 1 2%, fl(z) =1+ T z and f"(2) = T
Therefore
"
1_I_zf(z)=2_ o .
f'(2) 27 + (22 — 5V/17) 2
0:8

2f"(2)

Figure 6: Image of U by 1 + for Example 2.

f'(z)
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IV. Necessary conditions for the class S(a, b).

In general, we know that the coefficient inequalities which we give in Theorem 1 and Corol-
lary 1 are not necessary conditions for the classes S(a, b) and C(a, b). Therefore, we try to find

some necessary conditions for the class S(a, b).
Theorem 6. Let f(z) be in the class S(a,b) with a, = |a,|e™™ and b =1+ ibs, then

(°° (1—b2'-a)(1+b2—a))

Z(n+a)|an]+ ]

n=2

" <Z<n—2+a)|an| - fzadlts —a)) +8 (Z w)

n=2

bg(l — bz —'a)(i + bz - Of)
' (a=1)2 )

z ’(z_) : ‘ . .
— b| < Re(b) —a = 1—a, we have, for z = €'",

f Y <0

2(0) | _|b=1- 5,0 - bans?

f(z) - 14302, a2}

Proof. Since f(z) € S(a, b) if and only 1f}

=14 52 (= B)lal]
= Yoo, aa]

b1+ 5 nlaal = X, bl
. ' ]‘_Z:,o:ZlanI

b= 14 T2 nlan] - S50 (14 iby) |
' 1=3207, |an]

'?‘b2 + Z‘x.)—_' nla'nl - Zooz Ia’nl - sz Zooz Ian”
— n=2 n=2 n=2
" 1=3 0%, lan]

[0 = Dlan] + ita(1 = T, o))
1 - E;.I,O:Z Ia’n|

_ Vi =Dlan])® +05(1 = > %, |an])?

— <1l-o.
1“2?:2'”’“

It follows from the above that

\'(Z(R_l)lanl) +53 (1—-Z|an|> <l-a-) (1-a)al,

n=2
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that is, that

(S ) 51

n-=2

<(l-a)?-201-a)?®) e+ (Zu - a)lanl) :

n=2 ’ n=2

It is easy to see that

(Z(n + a)lanl) (Z(n -2+ a)lanl) +b (i Ianl)

n=2 n=2

+(2 — 4o + 20° — 2b )Z|an|

n=2

<(—by—a)(1+b— a);ﬂ"

Thus we obtain

(i(m SR AL LA A “))

(Sn-rrae - Ut dlshod) (Z '“”")

n=2 n=2

b%(l— b2 - O:)(l + b2 - Ot)
(@ - 1) "

which derives the proof of the theorem.

< Re(b), we consider the case of b = b; + ib, with b; > H—Ta

1
Noting that te

Theorem 7. If f(z) € S(a,b) with a, = |an[ei’”r and b = by + iby, then

(Z(n -~ ajjan| + ETHLZBES bl) (Z( 2+ )+ L2 L bl)

n=2

o 2 o0
+b3 (Z lan|) +2(by — 1) Zn!anl
n=2

n=2

|6](|b]* — 2b1) — b3
(@ — by)? '

<] —1-
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z}’(S) N b' < Re(b) — a = by — a. Letting

Proof. Note that f(z) € S(e,b) if and only if ’

z = '™ we have

2f'(2) b’ _ ’b —1=3% (n—b)a,z"!
f(2) - 1+, ap2™ !

o145, (0= Bl
1- Z:?_—z |an|

lb -1+ Zn—2 nla,| — Zn"’? bla||
1- En—2 lanl

Ibl +iba — 14+ 370 nlan| — 305 (by + 1bo)|an||
' 1- En—2 |an|

_ (b= 1) +iby+ 30, nlan| — 300, bajan| —iby 3002, |an]|
1= Zn—Z |a"|

b= 1)+ 3 nzp(n = by)lan| +ba(1 - 305 [an])]
1- Zn—2 laﬂl

\/ (b= 1) + X2y (n — Dlanl® + b1 — T2, Jan])?
’ 1- Zn—Z ]a"nl

<b —a,

which is equivalent to

\l ((bl ~1)+) (n- bl)lanl) + b3 (1 -> Ianl)
n=2 n=2

<bi—a=Y (b —a)le|-

n=2

By using the same manner as in the proof of the previous theorem, we have

(Z(n - a)lan|) (Z(n —2b; + a)lan|> + b3 (Z |an|) +2(by - 1) Zn]anl

+ (2b; — daby + 207 — 263) ) |ay|

n=2

< 2b; — 2ab; + o — b3 — 1.



Therefore, we have

+b3 (Z |@_h|> +2(by - 1) ananl

n=2 n=2

_ [pIP(bf — 2by) — b2

<[pF-1 @)

This completes the proof of the theorem.

V. Some examples of functions belonging to the class S(a, b).

Now, we consider some examples of functions f(z) which belong to the class S(a, b).

Remark 5. Since

f(2) € S(a,b) <=

ZLON I
) b‘ < Re(d) — a,

we consider B which satisfies

Thus we get

and

For such B, we consider

which gives that

)| R —
o b'<|1 b + |B| = Re(b) — a.

|B| = Re(b) — a— |1 — b,

B = (Re(b) — a — |1 — b]) '%.

z2f'(z) . _ . ,
) b= (1-b)+ Bz,

1) _1_p

fz) =z

Integrating both sides, we have

SO

Thus we obtain

[(8-Ye-nfs

f(z) = zel(Re(D)—a—[1-b])e*?}z

65
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Taking some b and « in Remark 5, we give

1 1 ~
Example 3. Takingb=1+ 3 i, o= g we have

f(z) = zelRe(®)—o—[1-b)e}z _ gz

Since

fl(z) = (1 + %z) s

2'(2) _ |, 1
) —1+6 .

we see

Figure 7: Image of U by f(z) for Example 3.

0:5 O:6 0.7 0.

zf'(z)

Figure 8: Image of U by for Example 3.

f(2)

1 1
Example 4. Taking b =2+ 3 i, @ = 37 we have

f(z) = Ze{(Re(b)_a*|1~b})ei¢}z — ze(%_
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Since

1'(2) = 56+ (9~ 2/T0)z)e (%)

we see

2f'(2)

Figure 10: Image of U by )
o 4

for Example 4.

Next, we consider
Remark 6. We consider B such that

z2f'(z) pe (1-b)+ Bz
f(2) -z




Noting that

éf’(z) —b’ _|1-b+Bz
f(2) ] 12

'1—b+ Bz |
1—2z 1-—2

1-4 B
- lfz+1:5z_B\

11-b
1—-2

B
1=z

|+IBI

< |1 -8+ |B|+|B]|

= [1 - b] +2|B| £ Re(b) — o,

we find B given by

(6)—a—1-b
2 b

B - (Re(b) —o;— |1—b|> "

Re
|B| =

For such B, we see that
f'z) 1 _1-b+8B
flz) 2z 1—2z °
After integration, we have
log _f(zz) =log (1 — 2)¢1-B),
that is
f(2) = 2(1 = 2)¢7172),

It follows that
Re!b!—;— l—bl )ei¢)

f(2) = 2(1 = 2)1~
Taking some b and o, Remark 6 gives us
: 1 . 1
Example 5. Makingb=1+ 100 L, a= g, we have
f(Z) =Z(1 _ z)-(b—l—(—rﬂ—b)—'—;—"ll'—bl)e“’) — z(l _ 2)5%6(21}—-49(—1)111)'0),

1

f'(z) = 500 (200 + ((—200 — 26) + 49(—1)1)z)(1 — z)%a“—?‘)"“i)—‘*g(—l)“lf“.
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This gives us that
zf'(z) _ 200 — ((200 + 24) — 49(—1)10) 2
flz) 200(1 — 2) ’

!
Figure 12: Image of U by z]{(S) for Example 5.
: 1. 1
Example 6. Makingb=2+ gba=g, we have

f(z) :z(] —_ z)(b—l—(wl—'bl)ei") = z(l - Z)Ilg(3+2\/ﬁ+4i),

1 o
f(2) = —=(=124 (15 + 210 + 44)2)(1 — z)%(—9+2\/{6+4,)'

12

This gives us that
2f'(z) 12— (15+2V10 + 44)2

f(2) 12(1 - 2)
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Figure 13: Image of U by f(z) for Example 6.

z2f'(2)

Figure 14: Image of U by o)

for Example 6.
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Finally, considering f(z) = z + a22?, we derive

Remark 7. Let us consider the function f(z) given by f(z) = z + a22%. For such f(z), we

have
zf'(z)  1+42a2z asz
= =1
f(2) 1+ azz 14+ ayz
B
RS TY
where B = ayz. Since
z2f'(2) B
bl =——=—31- —
5 bI I1+B + b' < Re(b) — a,
we have 0
B 2
I-+——B+1—b < (Re(b)—a) .
Let C = (Re(b) — @)?. A simple calculation gives that
, (1-b2-b-C- (1-b2-b-C C—|1—bP
BE+ = p=c 2t R-wp-c " “R-tE-C
so , '
5, a-be-8-C' |, c-a-he-h
|2-8]2-C : 2-b2-C
1 R
< P 0)2(|2 5b|2c — 1 =b22=b2+|1 - B]*C
F1=-0)(2=B) - (1-b)(2-b)C - (1-5)(2-b)C)
B C
C(2-bp-C)

Thus we see

C—-(1-b)(2-b) VC
‘B“ B—tP-C | “E-tf-C
Consequently, we obtain
g (Re()—a)* ~(1-b)(2~ b (Re(b) — o)?
12 = B> — (Re(b) — &)? 2 — b — (Re(b) — a)?

_ Re(b) — o
202 — (Re(b) — )*

This shows that B = ayz is inside of the cercle with the center at

(Re(b) — @)” — (1 - b)(2 - b)
2 - — (Re(b) — a)?
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and radius S
Re(b) — a
12 — b2 — (Re(b) — @)?

1 S | ,
Making use of b =1+ §i and a = é—_vin Remark 7, we see

Example 7. Tokingb=1+ %i,%d = %, we see that ay is inside of the circle with the center
at 331 + ;—i—i, and radius ?13- Thus we }zave —3—51 = g - % <0< azz| < %—13: + g— = 1. {Ifwe
take aq = %, then ,
f(z)=z+ %zz
and f'(2) ,
TR

’//////

X

(3]
[
u

N

=

75 :
% R 7]

1\

Figure 15: Image of U by f(z) for Example 7.



73

2f'(2)
f(2)

Figure 16: Image of U by bfor Example 7.

Also, letting b = 2 + %—z and o = %, Remark 7 leads us

1 1 :
Example 8. Takingb=2+-1i, a = 5 We see that ay is inside of the circle with the center at

3
1+ % i, and radius ?—3 Thus we have 0.310772 = % - % <laz| <1< 3273 +g§ =
1.71337. If we take ay = %, then |
2
f(z) =2+ =22
3
and
zf'(z) 2z
flz) 3+ 22

Figure 17: Image of U by f(z) for Example 8.
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z2f'(2)

Figure 18: Image of U by for Example 8.

f(z)
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