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Normal forms and cubic nonlinear Schrodinger
equations in one space dimension
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1 | Introduction and results

In this note we consider the Cauchy problem for the nonlinear Schrédinger equation in

one space dimension

(1.1) ug + %um = F(u, @, ug, Uy),
(1.2) u(0, ) = uo(x)-

Here u is a complex-valued function of (¢,z) € R x R and F' is a smooth function on a

neighborhood of the origin such that for some integer p > 2
(1.3) F(u,d,q,q3) = O (|ul’ + |q|’) near the origin.

We are interested in finding some nonlinearities F' such that the Cauchy problem (1.1)-
(1.2) has a unique global solution which is asymptotically free.
It is known that if F' satisfies

oF,
(14) Re'é'(;(u, u,q, q) - Oa

then the usual energy method yields the local existence. When the nonlinearity F' does
not neccesarily satisfy (1.4) the local existence has also been established this decade
(see [7] and [9]). Concerning the global existence of solutions, Klainerman-Ponce [10]
and Shatah [13] showed that if F' satisfies (1.3) with p > 4 and (1.4), then (1.1)-(1.2)
possesses a unique global solution provided that the intial data ug is small enough in a
certain Sobolev space. If the nonlinearity is of lower degree (i.e. quadratic or cubic),
it seems difficult to prove the global existence in general. In spite of this, there are
not a few papers on the global existence when the nonlinearity is cubic or quadratic. In
particular, in the case where the nonlinearity F' is cubic and gauge invariant, that is, F’
satisfies

(1.5) | F(wu, w8, wq,wq) = wF(u,,q,)



for any w € C(|lw| = 1),u,q € C, much has been studied. For FF = A|u|?z or F =
iA0; (Ju|?v) with some A € R\ {0}, the global existence is well known. Furthermore, for
these nonlinearities, the asymptotic behavior of solutions is studied and the existence
of modified scattering states is proved by Hayashi and Naumkin [4],[5]. They also
established the asymptotic formula of a time-global solution for large time. Katayama
and Tsutsumi [8] showed that if F' satisfies (1.5) and “null gauge condition of order
3” (a typical example which satisfies these conditions is F' = 8;(|u|?)(\u + puz) with
A, 1 € C) then (1.1)-(1.2) has a unique global solution for small initial data uo and the
usual scattering state exists. Recently, Hayashi and Naumkin [6] considered nonlinear
Schrodinger equations with a derivative cubic nonlinearity which does not satisfy (1.5)
and proved the global existence of solutions for small initial data and the existence of
usual or modified scattering states. However, it still remains open what kind of cubic
nonlinearities assures the global existence of solutions with a free profile in large time
for small initial data. In the present note, we consider the global existence of a solution
to the Cauchy problem (1.1)-(1.2) in the usual Sobolev spaces for small initial data and
the existence of scattering states in a usual sense for F = cuu? or F = cuii2 with ¢ € C.
To treat these critical cubic nonlinearities we use the techniques which transform them
into harmless ones. These were developed by Shatah[14], Cohn[1],[2] and Ozawa[12] for
quadratic nonlinearity. While they discussed quadratic nonlinear Schrédinger equations
in [1],[2] and [12] (quadratic nonlinear Klein-Gordon equations in [14]), a class of cubic
nonlinear Schrédinger equations will be treated in the present note. So, it should be
emphasized that the transformation in the present paper will be more complicated than
those for quadratic nonlinearities.

Before stating our results we give several notations.

Notation.
Let [a] denote the largest integer less than or equal to a. Let f and Ff denote the
Fourier transform of f with respect to the space variable:

£© = (FN© = g [, f@)e e

For 1 < p < oo and nonnegative integers m, we denote by L? = LP(R) and W™? =
wmp (R) the standard Lebesgue space and Sobolev space, respectively. We also use the
notation H™ := W™? for the L2-type Sobolev space. Let C*(I; B) denote the space
of functions continuous with their derivatives up to k from a time interval I C R to



it

a Banach space B, and let C(I;B) := C°(I;B). Let U(t) = e2% be the evolution
operator associated with the free Schrodinger equation.

Our main results are the following. The first theorem gives a cubic nonlinear
Schrodinger equation which is convertible into the free Schrodinger equation.

Theorem 1. Let m be an integer with m > 1 and let F = f(u)u? where f(u) is an
entire function and satisfies f(u) = O(u¥) at the origin. We put

o) = [ oo Sugy,
0

Then there exist g > 0 such that for any ug € H™ with || Fp(uo)|l: < €0, the Cauchy
problem (1.1)-(1.2) has a unique global solution u € C(R; H™) N C*(R; H™?). More-
over, the solution u is given explicitly by u(t) = ¢~ (U (t);p(uo)). If in addition uo € L,
then

(16) lu(®)llz= = O(t7%)  as ¢ — %00

and there ezists a unique ¢ € H™ N L' such that
(1.7) lu@) — U®)d|lgm = O(It|~"F) ast — Foo.

Furthermore, ¢ is given ezplicitly by ¢ = ¢(uo)-

Remarks. (i) The assumption ||Fo(uo)|lr: < €o is fulfilled if [uo||s: is sufficiently
small. ' “
(ii) For ¢ in Theorem 1, we can take the radius of convergence of the Taylor expansion
at the origin of the inverse function of . ’
(iii) The results in [12] covers the result of Theorem 1 if f(u) is a constant. If f(u) =
O(u) at the origin, then Theorem 1 gives a cubic nonlinearity F' which assures the gl’obal
existence of solutions with a free profile to (1.1)-(1.2) . |

We next state the theorem concerning a cubic nonlinear Schrodinger equation to
which the normal form argument by Shatah[14] is applicable.
Theorem 2. Let m be an integer with m > 4 and let F = cuu? where c is a complex
constant. Then there exists eg > 0 such that for any ug € H™ N WIM+3)/2L yyith
max{||uo|| g, ||[vollwim+sa1} < €0 the Cauchy problem (1.1)-(1.2) has a unique global
solution u satisfying
ue C(R; H")NCY(R; H™?),



(1.8) lu@llam = 0Q), |[u(®)lwin+n/ne = O(|t"%) ast — oo,

Moreover, there exist a unique ¢, € H™ and a unique ¢_ € H™ such that
(1.9) lu(®) = U@®)¢+llam = O(It|™!) as t — +oo,

lu(t) = Ut)¢-|lam = O(It|™") as t — —oo.

Remark. Recently, Naumkin[11] proved the global exitence of a solution to (1.1)-(1.2)
with a fairly wide class of cubic nonlinearities F' including two nonlinearities considered
in Theorems 1 and 2. The results in [11], however, do not cover the results of Theorems
1 and 2 in the present note since the former require that the initial data should be small
in a weighted Sobolev space while the latter do not.

2 Outline of the proof of Theorem 1

When the nonlinearity F is of low degree, it does not seem that we can prove a global
existence result directly from the original equation. So we make use of a transformation
which converts a solution of the original nonlinear Schrodinger equation into one of
the linear Schrodinger equation. The first three Lemmas are devoted to prove that the
function ¢ given in Theorem 1 is the helpful transformation.

The Lemma 2.1(a) and Lemma 2.2 show that ¢ is regular as a transformation on
H™,

Lemma 2.1 (a) ¢ is an entire function on the whole complez plane.
(b) There exist a constant € > 0 and a holomorphic function v : B, — ¢~ (B,) such
that ¢ o9 = idp,, 9 o ¢ = idy,-1(p,) and ¢~ (B,) is bounded.

Lemma 2.2 Let m be an integer with m > 1. For any ug € H™, p(up) € H™.

The following Lemma shows that if u solves the original nonlinear Schrodinger equa-
tion (1.1)-(1.2) , then v = ¢(u) solves the homogeneous linear Schrédinger equation
with v(0) = p(uo).



Lemma 2.3 Let m be an integer with m > 1. Let ug € H™ and let v € C(R; H™) N
CY(R; H™"?) satisfy (1.1)-(1.2) with F = f(u)u?. Then o(u(-)) € C(R; H")NC(R; H™
and ' '

(2.1) p(u(t)) = U(t)¢(uo)-

Next, we have to prove that the transformed function v(t) = (u(t)) = U(t)¢(uo)
gives the solution wu(t) to the original nonlinear Schrédinger equation. Lemma 2.1(b)
shows that this is true if ||U(¢)¢(uo)||L~ < €. | | |

From Lemma 2.1(b), we have the expansion

.00 ,
= Z a;?’
j=0

with the radius of convergence larger than or equal to €. We easily see that ap = 0,a; =
1,a; =0 (2 <i<k+1)and ax2 # 0. We put g9 = v2me. Then we have

S 1
sup ||U (£)(uo)||ze = sup || F~e™ 1 Fo(uo) || e < —=[1Fp(uo)llrr < €.
teR teR V2T

Therefore the series

[o <]

Ut)o(uo) + > a;(U(t)e(uo))-
J=k+2
converges absolutely in L2. This proves that u(t) = ¢! (U (t)cp(ug)) makes sense and is
in C(R; L?). Some more calculations show that u € C(R; H™)NC"(R; H™?), and u is
a unique solution to (1.1)-(1.2) .
The decay estimate of the solution and the existence of a free profile in L? are shown
by using the standard L™-decay estimates of the fundamental solution and following

two inequalities

@l < WO+ 3 lasll U@l

j=k+2

ol Gl -2
= Qe (H-Z el >

=k+2

lu(t) - U@)oll: < i la; U ()Y’ I|2

j=k+2

”¢“k+1“¢”L2 = “f¢”L1 j—k—2
e 2, )

The existence of a free profile in H™ is proved after a somewhat complicated calculation.



3 Outline of the proof of Theorem 2

The crucial part of the proof of Theorem 2 is to establish a priori estimates of the
solution to (1.1)-(1.2) . The global existence result is obtained by combining a local
existence theory and a priori estimates. Since the nonlinearity F' = caa? satisfies (1.4),
the local existence is an immediate consequence of the usual energy method. But we
cannot derive sufficient time decay estimates to prove the global existence directly from
the original equation since F is cubic. In order to obtain good a priori estimates, we
use the argument of normal forms introduced by Shatah (see [1],[2],[14]).
Following Shatah [14], we introduce a new unknown function v:

(3.1) v=u+ K(,a,a),

where K is thought of as a distribution and the representaion of the cubic term is given
by
(32 K(fon@ = [ K@-y.0- 22 - 0)f4)g(:)h(w)dydzdw.

After some calculations, we obtain

(63 K(f,9,h)(@) = @n)*? [ R(p,a, 1) f@)a@h()e=0+*dpdgar,

(34) B+ %agv = cat + [(82 + 82 + 32 + 0,0, + 0.0, + 0,0,)K] (3,3, 0)
~-K(euwu, @,u) — K(,ouu?, @) — K (a, @, cuul).
All cubic terms in (3.4) cancel out, when we take K as follows:

= c pg+qr+rp
R(p,q,7) = d

3P+ @+ +pgtqr+rp

Then the function v defined by the transformation (3.1) satisfies

2
(3.5) i0v + %aﬁv = l;—l(ﬂ(uuﬁ, , ) + Q(g, uwul, @) + Q(a, g, uug)),

where we put Q = —%K . We remark that the nonlinear term in the right hand side of
(3.5) is of degree five. This new equation (3.5) with a nonlinearity of higher degree is
called a normal form.

We have to prove that the transformation (3.1) is regular in the space where we
consider the Cauchy problem in order to establish sufficient a priori estimates to prove
the global existence result. The following Lemma on Fourier multipliers due to Coifman
and Meyer ([3]) plays an important role for this purpose.



Lemma 3.1 Let

A9 0)(@) = [ A0 r) FR)a(@)h(r)e™?*+* dpdgdr,

and let
(36) |83050A(p, ¢, )| < Cira(lpl + lal + |r|)~G+k+D

for all nonnegative integers j, k,l such that 0 < j+k+1<1. Then
IA(f, 9s W)llze < Copy papsll Fllor [1gll Loz || ol| e

where——z , 1<pj<oo(j=1,2) and 1 < p3 < 0o.
=P

The following estimate for K(-,-,-) defined by (3.2) follows immediately from (3.3)
and Lemma 3.1.

1 31
Lemma 3.2 Let p,p; (j = 1,2,3) satisfy » = E s 1<pi <oo(j=12) and
j=1+F7

1 < p3 < 0. If K is a Coifman-Meyer kernel (that is, A = K satisfies (3.6)), then

1K (f, 9, W)lze < Cpy papsll Fllzor llgll oz ||| o

The following lemma gives several formulas which are useful to simplify the repre-

sentation of nonlinear terms of (3.5).

Lemma 3.3 (a) Q(f,g,h) =Q(f,h,g) =g, f,h).
(b) 8:Q(f, 9,9) = M(f,9,9:), where M is a Coifman-Meyer kernel.

From Lemma 3.3(a), (3.5) is rewritten as follows:
(3.7) 0 + %a};fu = PO, 4, 9).

We will derive a priori estimates of u via this equation.
The inequalities in the following lemma are needed to estimate nonlinear terms of

(3.7) when we derive a priori estimates.

Lemma 3.4 The estimates (a) and (b) hold for m > 1, and (c) holds for m > 0.

@ 12f, 9, Dllam < C(IFlam-slgyomsnmnee + L lwien-mco llglam i gllwiomsirmes),
(®) 12(f, g, Dllwma < C(Ifllam-1 gl llgllwion-s/aiee + ”f“W[(m—l)/a]w”.qqu")

() 19(f, £, Allam < ClUFIam Il iytm/ze00



The proof of Lemma 3.4(a) and (b) is based on the result in Lemma 3.3(b). A priori
energy and decay estimates of u will be derived via (3.1) and (3.7) by using Lemma
3.4(a) and (b) with f = uu2 and g = 4.

For m > 4 and T > 0, we define

1
lllmir = sup. (lu@llam + (L + D)2 @], mp1,00 )

Lemma 3.5 (a priori energy estimate) Let m > 4 and let ug € H™. Assume that the
initial value problem (1.1)-(1.2) with F = cuu? has a solution v € C([0,T); H™) N
C([0, T); H™~2). Then the following inequality holds for any t € [0,T) :

lu@llam < C(lluollam + lluollfzm + llulldz + llullfr),
where C 1is independent of T and uy.

Lemma 3.6 (a priori decay estimate) Let m > 4 and let ug € H™NWIM+3)/21 Assume
that the Cauchy problem (1.1)-(1.2) with F = cua2 has a solution u € C([0,T); H™).
Then the following inequality holds for any t € [0,T] :

(1 + )2 [lu(@)llwienrvrmce < C([lollwionsnraeas + lluolligm + lulldz + lull3,r),
where C is independent of T and uq.

Combining the local existence of solutions and the a priori estimates, we obtain the
global existence of solutions to (1.1)-(1.2) with F' = cta2 and the existence of a free
profile by the standard argument.
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