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On the structure of Goodman-de la Harpe-Jones subfactors

SATOSHI GOTO (SOPHIA UNIVERSITY)

®E B (EEXRE)

1 Introduction

1995 4= 4 A O Fields Institute 235 ¢F 2 EREMME, 3 X U01995 4 6 A D Aarhus TORIE T,
Ocneanu I3 essential path <> double triangle algebra 72 & OFH LVVESZMA LT, BoF LW
B, UTOXIR5-OMBEICH LT, —HWRBELE5XDT LERLE.

Bl L TF2om0757% A D,E® Dynkin I#H558A TEE L7 & & D biunitary

connection ¥ ¢ N THEY L.
I8 2 Goodman-de la Harpe-Jones subfactor @ (dual) principal graph & fusion rule % &t
BE L.

FIRE 3 A, B Jones subfactor ® generalized intermediate subfactor %3 X TH¥EE L.

fiIRE 4 SU(2) modular invariant matrix @ off-diagonal term B ED X S L TAHE L B D H
AR L.

fEIRE 5 Turaev-Viro type ® TQFT IZ33V T SU(2)y B D smooth part ##-> &L 572 TQFT
DERDT AN E LTHRERbDETRTET L.

LEEOSH>OMED 5 H, FIRE 1~ 3idsubfactor B3k, FIME4 X3t HBHEE, RIES 1ML
FRBOBERICETIHDOTHHH, RETRIEL OMBER—BLEINHTRR I TV 3.

FERE 1 {Z2V T, Ocneanu I & % Fields Institute D [5], 3B L T DT EARAEH (3]
B, B3 D7 A7 17X Kawahigashi {2 X ¥ paragroup D&FH v 7xHE & LTERL
STV [4]. 7=, 8413 Bockenhauer-Evans-Kawahigashi([1, 2]) iZ& - T, conformal
field theory IZ317 % a-induction D¥#% & double triangle algebra D7 7 = 7 % 5 F { A
BHLEBZEIZEY, SUQ) LEBROZRWIEREIC—BALBEICETHRINTHRRINTE
Y, BFE T modular invariant matrix OEN 15 W BHALMIZER TV S,

AEIORKIIBE2 ICHTIMEEE5EX 20X EBHTHS. EiIFE2 OMEIX, con-
formal field theory IZ3#31F % conformal inclusion #Z X3 Z LIZL->THE LD Z L Bbho
TWB D7D, T Z Titconformal field theory 72 E DT 7 = v ZiIZAWRWT, 75720
L@ connection &£ V5, FEHIZ combinatorial 72 #§#& 7217 T Goodman-de la Harpe-Jones sub-
factor DIEENAEATE B Z & 2RF. DOV TIZ intermediate subfactor DIFETER® subequivalent
paragroup ~DIEHIZOWTHLREET 3.

2 Connection @ system & bimodule @ system D%

K, L%2OoDBR2ES 77 LT, Figurel DX 3242075705, LEF0r7757%
K,L £¥5%. ZDZ 77 LD bi-unitary connection %* K-L connection & £.%. Figurel O X 5
{2 K-L connection #HhiE, K DOIRR g Z & D& > THEE L T string algebra construction
IZE > T subfactor N C M %18k T2ZEMNTE 3. ZOBREIIER g DBOFITEFL
TWB D, #BRENFFERD subfactor N C M iE, FORKEZBATHRBICARY, THR g
DBUFIZE b Lidk<mbhTW3.

TDEE, DX ST connection w > H AL S 7z subfactor N C M 226, BED X
5 {Z N-M bimodule y My; &% ® conjugate bimodule My DFEXT >V /VIE & BEK) 5753 H>
5, N-N, N-M, M-N, M-M @ 4 f&® bimodule 7> & 72 5 system B& 652, —F T, K-
L connection w 2>5 %, connection w & % @ conjugate L-K connection @w D&k & 7RI &
D, k(W) k(W)™ wy, (W)™ D, (Dw)F D 4 FED connection DEEK 5 AEN O, K-K, K-L,
L-K, L-L ® 4 f&® bi-unitary connection ® system 3% 5 5.
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& T, REILZ DD connection @ system & bimodule @ system DREHRETH B, BHIZ
BRI L5, Thbidsubfactor N C M 25 finite depth D& &, Nc M »HEBLh3
paragroup & LT, RIUbDTHAZ LBbn3d. Thbb, ROEEMNEKY L.

JEI 1 K-L connection gwy 2> HHRL X N7z subfactor N C M 7 finite depth 72 &1, xwy
NH/HLI 5 4FED connection ? system td subfactor N € M 758 515 4 F&D bimodule ®
system & [A U fusion rule & & 2. %7z, L connection ® system (2%t 3 % (Asaeda-Haagerup
DEPBRTD) generalized open string bimodule ® system I%, subfactor N ¢ M » 5B 5h 5
paragroup & —¥&% 3. ‘

AR 2 B b K51, gwp BB EN S subfactor N € M IZTEA xx DBRHICT L
572V, ¥72, connection 55 generalized open string bimodule #-25< 3¢ &2, EFDY
T77 K, Lo 1 DT OIHER g, TBATEETIVLERSH S, LOTBROKERII NS
2ODERDBVFICIE I bRV ERbHS. ‘ :

FEHE1ITEY, N C M ® fusion rule =X paragroup % R. 5121, connection ® system % K.
MLV, £ LT, connection ® fusion rule 132" 5 7 DA & 43#% &£ V> 9 combinatorial 72 deta
MOEFTTELDT, ZOFEIZL>T, BLTFD X 5 Goodman-de la Harpe-Jones subfactor
O fusion rule ZRETHZENTEDDTHD.

3 Goodman-de la Harpe-Jones subfactor @ (dual) principal graph & fusion rule-

A % Dynkin diagram A, ®VW§hh, K % Dynkin diagram A,D,E OWFhhret T35, =
DEEK EXZDTER g = s RS LITE - T, Figure 2 @ X 5 12H#Rk &5 subfactor
7% Goodman-de la Harpe-Jones subfactor & FEIEN TV B H D THBD. T D subfactor #LLTF
GHIJ(K,+g =1) ERTI LT H. ZIZT, DY 57 GG X757 K @ essential path ®
wtE RAIVIMEIZE O, essential path DT b moderated pascal rule (& & ¥ fli B 342
T2 LZ2EELTEL 5.

BEA72 A-K connection (ZLATFTOMBI DL HICT T 7 K DTER s DBVFIZ LY —BHY
WCIRESTLES Z &BbMD. ZDZ & L, connection IZ%3 5 Frobenius reciprocity (#vi
4) 7 fusion rule DHEDERE L 2 5.

oi&8 3 ([3, Proposition 5.6]) BE#72 A-K connection i%, #IH#iI%&M:, 2F V57 ADWMDIE
Raa D777 KDEDHER z LFEITNTWEh, T—BHIKRE->TLE Y (Figure 3). ¥
7z, Z®& &, connection w iXHED 7 F 7 D gauge choice IZ & 5 unitary FMEEZ BV T—&
I EE D.
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Figure 4: The label of vertices of the Dynkin diagram A,,.

4 (Frobenius reciprocity) ([3, Proposition 3.20])) koL, LBM, KM ETNENBER2
K-L, L-M, K-M connection £ 3%. ZDL&, my<a-B 25, ma<y-BhomB <a v
ASER Y 3L,

@ 4 F&D connection ? fusion rule.

Goodman-de la Harpe-Jones subfactor 2*54 U % connection ® system i, A-A, A-K, K-A,
K-K D AEMN 52> TWBHDT, fusion rule iXLL T d 8 -5 multiplication table 725 72 % .
(1) A-A x A-A —s A-A
(2) A-A x AK — AK (2) K-A x A-A —s K-A 2)" A-K x K-A —s A-A
(3) A-K x K-K — A-K (3) K-K x K-A — K-A (3)" K-A x A-K — K-K
(4) K-K x K-K — K-K - |

SD5BH, (2) & (2) BEV(3) & (3) X conjugate & EFUTEWVNTHBY HUY, (2) & (2)" B
£ T (3) & (3)" i Frobenius reciprocity IZ& > TEWCBY & 5 DT, ERMIZIX (1) ~ (4) ©
4 5@ multiplication table Z T~ iX XV Liz/ 3.

©® (1) A-Ax A-A — A-A, (2) A-A x A-K — A-K @ fusion rule & principal graph.

Apm B ® Dynkin diagram OTER % %725 0,1,2,---,m —1 & Figure 4 ® & 5125 ~Lf+iF
L, MR x4 =0L n2KE 1EKDDH 572 58472 A-A connection % 4ny L BXFS
Z LIZF B (Figure 5). FHRIZ, FIMREGNR + 4 =0¢ K DTEA s 285 1 A0 05742 35
#372 A-K connection & sz & %% #T (Figure 5).

ZDEE, (1) A-Ax A-A— A-A L (2) A-A x A-K — A-K Dfusion rule X, #tD 75 7
DEFLESIRRIZL Y, Figure 6 DL HICHEENEDT, ZhER3ICE, /B connection 4zx
DORED T Z 7 DO EF I T I VWD L bhs, & Z 5233, connection 4zk I String, A C
String, K 72 58 ®iA% %64 U3 connection 2D TZ DEDAZLDRED F T 7 DD OIS
2 ¥ K DTER z 1> HTHR y ~D essential path DRTIZZE LW L Bb2B. Li=d-T, fusion

A A
*4 - *A
ATA ATK
n T
A K

Figure 5:
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Figure 6: A-A x A-K — A-K @ fusion rule
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Figure 7:

rule [ IRDE S TRDHND.
ana- 4tk 2 @ (dimEssPath{)K) ayx

KTA" AnA = @ (dim EssPath{)) K) x4
yeVert K
AYK " KTA = @ (dim EssPathg’gK ) ATA

neVert A

A-A x A-K — A-K O fusion rule 2*5 principal graph 288 ¥ 5225, GHJ(K, *xx = z)
® principal graph IX connection szx DHED T T 7D x4 S LERERS L —BT DL z’Ji’Ib
B, AT, BTNC bR 723 Y, essential path DRTEF X 5 Z LT k- THIBIC
HIEMTED., Z0Zehb, &<IZGHI(K,*x = z) @ principal graph ® even vertex Gi
Dynkin diagram A,, ® even vertex (® subset) IZX i L TWS Z LB b5, ¢

® (3) A-K x K-K —3 A-K O fusion rule & dual principal graph.

RILRILEBZ2EST, IHEER x4, =0, K DTER z 25 1 A0 6742 5887
A-K connection & 4z EEZIRL, ¥/, BEHZ K-K connection % gw;x &3 % (Figure 7).
ToLx, (3) AK X K-K — A-K O fusion rule 13, R1ZV DT T 7 DAL SRR X
D, Figure 8 DL S IZHE XN DD T, 4E Y fusion rule iX, & connection gzx DHED
STDNDEEBEI DT LICE-oTHELNDZ EMRbAD.

LML, SEXETO X 9 I essential path DIRFTTEEFEZ B &V D %iiﬁjﬂﬁdﬁzj&b\ Lz
A7, K #% Dynkin diagram A, D, E DWWk 34T, 32ToD K-K connection D Y X k
1% Ocneanu IZ & > TR® Bi’L'C:FS D [5], £7, $T?D K-K connection 7572 % connection
? system O fusion rule bEEFRETH S [5]. £Z T, TN bDT—FH b K-K connection D
MEDT T T7DIDDOEERDDZENTES. BIZIX, K = Az, Ay, As, A, D4, Ds, D, Eg, E7, Eg
DFEDHED 77 71X Figure 20 ~ 30 TE R oD, 72721, Ee, Er,Es DGEIXT T 7HE
HICDDT, FIT7ERZTDHIIDVILT T 7 OBMBETHIRE X .

LizMBoT, Z0OZénrb A-K x K-K — A-K O fusion rule iZL T L 5152 bh
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Figure 8: A-K x K-K — A-K @ fusion rule

4Tk kWi 2 P n(wi)ey avk

yEVertK
kWik - kZa 2 P n(wi)ey kTa
yEVertK
kT4 vk = P n(wi)ey xwix
wi€x Zx

I T, kZkiXT~T®D K-K connection 2>5 72 5 system, (-2F ¥ K-K double triangle al-
gebra O center & FI2Y72 fusion rule algebra TH#H %) &KL, ¥/ n(w;),, iX K-K connection
KWigk DRED T Z 7 DTERz L y 2 RS DOEEERT LD LTS,

& T, Lo fusion rule 56 GHI(K, *x = z) @ dual principal graph 23851 525, £
(3) A-K x K-K — A-K @ fusion rule 2R %77 7 ® (xwok 725 trivial K-K connection
&) azk EELERRST THD. LATD Figure 31 ~ 42 & K = Eg, E;, Es D4 @ (dual)
principal graph DO il % 27 TE <.

® (4) K-K x K-K — K-K @ fusion rule.

Z i, Ocneanu iZ L > TH LN FXTD K-K connection 7> 5 72 5 system @ fusion rule
T, (kZk,*), $72P b K-K double triangle algebra ® center IZf & L T convolution product
(vertical product) * # A#L7z algebra & RBIZ/2> TS, £LT, Zd fusionruleid, b &
H LD A D, E ® fusion rule & [F&7 chiral left part & chiral right part 254K I TEY,
i O chiral part RIS TR TH S = L bLEHET S Z LA TX 3 [3, 5].

® GHIJ(K,*x = z) ® (dual) principal graph ® even vertex ® fusion rule.

N C M % Goodman-de la Harpe-Jones subfactor GHJ(K, xx = z) (3 723>% Figure 2 D &
91T A-K connection 4z > LK X5 subfactor) £ §5 & &, N C M @ (dual) principal
graph @ even vertex @ fusion rule, 3 723>% N-N bimodule & M-M bimodule ® fusion rule
ZRSTHS.

N-N bimodule @ system ¥ connection g4zx DA T 5 A-A connection @ system & FI1%!
THY, Thit 29", ¥72bbH, A-A double triangle algebra @ center ® even part @72
3 fusion rule algebra IZZ L. L7=23-57T, N-N bimodule ® fusion rule i% A®e", T+72bbH
Jones ™ A B! subfactor @ even vertex 723 fusion rule & —%3 5. ZDZ Enb, LT
~XT? Goodman-de la Harpe-Jones subfactor N C M @ N-N bimodule @ fusion rule i&##
THHZ LMD,

D&, M-M bimodule T&h 5728, ZIiXconnection 4z DA T 5 K-K connection @
system LB TH Y, Thb g Zg (D—#), 3720 H, K-K double triangle algebra O center
® even part D729 fusion rule algebra (D—&R) IZZE L WZ L Bbhb.

£ T, —MRIZ g ZZ°" O fusion rule iILE I RO TNEDNEDOEIZIRNTHD.

@ xZge" O fusion rule.
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Graph K | fusion'rule of xZ§*" | vertical edges of K-K connections
A, commutative EssPathA,
D,, non-comimutative - EssPathD,, + ¢
Diypiq commutative EssPathDy,, 1,
Eq commutative Figure 27
E; commutative Figure 28 -
Eg commutative Figure 29, 30

Table 1: The fusion rule of xZ§*" and vertical edges of K-K connections

A = Qg a2 a4 Gn—-3 On—1

Y R

ai asg an—2

Figure 9: The label of vertices of the Dynkin diagram A,.

xZg® @ fusion rule & K-K connection DHED 7' 7 DME %A LA T D Table 1 I2F & ® 7.
B XKy 72 fusion rule i, BN ~7z & 5 1Z g Zg O fusion graph (Figure 43 ~ 48) > HEE T
5.

4 Goodman-de la Harpe-Jones subfactor D&

® A, % ? Goodman-de la Harpe-Jones subfactors.

N C M % A, B4® Jones subfactor ¥ LT, NC M C M; C M, C --- C My C % Jones
tower &9°%. Figure 9 D X 5 IZ Dynkin diagram A, DTEA % ag,a1,---,ap_; £ T 5. ZD&
&, (K = Ap, *x = ap) WHIET 5 Goodman-de la Harpe-Jones subfactor i3

GHJ(An,* =am) & pN CpM,,_ip

L72%. ZZTpidp€Proj(N'NMy_;) T ap (59 5 minimal projection Téh 3. L7
BoT, Z 0)*7,7 Id principal graph & dual principal graph iZ—2 L T, THhEID even vertex
? fusion rule iITEH HH A%en L g B,

® D1 %D Goodman-de la Harpe-Jones subfactors.

Figure 10D & '5 iz Dynkin diagram D2n+1 @IE/E?\% d(), dl, dz, Tt dgn_g, dgn_l, d12n~1 (l: T& .
ZDEE, (K = Doy, *) WK 5 Goodman-de la Harpe-Jones subfactor I
o xx =dy D& XX index=2 D Zy DFEETEN S < B subfactor N C N x Zy L REICRS.
® xx # dy, don_1, d’2n , D & &I Figure 11 ® X 5 iZ non trivial 72 intermediate subfactor 23
TFHETHZ ENRbMD ,

® D,, B D Goodman-de la Harpe-Jones subfactors.

Figure 12 @ & 5 {2 Dynkin diagram Dy, DTEHR % do,dy,da, -, don-3,don_2,ds,_o T 5.
Z D& E, (K = Doy, xk) IZxHST 5 Goodman-de la Harpe-Jones subfactor % »
o xx =dy D& XL index=2 D Zy DEETEN S < B subfactor N C N x Zy L REFEIC2B.
en=272FY K =Dy T, xg =dp,dy D& & index=2 D Z, DEEAFEM 5 < 5 subfactor
NCNNZQ&I_PTU 7l'cf:;-«:)
o xx # dy, don_2, d’zn o D & F X Figure 13 @ &£ 5 IZ non trivial 72 mtermedlate subfactor 2%
FETDH I ERbNS .
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w don—g  don2
dy ds don—3 dan—1 do,_y
Figure 10: The iabel of vertices of the Dynkin diagram D, ;.

A4n—1 e N
NCP=2NCNXxZ
N .
Dansi index = 2
do -ee — 3p
N , P#M
* Dauts
The principal graph = The dual principal graph
The fusion rule Aeven - even
of even vertices dn—1 4n-1
Figure 11:

@ E; B ® Goodman-de la Harpe-Jones subfactors.

Figure 14 ® X 5 IZ Dynkin diagram E¢ DTHR % e, €1,€2,--,e5 £ TD. ZDLE, (K=
Eg, xg) \Z% 53 % Goodman-de la Harpe-Jones subfactor i
o xx = eg D & %X index = 3++/3 D subfactor (272 Y, £ principal graph & dual principal
graph X Figure 31 @ X 5iZ72%. Z i3 principal graph & dual principal graph 23[F U272
M, £ fusion rule RERD L5 REHOFIE L THLERTWS.
o xx # eo D & %X Figure 15 ® X 5 IZ non trivial 72 intermediate subfactor BFET S Z &
Bhnd

@ E; B ®D Goodman-de la Harpe-Jones subfactors.

Figure 16 ® X 5 IZ Dynkin diagram E; ODTHR % e, e1,€2,- -, 66 £ T 5H. ZDLE, (K=

Eq,xg) W33 5 Goodman-de la Harpe-Jones subfactor X

o xy = ey DL Zid index = I| E} 7|| = 7.759 ® subfactor {Z72 Y, % principal graph & dual

7

principal graph 1% Figure 37 D X 512725, ZIZ T, |A| R |Ee| ZENEFND TS5 7 D total
mass, 2% Y, T XTDOIEAD normalized Perron-Frobenius eigenvalue ® 2 D% R L Tu»
5.

o xx # €, eq4,e5 D& XX Figure 17 M X 5 IZ non trivial 72 intermediate subfactor 23 fF7E 3"
BT EBLMD

@ E; B ®D Goodman-de la Harpe-Jones subfactors.

Figure 18 ® X 5{Z Dynkin diagram Ez DTEA % e, e1,€3, -, 67 & T5. DL %, (K=
Eg, xg) tZxt h‘.‘ 3% Goodman-de la Harpe-Jones subfactor i3
o xg = ¢y D& XX index = ||E29|| = 19.48 ® subfactor IZ72 Y, £ principal graph & dual
8
principal graph X Figure 41 O X 5272 5.
o xg # eg D & & iX Figure 19 ® & 3 T non trivial /2 intermediate subfactor BEFEETDHZE
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W don—6 don—adon—2 dy, o
dy ds don—s don—3
Figure 12: The label of vertices of the Dynkin diagram D,,,.
Agp—
, Jan-s N |
- NCPENCNXZ,
N .
D index = 2
2n
dO e —3 3 P i
n P+M
* D 2n
The principal graph % ‘The dual principal graph
The number om—1 # on + 2 '
of even vertices
Aeven # Zeven
The fusion rule 4n—3 Dan “Dan
of even vertices commutative non-commutative
Figure 13:

5 Subequivalent paragroup ~®Ji A

K % Dyp(n > 3),Ee, E1, EsDWTIMOD T T 7 & L, xg % GHI(K, xx) A index=2 @ subfactor
ERLEVEIIGERE. (ZOHE, TOLIRBOFIIFAETHS. ) NC M = GHI(K, *k)
LT DL E, FID section DFEFED>S, N-N bimodule D system 1%, A& & REIZ/RY, M-M
bimodule @ system ¥, gZge LRBUIRD. gZF i strict subsystem & LT K" & &
M5, K B subfactor (2%t 9" 2 paragroup i A, & subfactor {Zxt)&3" % paragroup O strict
subequivalent paragroup & 725 Z £ BB, F£, Dy paragroup D& 1L GHI(Dy, *k)
ZDOHOTERL, 350 DI DESDERH TR 5 GHI(Dy, +x) DEFIE & i,
[RI#kIZ A5 B paragroup O strict IZ subequivalent 72 paragroup {2725 Z & o025, T72bb,
ROTFEEDRL Y L.

FEHE 5 Jones D A, B D subfactor IZXH/&59 % paragroup (2%, LLF®D X 5 72 strict IZ sube-
quivalent 7 paragroup BEET S.
Agn—3 > Don (n>2), An > Es, A7z = E7, Agg > Ej.
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Figure 16: The label of vertices of the Dynkin diagram F;.

A
17 s N
n NCPgGHJ(Eh*K:eo)
E index = 7.759
€o 7 . —y 3 P
N P##M
ek e —_ M ‘
E;
The principal graph % The dual principal graph
The number =
: 9 9
of even vertices
ven even
The fusion rule , A57 7 E7ZE7
of even vertices commutative commutative
Figure 17: |
€o €9 €4 €
€ €3 €5 €7

Figure 18: The label of vertices of the Dynkin diagram Fj.

Agg

__) N
n NCPgGHJ(Eg,*K=€Q)
E index = 19.48
€9 8 ve —s 3 P
n P+#M
e ces — M
k 7,
The principal graph 2% The dual principal graph
The number
of even vertices 15 # 16
even even
The fusion rule Asg # Eg ZEs
of even vertices commutative commutative

Figure 19:

67



UAVARCR I
[0]’ ap G
ne® o ><
2] ap G

0 @
] @
2 2 ><]
(3] ap  ap

Gy Qaz 04

A el

4 \/\/
Qg Qa2 Qa4

a ag

[O] o 0 QG2 G4

[1] @ 2 ><]><
X ag G2 Q4

2] ©

[3] (.) ay G2 a4
: 4

a0 KK

ag Qa2 Qa4

ay . (1)) Qa9

Y

a ai

a1

a)

a as Qo as
ay as ay as
a as Qg as
a a3 a as

a, as ag G a4
IR VAV
a; as a; ag
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Figure 22: Vertical graphs for connections on the Coxeter graph As
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Qg Qa9 Q9 Qo QA2 Q4 a, dagz as Qg a9 a4 a; ag as
«SNAN ol [T el NN
ay (13 as Ay QA2 Q4 a; az as ay as as Qg Q9 Q4

[0] ap az a4 a1 a3 as ap ay ay a1 a3 as

b wud DO w K XX
[2] j) ag Gz G4 a; a3 as a; az as ap Gy a4

(3] @ ap az a4 a; a3 as g a2 a4 a az as

[5] @ a Az a4 a1 a3 as a; as as Gy Gy G4

Figure 23: Vertical graphs for connections on the Coxeter graph Ag

dy d dy &)  d
| ow] X ]
d dbo d d  d
di d dy &
| e K|
d d dy dy ~ dy
dy d dy d dy
| e X ]
dy d d dy &

Figure 24: Vertical graphs for connections on the Coxeter graph D;



[0] do do

do d2

6 | |

dy ds

di ds
|
di ds
di ds
X
dy ds
dy ds
P
d, ds
di ds

b

dy ds

d1 d3 dg
d dy d}
d dy d}
d ds d
d dy d
d, d; dj
d dy d)

| X

d, dy d,

Figure 26: Vertical graphs for connections on the Coxeter graph Dj
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Figure 27: The incidence matrices of the vertical edges of E¢-Eg connections
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Figure 28: The incidence matrices of the vertical edges of E7-E7 connections



73

|

O vl v i

€1 €3 €5 €7

€g €2 €4 €4 .

|

€ €3 €5 €7

©
(Y
<
Y
o
M)
=]
(Y
SN ¥ ©
VDOV O
=)
3

€1 €3 €5 €7

€0 €2 €4 €4

€1 €3 €5 €7

€p €2 €4 €¢

€ €3 €5 €7

€p €2 €4 €5

€1 €3 €5 €7

©
)
ol
L
o
L
(=]
O
Q@ AN ¥ ©
VYW OO
=
s

|

€ €3 €5 €7

ANMOANM

€1 €3 €5 €7

€o €2 €4 €¢

€1 €3 €5 €7

€g €2 €4 €
0010
0121
1231
0110

€ €2 €4 €¢

— A — A

€1 €3 €5 €7

€g €2 €4 €

Figure 29: The incidence matrices of the vertical edges of Fg-Eg even connections
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Figure 30: The incidence matrices of the vertical edges of Eg-Fg odd connections
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Figure 31: The (dual) principal graph of the GHJ subfactor corresponding to (Eg, * = €g).
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Figure 32: The (dual) principal graph of the GHJ subfactor corresponding to (F,e;).
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Figure 33: The (dual) principal graph of the GHJ subfactor corresponding to (Es, e3).
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Figure 34: The (dual) principal graph of the GHJ subfactor corresponding to (Es, €3).
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Figure 35: The (dual) principal graph of the GHJ subfactor corresponding to (Es, e4).
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Figure 36: The (dual) principal graph of the GHJ subfactor corresponding to (Es, es).
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Figure 37: The (dual) principal graph of the GHJ subfactor corresponding to (E7, * = eo).
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Figure 38: The (dual) principal graph of the GHJ subfactor corresponding to (E7, e1).
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Figure 39: The (dual) principal graph of the GHJ subfactor corresponding to (E7, eq).
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Figure 40: The (dual) principal graph of the GHJ subfactor corresponding to (E7, es).
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Figure 41: The dual principal graph of the GHJ subfactor corresponding to (Es, * = €p).
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Figure 42: The dual principal graph of the GHJ subfactor corresponding to (Es, e;).
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Figure 43: Chiral symmetry for the Coxeter graph A,
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Figure 44: Chiral symmetry for the Coxeter graph D,yen
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Figure 45: Chiral symmetry for the Coxeter graph D, 44
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Figure 46: Chiral symmetry for the Coxeter graph FEg
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Figure 47: Chiral symmetry for the Coxeter graph E;
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Figure 48: Chiral symmetry for the Coxeter graph FEj
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Figure 49: Essential paths on the Coxeter graph A,

1

Figure 52: Essential paths on the Coxeter graph Ds
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Figure 58: Essential paths on the Coxeter graph Fg (2)



