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A study of semiquasihomogeneous singularities
by using holonomic system

(holonomic ;ﬁ zHwWw f’ FHEA %M_Lffj-ﬁi,.\;d)%g)

Yayoi Nakamura, Ochanomizu univ. (“P’FT YR, io#”lk)"l‘%jﬁi)
Shinichi Tajima, Niigata univ. (HE {H—, #r BRE)

1 Introduction

In this note, we study the quasihomogeneous singularity and exceptional singularities of modality 1 by
using partial differential operators. We examine, in particular, algebraic local cohomology classes attached
to these singularities.

Let X be an open neighborhood of the origin O in the n dimensional affine space C". Let f be a
holomorphic function with an isolated singularity at the origin O. Denote by I the ideal in the sheaf

Ox of holomorphic functions on X generated by the partial derivatives f; = 3 (] =1,...,n) of the

function f. We denote by X the set of cohomology classes i in ’H[O]((’) x) a.nmhllated by every element in
I. Since the pairing

.vao/I.Qx,o x¥X—+C (1.1)

defined by the Grothendieck local residue is non-degenerate, ¥ becomes the dual space of Ox,0 JI =
2x.0/I2x,0 as a vector space where 2x is the sheaf of holomorphic differential n-forms on X.

Let o be an algebraic local cohomology class which generates X over Ox,0. Since the algebraic local
cohomology group 'H[ (Ox) has a structure of Dx modules, we can consider annihilators of o in the
sheaf Dx of dlﬁerentla.l operators on X. In this paper, we consider the ideal, denoted by Ann<,, in Dx
generated by annihilators of o of at most first order.

We give the precise definition of Ann<; and we give an description of the solution space of the
holonomic system Dx /Ann<; in §2.

In §3, we examine Annc; in the case of quasihomogeneous singularities. We verify that the coho-
mology class o attached to a quasihomogeneous singularity can be characterized as the solution of the
system of differential equations of at most first order (Theorem 3.1).

For non-quasihomogeneous isolated singularities, we show that the dimension of the solution space
of the holonomic system Dx /Ann<; is greater than or equal to 2. Especially, in the case of exceptional
singularities of modality 1, we verify that the dimension of the solution space of Dx /Annc; is just equal
to 2 and the basis is given by o and the delta function (Theorem 4.1 in §4). In §4.4, we give results of
computations for normal forms of exceptional singularities of modality 1.

2 The first order differential operators acting on X

For a holomorphic function f = f(z1,... , 2,) with an isolated singularity at the origin O, let I be the
ideal in Ox o generated by the partial derivatives f; = ng (G=1,...,n):
j

I={fi,-.., fado-

*nakamura@math.ocha.ac.jp
ttajima@geb.ge.niigata-u.ac.jp



52

Denote by ¥ the set of local cohomology classes annihilated by every element in I:
E={ne Hio)(Ox) | gn=0,9€1}.

Let o be a generator of X over Ox o:
Y = 0Ox,o0.

Let P be a partial differential operator of first order which annihilates the algebraic local cohomology
class 0. Such an operator P has the following property.

Lemma 2.1 Let o be a generator of T over Ox,0. Let P be a linear partial differential operator of first
order such that Po = 0. Then, we have P(X) C X.

Proof. Since o generates X over Ox o, we can write any n € ¥ as 1 = ho with some holomorphlc function
h € Ox,0. Let vp be the first order part }°7_, a; (z) 9 of the annihilator P = 3°7_, a; (z) + ao(z).
We have

P(n)

P(ho)
(Ph - hP)o + hPo
= wp(h)o € 5.

Thus we have P(X) C £.0
Let £ be the set of linear partial differential operators of at most first order which annihilate o:

L={P= Ea:(z)a— +ao(2) | Po =0}.

i=1
It is obvious from the proof of Lemma 2.1, the condition whether a given first order differential operator
R acts on X or not depends only on the first order part vg of R. We denote by V the set of differential
operators of the form E,—l a; (z) acting on X. Then, v = 2]_1 a,(z) 4 is in V if and only if v
0z; 0z;
satlsﬁes the condition vg € I for any g € I, i.e,,

Y= {v—EaJ(z) | vgeIYgel).

Lemma 2.2 The mapping, from L to V, which associates. the first order part v, €E Vto P € L isa
surjective mapping.

Proqof. For any v € V, there exists a holomorphic function h € Ox,0 such that vo = ho. Thun we have
an annihilator P=v—-h € £. O

Let us consider the condition that the classn e T becomes a solution of homogeneous differential
equa.tlon Py = 0 for an annihilator P of o € . There exists a holomorphic. functlon h € Ox o which
satisfies n = ho. Then we have

vph Za,(z)— er ..
i=1 ’

where vp € V is the first ‘order part of the differential operator P. It is obvious that to represent €
in the form n = ho, it suffices to take the modulo class A mod I of the holomorphic function h € Ox 0.
An element v € V induces a linear operator acting on Ox /I which is also denoted by v:

v:0x0/I = Ox,o/I.

We can put
H={he€Oxo/l | vh=0, Yve V}.

Put Anng; = DxL. Anng; defines a left ideal in Dx. We have the next theorem.
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Theorem 2.1
Homp, (Dx [ Anng<1, Hjp)(Ox)) = Span{ho | h € H}.

Proof. Since I C Ann; as an ideal of multiplicative operators, we have
Homp, (Dx/.Ann<1, [o](OX)) cX.

Thus we can write any solution of the holonomic system Dx /.Ann<1 as ho for some h e Oxo For
P € £, we have :
P(ho) = vp(h)o =0.

Thus we have vph =0. O

3 The case of quasihomogeneous singularities

Let o be a generator of £ over Ox 0. Let Ann be a left 1dea.l in Dx consisting of annihilators of the
algebraic local cohomology class o.

Theorem 3.1 The following three conditions are equivalent :

. r of . .
(1) 0X,O(f7f1a" : ;fn) = OX,O(fl"'_' afn)) where fj = 'a—z'f_.: j=L...,n
j
(i) Ann<; = Ann. :
(iii) Homp, (’Dx/Ann<1,’H[O]((’)x)) = Spa.n{a}
Proof. A o ' ‘ '
(i)=(ii) : Suppose that Ox o(f, f1,- - ,fn) Ox o(fl, -+, fn) for f € Ox,0. Then the functlon f
can be expressed in terms of the derivatives fi, ..., frn- We have
f = aifi+--+anfa ’ ‘ (3.1)
_ of of o
= alb;; + -t angT— 9z
d 7}
- (al 6 -+ Qn a_zn')fv
, 2 | g d d
with ay, ..., a, € Ox 0. Assume that (ay,...,a,) # (0,.. 0) Putv—all9 -+a,.—a—;—. iFrom

dax ' ,
(3.1), we have f; = (al,fl + +a,.,f,,)+vf, where aij = B0 . Asvf; = fj—(aljf1+---+a,.,-f,,) € I,

Zj
we have v € V. LFrom Lemma 2.2, we have an annihilator P = v+ ag of the cohomology class o for some
ag € Ox,0. We have

’<fla S ffHP) C Ann<1 C Ann.

It is known in [2] that the Jacobian of a1, .. ., @, is not zero at the origin. This assures that the holonomic
system Dx /{fi,--. , fn, P) becomes 31mple Since the holonomic system Dx /Ann is snnple we have -

(fir--e s far P) = Anng, = Ann.

(iii)=>(i) : Assume that f € Ox o(f1,---, f,.) Obviously, we have fo # 0. Let us denote by F' € Dx
the multiplicative operator defined by f € Ox 0. H the differential operator P = P =1 Gj aa + ag

annihilates the cohomology class &, we have

P(fo) = PFo - o
(PF — FP)o + FPo

= Za,-&;a.



54

Since 3 7_, a;f; € I,
P(fo)=0

holds. Thus, there exist at least 2 elements ¢ and fo in Homp, (Dx/Anng:, Hf)(Ox))- As o and fo
are linearly independent elements, we have

dim Homp, (Dx [ Ann<1, Hip)(Ox)) > 2.
(ii)=>(iii) : By assumption, we have |
Homyp, (Dx [Annc;, ’H['b’(Ox)) = Homp, (Dx/Ann, Hip)(Ox))
where Ann = {P € Dx | Po = 0}. Since Dx/Ann is simple holonomic system, we have
Homp, (Dx/Ann, Hip)(Ox)) = Span{o}.

O
For the holomorphic function f with an isolated singularity at the origin O, suppose that

OX,O(fvfla' ot )fn) = OX,O(fl,' °e 1f1l)' (32)

It is known in [2] there exists some holomorphic coordinate transformation which makes f a quasihomoge-
neous polynomial. Theorem 3.1 asserts that, it is possible to characterize the algebraic local cohomology
class o attached to a quasihomoegeous singularity as the solution of the system of differential equations
of at most first order.

4 The case of exceptional families of singularities of modality 1.

In this Section, we characterize cohomology classes attached to exceptional families of unimodal singular-
ities. Functions having non-degenerate quasihomogeneous principal part of modality 1 can be reduced to
three one-parameter families of parabolic singularities and 14 polynomials generating exceptional families.
Since the parabolic singularities satisfy (3.2), our objects are the following 14 polynomials.

2variables

Ei» : f(z,9)=23+y" +azy®  3variables

Ey; D fley) =2+t +a®  Quo 2 f(z,y,2) = 23 +y* + y2? + azy®
E : fry)=2+y¥+axy® Qn : f(z,9,2) =22 + Y22 + 223 + a2
Zn : flmy) =2y +9° +azyt Q2 0 f(z,9,2) =22 +9° + 922 + azy*
Zy, : f(zy) =2y +zy* +ay® S v f(z,y,2) = 2t + Y%z + 22? + ay’s?
Zy3 i f@y) =2y +y +azy® Sio : f(z,y,2) = 22y + y?2 + 223 + a2’
Wia i fz,y) =2t + 95 + az?y® Uy, 2 f(z,y,2) = 2% + 93 + 2* + axy2?
Wis o f(z,y) =2t + 2yt + ayf®

These normal forms of quasihomogeneous singularities are given by V.I.Arnold ([1]).

4.1 The guasidegrees of coho‘mologyy classes

Let a = (a1,... ,a,) be a type of quasihomogeneous singularities. A cohomology class n € ¥ has an

expression
1
n= E Ckz—k']
€E
where o € Q and 2% =z} - - 2% with k = (ky,... ,k,) and E is a finite subset of N™.
Definition 4.1 A cohomology class [zik] has degree —d if

(@,K) = arky + -+ ankn = d
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For a cohomology class n = [EkeE,, x zl ] we define its degree d(n) by the smallest degree of classes
1 .
?(' in n:

1 .
where E,, is a set of all exponents k = (k1. .. ,kn) of non-zero term ckz—k in the above expression of the

d(’?) = min{—(a,k) | ke Eﬂ},

cohomology class 5. For both functions and cohomology classes, we denote its degree by d(-).
In the case of semiquasihomogeneous singularities, we have the following result.

Proposition 4.1 Let f be a semiquasithomogeneous function. For any basis monomml m; of the vector
space Ox 0/I, there exists a cohomology class n in the vector space ¥ which satisfies followmg two
conditions :

(i) m;jn =6, where § is the delta function with support at the origin.
(i) d(n) = - Xj=, ; — d(m;).
Furthermore, we have the following proposition.

Proposition 4.2 Let f be a semiquasihomogeneous function. A necessary and sufficient condition for a
cohomology class o € X to be a generator of T over Ox o is

d(o) = —nd(f) + Zaj.
i=1

4.2 Cohomology classes attached to exceptional singularities of modality 1.

Recall that, for a non-quasihomogeneous function f, we have

Ox.0lf1,-- -+ fa) # Ox.0(fs frse-- » fn) (4.1)

and thus
dim Homp, (Dx/Annsl,'Hro](Ox)) >2.

We examine the solution space Homp, (Dx/Ann<i,Hj,)(Ox)) of the holonomic system Dx [Ann<,
attached to exceptional singularities of modality 1.

We verify that # is spanned by 1 and the modulo class of f(z) in Ox o/ L Tha.t is, we have the
following proposition.

Proposition 4.3 For a function f defining an ezceptional smgulanty of modality 1, we have
‘H = Span{l,f mod I}.

Proposition 4.3 is proved by direct computations for each normal form of an exceptional family of
singularities of modality 1. Since z;f € I (j = 1,...,n), we have f mod I = cyjr(2) mod I where

O(f1,--- 1 fn)
dz1,-.. y2n)

Theorem 4.1 Let f be a function defining an ezéeptional singularity of modality 1. Then, we have
Homp, (Dx/Anng1, M5 (Ox)) = Span{o, 6},
where § is the delta function with support at the origin O.

jr(2) is the Jacobian and ¢ is a non-zero constant. Thus we have the following theorem.

To give effects of computations, we introduce the following vector spaces :

. a .
L={P=Ea](‘z)a’7— +ao(2) l Po =0, aj(z) GOX,O/I’J =0,... 7n})
=1 7] ‘

V= {V—Za,(z) ’vgergel aj(z) € Ox,0/I,j=1,...,n},
i=1

H={heox,o/l | vh=0, v eV}
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Lemma 4.1 We have the isomorphism between L and V :
LV.
Proof. For any v € V, there exist h € Ox o s.t., vo = ho. By putting @ = —h mod I, we have
(v+ap)o=0.0
4.3 Example : E,; singularity.

The quasihomogeneous part of the function f = z3 + 37 + azy® is of type (7, 3) of degree 21. The
partial derivatives of f with respect to the variables z and y are f, = 3z2 + ay® and fy = Ty® + Sazy?,
respectlvelay We use the lexicographic order with = > y in computations. The standard base of the ideal

( )o in Ox o is
{¥®, 7® + 5ay’r, 322 + ay®}.

Basis monomials of the local ring Ox,o/I is given by

L oy, v% =z, 93 yz, oY vz, o%, ¥z, ¥z, ¥z
0, 3, 6 7, 9 10, 12, 13, 15 16, 19, 22 °

The numbers below the monomials are their quasi-degrees.

Any element of X is given by linear combination of the next 12 cohomology classes :
1 51 11 5 o2 1 l 5 1 21 o? 1 1
¥oz2 a(-z vz 3yz‘) o 7z 5 vz |’

e e A o AT

The first cohomology class generates T over Ox 0.
The vector space V of differential operators v acting on X is generated by the following 14 operators :

252yz8, — 30azd, + 65a%y*d,, 63y, + 15axd, + 25a%y*d,,
7y*28, — 2ayzd,, Ty*8, + Sayzd,, 6yzd, — 5ay°a,,
y*8y, y°z0., y*z8,, y°8,, y*z0,, y*zd,, y°zd, y*zd,, y*z8,
The solution space of the simultaneous homogeneous equation vh(z,y) =0 (Vv € V) is
H = Span{l,°z}.
Note that y5z = f mod I. Since zf,yf € I, we have
Homp, (Dx/ A’m<1 , H[ol(ox)) = Span{o,4},

where § is the delta function with support at the origin.

4.4 Computations for normal forms :

In this section, we give results of computations for normal forms of singularities of modality 1 listed
before. To compute the solution space Homp, (Dx /Ann<;, H[)(Ox)), we give

e partial derivatives f,; of the function f(z), -

o the standard base of the ideal I of partial derivatives of f(z) at the origin, .
e basis monomials m;, ... ,m, of Ox/I and its degfee, .

e basis 01,... ,0, of the vector space T and its degree,

e basis vy,... ,vn of the vector space V and its degree,
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and H as the solution space of the simultaneous homogeneous equations vh(z) = 0 for every v € V. The
number below the.basis of Ox,0/I, X, and V is its degree. Here, each z; has welght a; and each 9; has

weight —a;.

We give basis o; of ¥ which satisfies Proposition 4.1 for every basis monomial m,_;1 of Ox,0/I,
where p = dim Ox,0/I is the Milnor number. That is, {01,... ,0,} is the dual base of the monomial base
{m,,... ,m1} of Ox,0/I. The cohomology class o, generates T over Ox . Note that in expressions of
the basm of X, we find the basis of the set of local cohomology classes annihilated by partial derivatives

of quasihomogeneous part of the function f if we substitute a = 0.

We use the standard basis in computations with respect to the lexlcographlc order with 2; > z; or
zi = zj > zx of a; > aj > op where o; is the weight of the variable z; (resp. j, k). Therefore, the
monomial basis of the local ring Ox,0/(f1,-.., fa) of Z12, @10, S11 and Si2 used in this paper are

different from that in [1].

4.41 E;: 22 +9y" +azy®

f=2%+ 4" + azy® (of type (7, 3) of degree 21)

Partial derivatives : f, = 3z% + ay®, f, = 7y + 5ary*

The standard base of I = (f, fy)o : {¥®, Ty® + Say*z, 322 + ay }
Basis of the local ring Ox,0/I and its degrees : , ‘

my Mz M3 Mg M5 Mg M7 Mg Mg Mg M1 M2

1y v =z ¥ yz ¥y ¥z y° ¥’z y'z ¥z

0 3 6 7 9 10 12 13 15 16 19 22
Basis of X :

71 +a(—§—1——ll)+5 2 11 o, L 8,1, 2,1
o= Tyfz  3yzd’ T 21° 002 = T 5 y2z3)’

1 ' 1 1 1 1 ) 1 1 1
[—][———][—-——][—][—][—]
‘ 17 1 o 1] 1]
09 = [y?],ﬁo: L}:,—m],ﬁl: [%]’Uu: [y_x]

Degrees :
41 o2 g3 (! 05 J6 a7 s 09 Ji0 On 012
-32 -29 -26 -25 -23 -22 -20 -19 -17. -16 -13 -10
Basisof V' :
v, = 252yz8, — 30azd, + 65a’y*9,, v; = 63y23 + 15a,:1:8 + 25a%y49,,
v3 = Ty’z0, — 2ayz0y, V4 +7y36 + 5(1ya:6,,, V5 = 6yz6 — 5ay°0,,
Ve = .1/43;,, V7 = 93363, Vg =Y xaya Vg =Yy a]n Vio =Y zaxa V11 =Yy xay’
viz = 4°20;, v1s = y*28y, vis = y°29,
Degrees :

Vi V2 Va V4 V5. Vg V7 Vg Vg Vipo Vi1 Viz Viz Vig
3 3 6 6 7 9 9 10 12 12 13 15 16 19

Solution space H : H = Span{1,y°z}.



4.42 E3: 22+ zy° + apf

f =z® + zy® + ay® (of type (5,2) of degree 15)

Partial derivatives : f, = 3z% + 45, f, = 5zy* + 8ay’

The standard base of I = (fz, fy)o : {¥°,5y*z + 8ay", 3% + ¢}
Basis of the local ring Ox o/I and its degrees :

m;y my mzg My Mz Mg m7 mg mg My M1 Mz M3

1 y vz ¢ yz oyt vz b iz Y P

0 2 4 5 6 7 8 9 10 11 12 14 16
Basis of ¥ : .

mofl_ 11 81 811 1
17 Pz 3943 51/":1:2 l5y:z:4 8z 3y323

z
(i 1) ]t 11] (1], -[L
8=y 3| 0T |y % T y“z T3y30 %7 yszz V97T = )

=[] 0= [ o= ] o0 = ]

o1 o2 o3 04 os (] o7 44} J9 g0 011 012 013
-23 -21 -19 -18 -17 -16 -15 -14 -13 -12 -11 -9 -7

Degrees :

Basis of V :
vi = 125y28, + 5048, — 40ay*d, + 192a%y*zd,, v2 = 20y*3. + 1528, — 156ay*z0;,
vs = 5y%20, + 248, v4 = y28, — 4ay’z8,, vs = 5y°0, — 24ay’z8.,
ve = 59°20; + 2%9,, vr = y°28,, vs = ¥°8:, vo = y*8y, V1o = ¥’28,,
vi1 =70, vi2 = 4°8y, vis = 1°8;, via =17 8,, vis = 1°9,

Degrees :
Vi V2 V3 V4 Vs Vg V7 Vg Vg Vg Vi1 Viz Vi3 Via Vis

2 3 4 5 5 6 7 7 8 9 9 10 1 12 14
Solution space H : H = Span{1,3%}

443 Ey : 22 +y% +axyt

f =23+ 1% + azxy® (of type (8,3) of degree 24)

Partial derivatives : f, = 3z% + ay®, f, = 8y" + 6azy®

The standard base of I = (fz, fy)o : {¥°,4y” + 3ay®z, 32 + ay®}
Basis of the local ring Ox,o/I and its degrees :

mp mz m3 My My Mg My Mg Mg My M1l M2 M3 Mg

1 3y ¥ z ¥ yz vt vz b Pz ¥ 'z Yz yfe
0 3 6 8 9 11 12 14 15 17 18 20 23 26
Basis of ¥ :
_ 1 31 11 1 o? 1 1 3 1 1 2 1
n= [y”:z:2 +al- 4y°z 3 yz4) i ra )} [y%z 4ay8x t1° yzz"]

|1 _ |1 1 1 |1 11 |1 |1
03 = ;5:,:—2,64— gﬂ_z—gay?’as_ 3147’06_ ys_z:0'7— ya—zz',as— y_5
1

Og = —1 010 = g11 = L g12 = 1 Jg13 = 1 O14 = —1-
9 — yzzz y 010 — y4x y 011 — yzz y 012 = y3x y 013 — yzz y V14 — yz

58



(51 a2 o3 04 (4 Og o7 og Oy O 011 012 013 014 -
-37 -34 -31 -29 -—-28 -26 =25 -23 -22 -20 -19 -17 -14 -11

Basts oV vy = 28yz8, — 3azd, — 4a%y°0,, v2 = 28y%9, + 6azd, + 15a%3°0,,
vs = 4y’z0, — ayzdy, v4 = 49, + 3ayzd,, vs = yzdy — ay®9;,
Ve = y*0y, v7 = y*28;, vs = y’2dy, vo = 48y, vio = ¥*20,, vi1 = y’29,,
Vig = yﬁa,,, vis = y°x0,, 7V14 = y4$3y, vis = ¥%28,, vie = 428y, vir = ysxay
Degrees : ‘

Vi V2 V3 V4 Vs Vg V7 Vg Vg Vo Vi1 Viz Viz Vig Vis Vie Vi7
3 3 6 6 8 9 9 .11 12 12 14 15 15 17 18 20 23

Solution space H : H = Span{l,y%z}

4.44 Zy:zy+v° + a:_z:y4
f =23y +y° + azy* (of type (4,3) of degree 15)
Partial derivatives : f, = 322y + ay*, fy = 2% + 5y* + dazy®

The standard base of I = (fz, fy)o : {¥°,15¥° + 11ay'z, 3yz? + ay?, z3 + 5y* + 4ay3z}
Basis of the local ring Ox o/I and its degrees :

m; mz2 m3zg Mg M5 Mg My Mg Mg Mig M1y
1 y = ¥ yz 22 ¥ Yz ¥ ¥z y'z
0 3 4 6 7 8 9 10 12 13 16

Basis of ¥ :

[1 o1 11 1 11 112
[

—— - 5— +a(- —) + = ————éa ! +4 2 1
ySz2 yz’ 15y5z  3y2zt 35" T |ytz2 5 5% ErN

1]
33102
S I SRS S O U ISR S O U 0 AR U 0 IO O

3= y5z yz4 3 yzxs y 04 — y3272 y U5 — y4$ sy U6 — y$3 y 07 — y2z2 )

1 1 1 1
0g = |—3-109= |—=|1010= |5~ |, 011 = | —
y'z yx yz yz

o1 o2 a3 04 Os O¢ or og O9 va J11
-23 -20 -19 -—-17 -16 -15 -14 -13 -11 -10 -7

Basis of V :
vi = 15928, — a(612%8, + 48yzd,), v2 = 15y°0, + a(1082°8, + 83yzd,),
= 60220, + 45yzdy + az?dy, v4 = 5y°0, + 2220,
vy = y3a,,, ve = y*z0;, v7 = yzxay, vg =y%0;, vo = y46,,,
vio = 4°28,, vi1 = ¥’2dy, vi2 = ¥*28,, V13 = y*29,
Degrees : ' ‘

Vi V2 V3 V4 Vs Vg Vz Vg Vg Vip Vi1 Viz Vi3

3 3 4 5 6 6 7 8 9 9 10 12 13
Solution space H : H = Span{1,y*z}



445 25 : 23y + 2yt + ay®
f =23+ zy* + ay® (of type (3,2) of degree 11)
Partial derivatives : f. = 322y + y*, f, = 2% + 4z3® + 60
The standard base of I = (f,, f,)o :
{v",33y*z — Tay®, 3yz? + y* + 2ay°z, 332 + 132y%z — 33ay°® — 14a%y%}
Basis of the local ring Ox,0/I and its degrees :

m mz2 M3 My My Mg My Mg Mg My My Myg

1 y z ¢ yz 22 9 v’z ot Pz b 4°
0 2 3 4 5 6 6 7 8 9 10 12
Basis of ¥ : ,
oL 1L 41 .61 1810 71 11 3 1
YU YTz T3y T 3yt 11y2z%  1145z2 T |z 3 2 yiz2 |’

e = 1—4La—1—11 o = 1 a—l U_L
3= y‘zz yz4) 4 — ysx 3y2z3) 5 = y32) 6 — y‘z’ 7= yza)

=[] o= el o= ] o = [l o= ]

Degrees : ,

1 o2 o3 04 (43 O¢ (44 g8 09 010 011 012

-17 -15 -14 -13 -12 -11 -11 -10 -9 -8 -7 -5
Basisof V : . :

v1 = 193618, — 13068ayzd, + 267322220, + 4374a%y*z8, + 145229,

vz = 132yzd, + 88y8, — 99az8;, — 162a%y>zd,, vs = 3228, + 2yzd,,

= 4y°3, + 3yzd, — 27ay’z8,, vs = 3y’zd. + 2y°8,, ve = 84°8, — 9229,

vr = y*28,, vs = y*8:, vo = 48y, vio = ¥°28;, v11 = 1’28,
Vi2 = ysa:u Vi3 = Usay, Vig = yeam Vis = ycay

Degrees :

Vi V2 V3 V4 Vg Vg V7 Vg Vg Vip Vi1 Vi2 Vig Vig Vis
1 2 3 3 4 4 5 5 6 6 7 7 8 9 10

Solution space H : H = Span{1,3%}

4.4.6 Zy3: 23y + % + azy®

F=2% +y® + azy® (of type (5,3) of degree 18)

Partial derivatives : f, = 3z%y + ay®, f,, =23 +6y5 + 5a:cy

The standard base of I = (f,, fy)o : {v",9° + Tay’z, 3uz +ay®, 23 + 645 + 5ay z}
Basis of the local ring Ox o/ and its degrees :

m m; mz3 mgy msy mg my mg my My My M2 M3

1 y z ¢ yz p® 22 Y’z ¢y PPz ¥ ¥z Yz

0 3 5 6 8 9 10 11 12 14 15 17 2
Basis of X :

_[1 1 71 71 11 1 5.1 .5,
01_[3/"2:2 ﬁy?-'-a( 9y7z+27y3:c3 3y2z4)] [5

1

XA an"_t 18% y? 1:3]

T 1 1 [ 1 _[1 _[2 -1 -
o3 = !—,—5?—50,;;; y 04 = W,as— yTx',Ue— W’W— ya® ) 08 =

1

yiz

|
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Degrees :
g1 02 o3 04 4 Og o7 og 09 Jdi0 011 O12 0313
-28 -25 -23 -22 -20 -19 -18 -17 -16 -14 -13 -11 -8
Basis of V : . ’
v1 = Yyzd, — a(23¢23, + 15y28,), v2 = 9?8, + a(6022, + 37yzd,),
v = 45229, + 27yzd, + az’dy, v4 = y38y, vs = y*28., ve = 3y*3, + £29,,
vr = 4?28y, vs = y*9,, vo = ¥°20,, vio = ¥°0,, vi1 = ¥°28,, v12 = 4°0,,
vis = y'28,, vis = y*28,, vi5 = y°28;, v16 = y°20,
Degrees :

Vi V2 V3 V4 V5 Vg V7 Vg Vg Vi V11> Viz Vi3 Vi4 Vis Vie
3356678991011121214_1517

Solution space H : H = Span{l,y°z}

4.4.7 Wiy : x4 + y5 + ax2y3

f=z*+y° + az’y® (of type (5,4) of degree 20)

Partial derivatives : f, = 42 + 2azy3, f, = 5y* + 3az?y?

The standard base of I = (f,, fy)o : {¥°,y*z,5y* + 3ay®x?,223 + ay’z}
Basis of the local ring Ox,0/I and its degrees :

m; mz2 M3 Mg M5 Me¢ My Mg Mg Mg M1 M2
1 y z yz vz z2 ys yz T y:c2 ys z yzxz ys e
0 4 5 8§ 9 10 12 13 14 17 18 22

Basis of X :

Y SNV SR YR S0 R I S S N S [ S S
R P 5y5z 2yz5’)’ 27 P35 Yz’ 37 gtz T 20yt

4 = y2z315'— y3$2, 6 — y4za 7T = yz3, 8 — y2$2,9—fy3$,

1 1 1
o= |—[n=|—5-|012= | —
yr y'z yz

o1 g2 g3 04 ads Og Ujvl og [} Ji10 011 012
-31 =27 f26 -23 -22 -21 -19 -18 -17 -14 -13 -9

Degrees :

Basisof V .
vi = 10yz0, — 3az?d,, v; = 10y°8, + 3az8,, v = 328, + ay?0,, v4 = 2yzd, — ay®d;,.
vs = Y38y, V6 = y*20;, v7 = y?2d,, vs = y228,, vo = yz28y, vio = y*z0;,
Vi1 = y3$3y, Vizg = yzxzaz, Vi3 = ‘y2$23y, Vig = yszzam Vis = y3$26y

Degrees :
: Vi V2 V3 V4 V5 Vg V7 Vg Vg Vig Vi1 Viz. Vi3 Vig Vij
4 4 5 5 8 8 9 9 10 12 13 13 14 17 18

Solution space H : H = Span{l,y%z2}
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448 Wy : zt+ zy4_+ ay’

f=z*+ zy* + ay® (of type (4, 3) of degree 16)

Partial derivatives : f, = 4z% +44, f, = 4zy + 6ay®

The standard base of I = (f,,f,,)o {v",2y%z + 3ay®, 42° + y*}
Basis of the local ring Ox o /I and its degrees :

mp My mz My Ms Mg My Mg Mg M M1 Mz M3
1y oz ¢ gz 22 P gz oy’ gyt 2% 5 f
0 3 4 6 7 8 9 100 11 12 14 15 18

Basis of ¥ :
a,._l__1_1+a(31 31) _1__11_3a1 0_1
YU YTz T Ayt 2 4512 8yx5 y8z 492zt 2 yig2 P 3T |33 )
_ 1 1 oy = 1 on = 1
%= 5z 4yx4 yzzs ) K y‘z 178 = 1y
|1 _[1
y2x2 ) 010 = T 1011 = » 013 = y—x
Degrees :
71 o2 a3 04 g5 4 o7 ] 09 010 011 012 013
-25 -22 -21 -19 -18 -17 -16 -15 -14 -13 -11 -10 -7
Basis of V :
= 4yz0, + 3y?0, — 3ay®d., vo = 8220, — 9ay3,, vs = 2yzd, + 3ay®0,,
vy = 3y%8, + 4729, vs = 3y38 + 4y*20,, v = y’28,, vy = yz28,,
Vg = YT 81[1 Vg =Yy az: Vio=Y ay, Vi1 = y T 62’ Vi2 =y2-":' aya
1z = ¥°8;, vis = 4%y, vi5 = %9, vie = 1°9,
Degrees :

Vi V2 V3 Vg4 V5 Vg V7 Vg Vg Vg Vi1 Viz Vig Vig Vis Vig
3445677889101111121415

Solution space H : H = Span{1,y%}

449 Qo : z®+y* +y2? +azyd

[ =2%+y* +y22 + azy® (of type (8 6,9) of degree 24)
Partial derivatives : f, = 322 + ay?, f, = 4% + 22 + 3azy?, f, =22

The'Standard base of I = (fs, fy)o : {z*,4yz® + 3az®,322 + ay?, 222, zy, 1222 — az? — 3a%y? r}

Basis of the local ring Ox /I and its degrees :

m m; mg My My Mg My Mg Mg My
1 y = 2z y yz 2z 3 Yz ¥z
0 6 8 9 12 14 17 18 20 26

Basis of X :

—— 4
zyiz? 2Byx?

[1 1 31 11 1,1] [1 3 1 1,
oy = - o2 = -7 -

+a(- 425z 3zyz4) 4" zy2a3)’

S N SRS U WA U IS AN W RN U IO
ST et T "By T 3% T 2yz? |’ T |zy?22 " 7 T |z
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RN RN . I
7= |2y T |y T |tz T T | s

Degrees : ) ,

oy 02 o3 04 os Og o7 0O Oy 010

-49 -43 -41 -40 -37 -35 -32 -31 -29 -23
Basis of V :

v) = 20, + 44°8, + 3ayzd,, vs = 8yzd, — a(4yzd, + 3zz3;),

= 448, + a(3yzdy + 3220,), v4 = 4yzdy + 6220, — 2ay°8,,
vs = 220;, v¢ = 4y°0, + 3ay’z0,, v7 = 228, + 44220,
Vg = y3ay7 Vg = yzzaz, Vio = ysz’ay, Vi1 = yaxaz, Viz = 3/3?«'6:, Vi3 = ysfl?ay

Degrees : ’ ‘

Vi V2 V3 V4 Vs Vg V7 Vg Vé Vio Vi1 Viz Vi3
3 6 6 8 9 9 11 12 12 14 17 18 20

Solution space H : H = Span{1,y3z}

4.410 Qi : z®+y?2+223 + a2

f=2 49?2+ 222 +a2b (oftype (6,7,4) of degree 18)

Partial derivatives : f, = 322 + 23, f, = 2yz, f, =y + 3z2® + 5az

The standard base of I = (f,,fy)o {z%,yz?,92% — Say’z,?, 223, 2y, 322z + y? — 15az2?, 322 + 23}
Basis of the local ring Ox o/I and its degrees :

m; mp m3z My M5 Mg My Mg Mg My M1
1 2z =z y 22 2z 22 yr 22z 2t 2P
0 4 6 7 8 10 12 13 4 16 20

Basis of ¥ :
ol L 11 o5 1 51 1 1.1 5 1
V7 8yx  2yPz? 3 23yas 3 24yx2 9zya:4 Pyz  3z22yzd 3 Zoya?)’
N I SN S W IO S U [ 11 [
37 |23z~ 372%yx2 "t T |20 0 z4yx T 3zyxd |’ 0T [22ys2)’

1 1 1 1 1
or=|=5—|08= |—5=|,00=|=—=|00=|5=|ou=|—
23yz zy’zx Yz 22yx zyz

Degrees : » , o

oy 02 O3 04 O5 O¢ O7 O O9 O 0O11

-37 -33 -31 -30 -29 -27 -25 -24 -23 -21 -17
Basisof V :

v1 = 3220y + y0. + 5a2°8,, v2 = 6220, + 42°0, — 5ayzd,,
vz = 2yz0, + 2220, — 5a2228,, v4 = 6220, + 22%0, — a(152%x0, + 102228;),
vy = Y20z, Vg = 3z2x6y + 5az46y, vy = 32228, + 22°08,, vg = 2*0, — y=b,,
vo = 2228;, vio = 2485, Vi1 = 2'0;, V12 = 28y, V13 = 2°0z, V14 = 2°0,

Degrees :

Vi V2 V3 V4 V5 Vg V7 Vg Vg Vi0 Vi1 Viz Viz Vig

3 4 6 6 7 7 8 9 10 10 12 13 14 16
Solution space H : H = Span{1,2°}
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4.4.11 Q)5 : 2%+ y® + y2? + azy?

f=2%+y° + yz? + azy* (of type (5,3,6) of degree 15)

Partial derivatives : f, = 322 + ay*, f, = 5y* + 22 + dazy®, £, = 22

The standard base of I = (f,, fy)o : {z*,5yz? + 4a23,32? + ay?, 222, 2y, 1522 — az? — 4a2y3z}
Basis of the local ring Ox o /I and its degrees :

my my; mg my ms Mg My Mg Mg My M1 M2
1 y =z 2z ¥ yzr ¢ 22 yP’z y* Yz y'z
0 3 5 6 6 8 9 11 1 12 14 17

Basisof ¥ :

|l sl g il 11, 421 o[l 41 4,1
V7 2822 T Va2 5zy8z 3 zyzt 2223 "% |2y%2? T 5 zytz | 15 zyad |’

e | L_gd e 1) [ 17 [ 1],_[1] _[.1
3T 2Pz "By 3 T T 2yz2 |78 T iz |22
og = 1 = —1— o0 = 1 011; L o2 = 1
8 = zy3z y 09 = 22y$ y 710 = zyzz ’ = zy2z )y 012 = zyzT )

(441 o2 o3 04 (4 Og o7 (4] J9 010 01 012
-31 -28 -26 -25 -25 -23 -22 -20 -20 -19 -17 -14

Degrees :

Basisof V : ' ’ ’
= byzd; — a(2yzd, + 2228,), v2 = 20, + 5y°8, + 4ay*z0,,

v3 = 5428, + a(4yzd, + 623:8,), Vq = 3yz¢9,, + 6220, —- 2ay*0,,
vs = y%0,, ve = y’20,, v = 228,, vs = 548, + 4ay®zd,,
vo = y*28y, V1o = 228, + 5y°28;, vi1 = y*8y, viz = y°z0,,
viz = y°z8,, vi4 = y*28;, vi5 = y*20;, v1e = y*z9,

'V1 V2 V3 V4 Vs Vg V¢ ‘-Vs “¥9 Vip Vi1 V12. Viz Vig Vis Vig
3 3 3 5 6 6 6 6 8 8 9 9 11 11 12 14

Solution space H : H = Span{l,y*z}

4.4.12 Sy : 2+ 9?2+ 222 + ay®2? .
f=z'+y%2 + 222 + ay?z?® (oftype (4,5,6) of degree 16)
Partial derivatives : f, = 42% + 22 + 2ay’z, f, = 22y + 2ayz fe=9y*+ 222
The standard base of I = (f,, fy)o :
{45 + 5a%2%, 4yz® + 5a%yz!, 8z* + 5ay®2?,y® — 2ayx®, 22z + y? zy+ayz 423 + 2% + 2ay? z}
Basis of the local ring Ox o /I and its degrees :
ml m; M3 my My Mg My Mg Mg My My
1 z y 2z 22 yzr y* z2° yz2 92z y°2?
0 4 5 6 8 9 10 12 13 14 18

Basis of ¥ :

1+17_11+a(1 1 1 51)
zy3z3 2y 2 22yxt 23z ' 223yx? - 8 2yzd

|l 1 1 1oty o f 1 1] [1° 11
2T |z 222928 2%ayat |0 72T 2228 22ylx |’ i z3yz zyzt|’

_1
4

fos = |- 1 -i»l 1 o¢ = 1 oy = !
ST 2zt T 22222070 T zp?z2 |’ 7 |zy23|’ 78 T z2y:z:




65

Og = 1 010 = 1 011 = 1
9 = zyz:l: » 010 = zy:z:2 y 011 = zyz

Degrees :

01 0 03 04 O5 Og O7 O3 O9 O O

-33 -29 -28 -27 -25 -24 -23 -21 -20 -19 -15
Basis of V : | _

vy = 64229, + 3220, + 144az38, — 65a%y*z0,,
vy = 16yzd, — 16y29, — 48ax38, + 154%y*2d,, vs = y*0,,
V4 = yx0;, V5 = 49420, + 4820, — 21ay*zd,, v¢ = 22%9, + yz?0,,
vy = 22%0, + y*20,, vs = yz?8, — y*20,, vo = y228,, V1o = y’xa,,,
vi1 = ¥*28;, viz = ¥*2%0,, Vi3 = y?2%8y, vis = 42?0,

Degrees : ‘

Vi V2 Vy V4 Vg Vg V7 Vg Vg Vo Vi1 Viz Viz Vig

4 4 5 5 6 7 8 8 9 9 10 12 13 14
Solution space H : H = Span{l,y%z?}

4.413 Sy3 : 2y +y?z+ 222 + a2
f =22y + 3%z + 22° + az® (of type (4,5,3) of degree 13)
Partial derivatives : f, = 2zy + 23, f, = 2% + 2yz, f. = y® + 3x22 + 5az*
The standard base of I = (f,, fy)o :
{=*, yz®,y?z, 3%yx? — 20ay®, 13yz? — 10a2z2, 2% + 22y,32%z + y* + 5ax3,2yz + z3},
Basis of the local ring Ox 0 /I and its degrees :
my m2 M3 My M5 Mg M7 Mg Mg M1 Mi1 M2
1. 2z z y 22 zzx x2 282 22z 222 A 2P
0 3 4 5 6 7 8 9 10 11 12 15
Basis of ¥ :
0__131__1_1 1+a(51 201+101)
17 | Sy T 2 yts 223y222 T 22yxt 13 223z 13 2%yz2 13 zy2z3’|’

ol o1 1 1 5 1] [ 1 11] [ 1 .1
27 |PByz 22292z | zyxt 3 By’ ° |2%yzd  28y%z)’ ' |Bya? 23z |’

oot 1 vy o_1 1)1, _[1
ST\ yz T 22222 "0 T |ypd 22242z 7 |22yz2|' " |y |’

1 1 1 1
09 = [~—5—[,010= |[—= |, 011 = |—5—1,012= | —
2y“x zyc zyzx 2y

Degrees : .
g1 a2 o3 04 05 . Og o7 og  O9 = O10 On 012
-27 -24 -23 -22 -21 -20 -19 -18 -17 -16 -15 -12
Basis of V : o o B
v, = 39228, + 392z0, + 26y0, + 130a236y + 2000222328,,,
vy = 104228, — 65228, + 782%8, + 260az>zd, + 400a’2*4,,
vs = 13238, + 26220, + 8002228, v4 = 13220, — 132°0, — 300228, -
vs = 782%28, + 13220, + 110a2*d,, vs = 26238, — 13228, + 50a24d,,
vy = 3z:c26,, —2238,, vg = 22220, + za:zay, Vg = z46y + 22220, Vio = 2220, — z‘By
Vi1 = zm26,, Vizg = 2463, Viz = 2462, Vig = z56y, Vis = 2563, Vie = 256, :
Degrees : ’ '

Vi Va Vs V4 Vs Ve Vi Vg Ve Vio Vi1 Viz Vis Vig Vis Vie
2 3 4 4 5 5 6 6 7T 7 8 8 8§ 10 11 12

Solution space H : H = Span{1, z°}
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4.4.14 Uy : 22 + 93 + 24 + azy2?

f =23 + 4% + 2* + azxy2? (of type (4,4,3) of degree 12)

Partial derivatives : f, = 3z% + ay2?, f, = 3y + ax2?, f. = 42° + 2azyz

The standard base of I = (fz, fy)o : {z%,yz?,y2z, 3 — 3%, 222, 22, 3y? + az’z, 3% + a2y, 22° + azyx}
Basis of the local ring Ox o /I and its degrees :

m me m3 My My Mg My Mg Mg Mg M1l My2
1 2z y =z 22 zy 2z yz 2’y 2%’z z2yzr 2%z
0 3 4 4 6 7 7 8 10 10 11 14

Basis of X :

S S W VA SRS U6 N U U [ 11
17 By T 3yt 2 25yz 3zy4x - z?yz:t;2 2 ziyz|’

03 = | — 2o |, 04 = | — La , 05 = 1 1 oe= |
3T B2 T 3 ey T [Byx? 3 zy“z R P R Pl

S T N S 0 Y 0 W S A U IS 6 U IO I
7= 22y2$ y U8 — z3yz’ 9= zyz"’ y 010 = Zy2$ »y 011 = zzyz y V12 = zyT

Degrees :

(1 g2 o3 04 (4 ] o7 Og o9 g0 011 012
-25 -22 -21 -21 -19 -18 -18 -17 -15 -15 -14 -11

Basis of V :
v, = 6220, — ayzd,, v; = 62y8, — ayzd,, vz = —3228, — ayrd,, v4 = 6yzd, — az’zd,,
vs = —3220, + az’y0;, v = 3290, — az’zd,, v; = —6yzd, + az?yd,,
v = 2°Ydy, vo = 2220, vio = 2*y8;, i1 = 2%28,, V12 = 2yzd,, V13 = 2yz0;,
V14 = 2y28;, V15 = 2’y28y, V16 = 2%y20,, V17 = 2%yz0,
Degrees :

V1 V2 V3 V4 Vg Vg. Vr Vg Vg Vig Vi1 Vi2 Vi3 Vig Vis Vig Vi7
3 3 3 4 4 4 4 6 6 T 7 7 7 8§ 10 10 11

Solution space H : H = Span{1, z%yz}
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