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ANALYTIC SMOOTHING EFFECT FOR
THE BENJAMIN-ONO EQUATION

Takayoshi Ogawa /b Jil & 3 (JufK - #3)
Graduate School of Mathematics, Kyushu University
Fukuoka 812-8581, Japan !

1. INTRODUCTION

We study smoothing effect for the following nonlinear dispersive equation of the Benjamin-
Ono type

an {atu+7'{z6§u+3mu2 =0, te(-T.T), z€R

u(0,2) = ¢(z),

where u(t,z) : Rx R — Ris an unknown function and H , denotes the Hilbert transform
defined by H,v = F i—‘%ﬁ (see [3], [37]). Our problem here is to investigate a sufficient
condition of the initial data ¢ on which the solution has regularizing property up to
analyticity.

One related problem to (1.1) is the Cauchy problem for the Korteweg - de Vries type

(1.2) {Btu + Bu+ G,u? =0, te (-T,T), z€R

u(0,z) = é(z).
This equation appears in the water wave theory and u describes the height of a shallow
water wave. There are plenty amount of literatures concerning the study of the KdV

equation ( [8], [27], [41]). Among others, T. Kato [28] was the first to extract a smoothing
effect from the linear part of the KdV equation:

Oy + 83v = 0, t,zeR
v(0,z) = ¢(x).

He showed the local smoothing effect for the solution to (1.3) as follows:

(1.3)

T R
(1.4) [ [ tocolaade < cr 101
0 —-R
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This estimate enables us to treat a weak solution of the KdV equation (1.2) in the Sobolev
space H*(R) for s > 3/2 (See also Sjolin [39], Constantin-Saut [8] and Vega [43] for more
general cases). Here H® = H*(R) denotes the Sobolev space of order s defined by

HR) = {f €S": |flla= < oo}, I fllae = 1€€)°Fll2,

f = Ff is the Fourier transform of f and (-) = (1+ |- |?)/2. Kenig-Ponce-Vega [30] ex-
tended the Kato type smoothing effect and moreover discovered a higher order smoothing
effect for the inhomogeneous term of the perturbed linear KdV equation. Their estimates
to the homogeneous and inhomogeneous part are the following:

(1.5) D=V ()¢l m;zz) < Clidll2,

t
(1.6) |D? / V(t - 8)F(s)dsll gy < ClIFlismazay,

where D, = H,0, and V(t) = e~*% denotes the free KdV (Airy) evolution group. Using
these estimates (with more extensions), they showed that the KAV equation is well-posed
in the Sobolev space H3/. In the series of papers, Bourgain [4] obtained L? well-posedness
of the KdV equation in the periodic boundary condition. Kenig-Ponce-Vega [31], [32]
proved some bilinear estimates involving negative exponent Sobolev spaces and refined
the local well-posedness for the Cauchy problem in negative Sobolev spaces H *(R) for
—3/4 < s. Those are obtained by the method of the Fourier restriction norm and a sharp
estimate for the quadratic nonlinear term in the KdV equation. In fact, the polynomial
structure of the nonlinear term has a sort of smoothing effect such as

t
1
D [ Vet bl < OV (ollgmmy 5> 5

On the other hand, a highly regular solution and its smoothing effect were also studied
by several authors. T.Kato-Masuda [29] obtained a global smooth solution and analyticity
for any point (t,z) € Rx R (Ukai [42] considered a bilinear estimate for the Boltzmann
equation in Gevrey and analytic classes.) A smoothing effect up to analyticity or Gevrey
class is then proved by Hayashi-K.Kato [16] who obtained an analytic smoothing effect
for the nonlinear Schrédinger equation (see also K.Kato-Taniguchi [26]) and de Bouard-
Hayashi-K.Kato [10] established analyticity for the KdV equation from Gevrey initial
data. Those results are basically obtained by using operators which commute or almost
commute to the linear KdV equation.

In [23], we showed that a single point singularity of the initial data at, say the origin,
like the Dirac § measure, immediately disappears after time passes and regularity of the
solution to the KdV equation reaches real analyticity in both space and time variables.
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To be more precisely, we recall the Fourier restriction space (see [4], [31])

||f”X§ = (//(T - 53)21;(5)23';(7_’ §)|2d7df)1/2 = HV(—')f(')||H3(R;H;(R)),

-0,

where V (t) is the unitary group of the free KdV evolution e 2. The result proved in (K.

Kato-Ogawa [23]) for (1.2) was as follows;

Theorem 1.1 ([23]). Let —3/4 < s. Suppose that the initial data ¢ € H*(R) and satisfy
for some Ay > 0,

Ak
Z 22| (@2)*gllas < oo.

k=0
Then for some b € (1/2,7/12), there exists a unique solution v € C((-T,T), H®) N X}
of the KdV equation (1.2) in a certain time interval (—T,T) and the solution v is time
locally well-posed, i.e. the solution continuously depends on the initial data.
Moreover the solution v is analytic at any point (t,z) € (=T,0)U(0,T) x R

One can easily see that a typical example of initial data satisfying the assumption
of the above theorem is the Dirac delta measure or p.v.%, where p.v. denotes Cauchy’s
principal value. Analyticity for the inverse scattering solution with weighted initial data
was obtained recently by Tarama [40]. Since our method is based on the fact that the
solution is in H®, we do not know if our result is true globally in time.

Compared with the well-posedness theory to the KdV case, the Benjamin-One equation
(1.1) is not yet well-understood. The existence and well-posedness problem of this equa-
tion is studied by again T. Kato [27] and also some development was done by Iorio Jr.
[21], Ponce [38], Kenig, Ponce and Vega [32] and reference therein. Since the Benjamin-
Ono equation has a dispersive structure similar to the Schrodinger equations, we expect
that analogous results may hold for the nonlinear problem (1.1).

As a consequence, we observe analytic smoothing effect for the solution to (1.1) with
the initial data having a singularity at the origin. '

Let L2(R) denote the weighted L? defined by

1£llz2 = I(@)*£ll2 < 0o.

Under the restriction in the weighted Sobolev space, the analytic smoothing effect for the
Benjamin-Ono equation can be stated as follows.

Theorem 1.2 ([22]). Let s > 3/2. Suppose that for some Ag > 0, the initial data ¢ €
H*(R) and satisfies

Z N A (160015 + 1@0.01) < oo
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(where 0!, (—1)! = 1) then there ezists a unique solution u € C(R, H®) to the nonlinear
dispersive equation (1.1) and for any (t,z) € (R\ {0}) xR, there ezists some A > 0 such
that we have

|07 0Lu(t, z)] < O~y (@) ¥ AT (G + 1))
for any j,1 € N. Namely u(t,-) is a real analytic function in both space and time variables

(t,z) € R/{0} xR

The existence and uniqueness result of the Benjamin-Ono equation can be found in the
articles by Iorio Jr. [21], Ponce [38]. The global well-posedness in time is also discussed
by Kenig, Ponce and Vega [32]. Our result is based on those well-posedness results in the
Sobolev space H*(R) with s > 3/2. It seems that the well-posedness in a space weaker
than H?? is not well established as far as the author knows. If this is improved such as
H* with s < 3/2, we may extend our result into such a weaker spaces.

We should also emphasize that from the result by Iorio Jr. [21], there is by no means
a solution to (1.1) in the weighted space H* N L2, where s > 3 and there is no solution
in H* N L? when s > 2 unless the data satisfies [ ¢(z)dz = 0. Roughly speaking, this is
because the characteristic of the linear part of the Benjamin-Ono equation is not smooth
at € = 0. If we assume that the solution belongs to some weighted L? space, then the
Fourier transform of the solution has to be smooth (or continuous) around §{ = 0. While
the evolution el loses the regularity (or integrability) when we take the derivative of
evolution by & For example, if we take a derivative more than 5/2, it loses the L?
integrability at £ = 0. This contradicts the solution belongs to the weighted space. Since
the weight condition on the data is less than 5/2, the above observation does not really
contradict our result. Our solution has a heavy condition on its derivative of solution
but not the solution itself. And even more, the solution reaches higher regularity up to
space-time analyticity.

Quite recently, a remarkable ill-posedness result was obtained by Molinet, Saut and
Tzvetkov [36], where they proved the iteration scheme from the integral equation can
not yield the well-posedness in any order of the Sobolev spaces. Since our well-posedness
result is based on a quadratic form and multiplication with integration by parts, it is
possible to avoid this deficiency.

The essential difference in proving the above results from the case for the nonlinear
Schrodinger or KAV equation is due to the appearance of the nonlocal operator H.

Since our method is depending on the commutator argument using the generator of
the dilation, we reduce the equation into a system of infinitely many equations of the
Benjamin-Ono type. It is well known that the Kato type method for the quasi-linear
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equation ([27]) saves the derivative loss if it is a single equation or having a nice nonlin-
earity. However the reduced system here is not the case. To fill this gap, we invoke the
local smoothing property for the linear dispersive equations. This nature for the disper-
sive equations was observed by several authors [35], [28], [39], [43], [17] and [8]. Namely,
some gauge invariance for the Schrodinger equation also works to save the derivative loss.
Hayashi [14] firstly applied the nonlinear gauge transform to obtaining the existence the-
orem for the nonlinear Schrédinger equation with derivative nonlinearity. Independently
the linear case was studied by Doi [11] and his work was developed further by Chihara
[6] and Kenig-Ponce-Vega [34]. (see also [18], [15]). Here we apply those local smoothing
property under the weight condition to save the derivative loss for the reduced system.

To prove the solution is real analytic in space and time directions, we employ a local-
ization technique. Then it is required to treat the non local term carefully to show the
higher regularity. We then introduce a weight function which has an explicit commuting
estimate with H,. This enables us to handle the nonlocal term H, in the linear part of
the equation. In the fbllowing section, we first show the outline of our method and what
is the difficulty. Then in the subsequent section we give the local well posedness of the
reduced equations and regularity up to the analyticity in space time directions.

2. METHOD

In this section we give an overview of the whole proof for the Benjamin-Ono case and
present some difference from the proof of the former cases in [23] and [24].

Firstly, we introduce the generator of the dilation P = 2td, + zd, corresponding to
the linear part of the dispersive equation. Since the commuting relation with the linear
dispersive operator L = 8; + H,8? is

[L, P| = 2L,

it follows
21) LP* = (P +2)fL,
2 (P+2)*0, =0, (P+ 1), k=1,2,---.

Applying P = 2t0, + x0; to the equation, we have

(2.2) Oyu + Hy0%u + 8,u? = 0, t,zeR
' u(0, z) = ¢(x).

Iteratively, it follows

(2.3) Oy (P*u) + H 02 (P*u) = (P + 2)*Lu = —(P + 2)*9,(u?).
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Then if we set ux = P*u and By(u,u) = —(P + 2)k8,u?,
(P+1)u=(P+1)""Pu+(P+1)tu=

(2.4) i I
= s Plu
= 3= )
and hence
Bi(u,u) = — (P +2)*0,(u?) = —0,(P + 1)*(u?)
k
k
=—-20, P+ 1)lupPkt
(25) ;(l)( + P
k!
- 6, T Uk Uk, -
k=ko+zkl+kz kolkilky! ™

The important point is that the nonlinear terms Bj(u,u) maintain the bilinear structure
similar to the original Benjamin-Ono equation. This is due that the Leibniz rule can
be applicable for an operation of P. Thus each of u; satisfies the following system of
equations;
26) {atuk + Ha0%u, = Be(u,u), tz€R
vk(0, z) = (20, )*é(x).

Therefore, we consider the following system of dispersive equation and show the well-
posedness of the system as well as establishing an estimate for the derivatives

Oyuy + ’Hzaguk = Bk(u, u), t,reR
uk(0, ) = ¢p(z).

One difficulty to establish the local well-posedness to the above system is that the

2.7)

method of quasi-linear equation by T.Kato [27] does not work well since some of the
nonlinear term, say 0(ug,uk,) does not contains the same function u; which represents
the principal linear part. Therefore it is required to use some kind of smoothing effect from
the dispersive property to avoid the derivative loss. Following the argument found in [6],

z
[18] and [15], we consider a variation of the weight function £,(z) = exp (— / w2(y)dy) :
—00
where w(z) is an appropriately chosen weight function. By commuting £, with the linear

part, this weight function gains one half derivative under some weight condition, then the
local existence and wellposedness for the following infinitely coupled system of Benjamin-
Ono type is proved in a proper weighted Sobolev space. We also note that the solution is
constructed in a slightly stringent function class such as

Z (k 1)|2”uk“1{'nL2 <oo
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than the case of the KdV equation (c.f.[23]), since it is required for the quadratic argument.

Then taking ¢ = (0;)*@(x), the uniqueness and local well-posedness allow us to say

up = P*u forall k =0,1,---.

Through the process of proving the existence and uniqueness , we obtain the estimate

| P*u||gs < CAFKL.

Then we would derive the point-wise derivative estimate by using the equation:
1 1

(2.8) H,02 Pky = —2—th+1u + ﬂzaszu + Bi(u, u).

To treat the second term of the right hand side of (2.8), we employ the localization

argument. That is, by a = a(z) we denoted a suitable decaying weight function and can
show that

l|adk Pru(t)|| mmy < CE YA (k+1)!, k,1=0,1,2,---.

and then by iterative argument, we can shift from the estimate with the operator P* to
(t8;)! and conclude

(29) (0" 02 u(®)l 1o (an-sare) < O (o) 2 AL+ 1y 1 1)1

for l;,l, =0,1,2,---. In a crucial step for obtaining the above derivative estimates is to
treat the nonlocal operator H, which is an essential difference from the KdV equation or
nonlinear Schrédinger equations. It is well known that the commutator estimate holds
between the Hilbert transform and some smooth cut-off function a(z) (c.f., Calderén [5]).
However it is now.required to show an explicit dependence of the order of the iteration
on the constant appeared in the commutator estimate:

”[H.’m ak]a:”l:(L2—>L2) < Ck,

k¥ = a(z)F. In order to make it explicit, we choose a particular weight function

where a
a(z) = (z)~2, where (z) = (1 + |z|?)}/2 and derive an explicit commuting estimate with
the Hilbert transform and a*. By this step, we may use the equation (2.8) to gain the

regularity and to show the analyticity (2.9).

3. CONSTRUCTION OF THE SOLUTION

To establish the well-posedness for the system of Benjamin-Ono type equation (2.7),
we arrange the equation as follows. By setting vy = ((k — 1)) " ux, the equation (2.7)
-(2.5) can be reduced as the following slightly simpler system;

{6tvk + Hy0%v, = By(v,v), t,z € R

3.1) u(0,7) = ¢ (),
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(32) Bk(’U,’U) = _61: Z k

T Uk Uk,
kolk1ky
k=ko+k1+k2 0-~1h2

Recall that inside the above summation, k is understood as k!/(k — 1)! so that it is 1 if
k=0.

To recover regularity loss, we introduce a weight function of exponential type. This
argument is originally due to Mizohata [35], Kato [28] and Doi [11], later on it is developed
by Chihara [6], Hayashi [14] and Kenig-Ponce-Vega [34].

Definition. For o > 0 and b > 0, we let

w(z) = blz) =27,

(3.3) E(z) = exp (— /_ ) w’(y)dy) .

oo

From the definition we see |€,9|| < [|9]| and also the inverse operator £, is continuous

€219l < eIl .
To see Proposition 4.1 holds, it suffices to show that

Proposition 3.1. Let s > 3/2. Suppose that for some A; > 0, the initial data ¢ € H*(R)
and satisfies

00
> Akl 2 < oo,
k=0

then there ezists T > 0 such that the system (3.1) with (3.2) is well-posed in

o0

T T
> At (l|”k||20([0,7'];HanL§)+ | D ugar + nwezD*%vkllzdt) <o
0 0

k=0

In the next lemma we derive an energy estimate, involving the operator &£, expressing
the smoothing property of the Benjamin-Ono equation originally due to T.Kato [28]. See
for some variants in Ponce [38], Doi[11], Chihara [6] and Hayashi [14].

Lemma 3.2. For a smooth solution u to the linear Benjamin-Ono type equation;

Oyu + M0 = f, t,ze R
&4 {u(o, 2) = 8(z),

the following inequality holds

& NEwull + 2w DY + 2 [wEH DY < 21(Ext, £a1)]+C ulf.
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Proof of Lemma 3.2. Applying operator £, to both sides of the linear Benjamin-Ono
equation (3.4),

0iEau + Hp 028 u = [HL02, EJu + E..f.

Since [0, &;] = —w?E,, we obtain

(3.5)  OiEou+ Hod2Eu + 2w E, Dyu = (! — 8,0°) EsHou + 8 [Ho, Ex u+ Eof.

Therefore multiplying both sides of equation (3.5) by £;u and integrating over R, we have

% ||€zu|]§ +4 (w251Dzu, Exu)
< 2|((w* — Bwh)EsHau, Exu)| +2 (82 [Ha, Eo]u, Exu)|+2|(Eaf, Eu)l.
For the right hand side, it holds ||(w* — 8,w?)||, < C and we have
[ (w* = 0:0”) EHaul|, < Cllull,,
102 [Mz, Eal ul|, < Cllull,-
Hence it follows that
% || Ezul|2 + 4 (W Dyu, Exu) < 2|(Exf, Exu)| + C |lullz.
On the other hand, we find
4 (w2£zDzu, Eu) =4 (Dywésu, wEu) — 4 ([Dy, wEsu, wEu)
36 2 | DYt + 2 [ DY wl ~ C
>2 |lw£zDi/2u'”z +2 ||w8tzD;/2u”z —Cllul?.

This proves Lemma 3.2. O
We give the weighted nonlinear estimate which is the key estimate for proving the well
posedness.

1
Lemma 3.3. For 0 < 0 < 1/6, let s = g + 30, 6 = 3 + 0 and w(z) = b{z)° for some
b>0. Foru, v and w € H° N L2, then we have

(3.7)
(€t €2 D302 (vw))| <Cb~2 1wl (

+ Cb~2 [l mens (

s+1
(wszDz 2,0

1
\ + ”wS,,Df%

2) “ngDéu

\2

s+1 1
w&E Dy *Haw wED2u

1
+[ozeDi "], ) |
2 2

|2

1
+ Cb7 Yol gonszllwll genis |wE D u ‘2 + Cllullzllvl zenzzllwll gencs-
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For the proof, see [22].
Proof of Proposition 3.1. Let

o 1/2
M=4 (Z A’f||¢k||§1anLg) ,
k=0

for s € (2,3) we choose to be such that s = 3 + 30. We define a closed subset of the

complete metric space as follows. For T' > 0 which is determined later, we let

(3.8)

XM = {f = (fo’fla"');fk € C([()?T]’HsnLZ)a

o 1/2
Ilx = (Z A% sup ||fk<t)||%,.nLg)
t—o  teloT]
oo 1/2
T s+1 s+3
(St [ (e ol + e DI o)) de ) < b1
k=0 0

Then we introduce a map ® on Xy as follows; for any w € Xy, ®(w) = v = (vp, v1,- - - ),
where v solves the linear Benjamin-Ono type equation;

(3.9) Oyvr + Mz 020, = Bp(w,v), t,z€R
' ’Uk(O, IL‘) = ¢k($)
with
~ k
(3.10) By(w,v) = —0, ———— Vg, Wk,
k=ko+zkl+k2 kolkyky

Then we claim that the map ® is contraction from X, into X,s. To this end, we apply
the operator DZ to equation (3.9),

8, D2vy, + H82Div, = D2 By(w,v)

and from Lemma 3.2 we have the energy type estimate;

d 1 2 1 2
7 ||£xD;vk||§ +2 l|w€zD;+2vk”2 +2 IIwSszD:+2vk|‘2

(3.11) <C | (£-Divr, £:D3Bu(w,0)) | + C ll&- Dl

Using Lemma 3.3 and integrating the result with respect to ¢ € [0,T] and taking a sum
over k from 0 to oo, we find
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ZA sup €. Diui + 2ZA'° /T <“wSzD;+%vk“Z_+ ]|w5szD;‘2+%kaz) dt

t€[0,T]

2 g 1/2
<2 L e uwllx / ZA’fllwé‘xDz 2vk“ dt
16 0 k=0 2
T > s+1 2 2 \ 172
(3.12) x / Y Al (HwﬁzDz Tk, dt)
0 k1=0 2 2
, o 1/2
+ CreMb 2wl (/ EA‘“ “wé' DS+2vk“2 Z Ak ||'Uk1”ilﬂnL3 dt)
k1=0

0 (Ml + 1) /0 S A [ g

k=0

1
+ “wngzD;“vk,

We now choose sufficiently large b > 0 in (3.12) such that Cie®'b72M < % Then it
follows from (3.12) that

T 1 2 s+3 2
>4k sup €Dl + [ 3 4 (ot o, + fuesren o)) a
te(0,T k=0

k=0

(3.13) o -
<P e+1) 05 Aol
0 k=0

where the constant C > 0.
Similar but much simpler way, we obtain

ZA o) welf < <+ cZ / A5 @) velly 0
(3.14)
+Cllwlx [ D A ol .
0 k=0
Choosing sufficiently small time 7' > 0 we obtain from (3.13) and (3.14) the estimate
<—.

(3.15)
o0 00
lvllx :ZA’f sup ||vkl|3enpz + ZA’;/ (“ws D +2ka + “wS HoD +2vk ) dt
v—o t€l0T] —
2
By virtue of (3.15) we see now that the mapping ® is from X, into itself. In the same

M

manner we can prove that for w, w € Xr,

. 1 .
ok — Tellx <5 llw —wllx
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if T > 0 is sufficiently small, where v = ®(w) and v = ®(w). Thus ® is a contraction
mapping in Xr. Therefore there exists a unique solution v of the Cauchy problem (3.9)
such that

(e ¢]

> 4* sup [lug Ollfnzs < M.
t—o  t€loT]

This proves Proposition 3.1. a

4. BOOTSTRAP ARGUMENT

We have constructed a weak solution to the dispersive equation (2.7) satisfying the
following extra conormal regularity:

|P*u||gs < CA¥(k—-1)! k=0,1,---,
under the condition to the initial data ¢:
(z0:)*¢||lrs < CA¥K! k=0,1,---.

Introducing a smooth weight function; a(z) = (x)~2, where (z) = (1 + |z]|?)/2, we
firstly derive

(4.1) la' oL Prut) | mw) < CEY A (k+1), k,1=0,1,2,---.

To this end, we recall the following lemma originally due to Calderén [5] which plays a
key role in the first step of the regularity bootstrap argument.

Lemma 4.1 ([5]). If ||a'@.f|la < CAY||f|ls for 0 < 1 < N — 1, then there erists a

constant A > 0 such that we have

[Ma,a"187 flla < CAY NV ]2

Based upon the above Lemma 4.1, we proceed to show the regularity. The first step is
the following proposition.

Proposition 4.2. Let u be a solution constructed in Proposition 3.1 satisfying || Pru(t)|| g« <
CA*k! for k =0,1,2,---. Then we have

(4.2) {2) 8 Pru(t)|lm < Ca(t™") AT (k + 1)
for all k,1=0,1,2,---.

See for the proof, [22]. Rest of the proof goes a similar way as in [23]. By the Sobolev
embedding theorem, we have from Proposition 4.2 that for any =y € R and some § > 0

||3;P’°u(t)||1,oo(1,o) < C W zo)2 Ak + 1) k,1=0,1,2,---,
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where I, = (g — 6,29 + 6). From this pointwise estimate, we forward the second step
and the operator P can be translated into the time derivative via t9; = (P — 28;).
This gives the regularity for the solution.

Proposition 4.3. For § > 0, we denote I,y = (zg — 6,z + 6). Suppose that there ezist
positive constants C and Ay such that

(4.3) i 16, P*u(t)||zoo(ry) < Colta ") (zo)* AFT (K +1)!, k,1=0,1,2,---
0—6,t0

Then we have

(4.4) ol 16784 u(t) || oo(rny) < Clta Y T o)A (G + 1)), 4,1=0,1,2,--
€lto—o,to

where the constants C and A, only depend on Cy, A;, 6 and I,.
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