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On the classification of R-operators

JLHER A SIS )1l Bi— (Youichi SHIBUKAWA)
Department of Mathemaﬁcs, Faculty of Science

Hokkaido University

Abstract
We generalized and classified the B—vo,perators‘w‘hich satisfy the quantum Yang-
Baxter equation on a function space. To classify the R—Qperators, we gave
the ;:omplete ciz;ssiﬁéation of the meromorphic solutiéné of the function'al‘
equations which ar;z necessary‘ and sﬁfﬁcient' ;:onditions fér tile R—opérrator
~to vsatisfy the :quantum vYaL'I.ig-Béxlte’zr éql;aﬁioﬁ; Most 6f ‘the .scl)llutio(ns were

expressed in terms of the eHiptic, trigonometric and rational functions.

1 Introduction
Much attention has been directed to the R-operators, the solutions of the (quantum)

Yang-Baxter equation on a function. space.

Definition 1.1 (R-operator). For z;,z,,...,7, € C and r > 0, define the sets
C(z1,7)(C C) and C((z1, %2, - .-, Zn),7)(C C") by
Clxy,r)={z€C; |z —x| <7},

C((x1, xa, - . ., Tpn), 1) = C(x1,7) X C(zé,r) X +oo X C(xp,T).
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Let functions A and B be meromorphic on C((0,0),7). For a function f mero-
morphic on C((0,0),7/2), we define the function (R(u)f)(z1,22) meromorphic on

C(0,7) x C((0,0),7/2)(3 (u, 21, 22)) as
(R(u)f)(21, 22) = A(u, 21 — 22) f (21, 22) — B(u, 21 — 22) f (22, 21). (1)
“We call this.operator R(u) the R-operator.

| After the discovery of the elliptic, trigonometric and rational R-operators [10],
[11], [12], the various properties which the elliptic R-operator satisfies have been
investigated. We obtained Belavin’s R-matrix [1] from the elliptic R-operator by re-
stricting the domé,in of the modified version of the elliptic R—épera.tor to some finite-
dimensional subspace [2]. The elliptic R-operator had the vertex-IRF (Interaction—
Round-a—Face) correspondence [8] as Belavin’s R-matrix, and we constructed the
generalized Ruijsenaars operators, the commuting difference operators [7], from the
elliptic R-operator and related boundary K-operators [6]. |

“Komori [5] and the author [9] have given classifications of the R-operators. In
[9], the function A(u,z) in the definition of the R-operators (1) did not, however,
depend on the spectral parameter u.

The aim of this article is to classify the R-operators (1) satisfying the Yang-

Baxter equation below, which is a generalization of [9].

Proposition 1.1. For any function f meromorphic on C((0,0,0),7/2), a necessary

and sufficient condition for the functions Ry2(u)Ri3(u+v)Ra3(v) f and Ry (v)Riz(u+
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v)Rys(u) f meromorphic on C((0,0,0,0,0),7/2) to satisfy the Yang-Baxter equation

Ria(u)Rus(u +v)Ru()f = Ru@Ru@+0)Re@f ()

is that the meromorphic functions A and B satisfy the following functional equations:

B(v, 29 — 23)A(u, 21 — 22)A(u + v, 21 — 23)
=B(v, 2 — 23)A(u + v, 21 — 22)A(u, 21 — 23), (3
B(u, 21 — 22)A(u+ v, 29 — 23)B(v, 21 — zg)
=A(v, 22 — 23) B(u + v, 21 — 23) B(u, 23 — 22)
+B(v, 22 — 23)B(u +v,21 — 23)A(u, 22 — 23), (4)
A(u, z; — 29)B(u +v,21 ~ 23)A(v, 29 — 21)
+B(u, 21 —‘zz)B(u + v, 29 — 23)B(v, 21 — 22)
=A(v, 2z — z;;)B(’u +v,21 — 23)A(u, 23 — 22)
+B(v,2 - 2)Blu+,2 - 2)Blw, 22— ) ®)
on C((0,0,0,0,0),7/2). Here the operators Ria(u), Ris(u) and Ry3(u) are defined
as follows: \
(Rio(u) f)(21, 22, 23) = A(u, 21 — 22) f (21, 22, 23) - B(u, 21 — 22) f(22, 21, 23),

(R13(u)f)(z1, 22, 23) = A(U, 2y — zs)f(zl;zz, 23) - B(U, 21 — Zs)f(zs, 22, 21),

(st(u)f)(zl, 22, 23) = A(U, 22— Zs)f(zl, 22, 23) - B(U, z2 — Zs)f(zl, 23, 22)-
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In order to classify the R-operator satisfying the Yang-Baxter equation (2), it
suffices to give the complete classification of the meromorphic solutions A and B of

the functional equations (3), (4) and (5) because of Proposition 1.1.

Theorem 1.2. The meromorphic solutions A and B of the equations (3), (4) and

(5) defined on C((0,0),7) are one of the following: -

0. trivial case A is arbitrary, B = 0.

A =0, B(u,z) = exp(F(z)u)G(u) on C(0,7) x C(0,7;).

(0 <n< T)
L generic case  A(u,) = b(w)A(z), Blu,) = b(u)B(u,2).
1 — 1. elliptic Z(z) = h(z) o(z + s;711,72)

U(x; T, 72)0(3; T1, T2) ’

o(z + au; 1y, 72)

B(u,0) = '
(n2) = eplon) S m)otaus 1, )

(a,m1,72 € C\ {0},Im7y/71 > 0,5 € C\ (Z; + Z7,),p € C) |

sinh Z}2 sinh Ziau
. o ho)mrrmes  ~ exp(Puz) s Tamn e
1 — 2. trigonometric A(z) = B(u,z) =
+
he) gk exp(puz) G s

(a, A € C\ {0},s € C\ Zrv/—=1),p € C)

- hz)gse, exp(puz) L,
1 — 3. rational - Az) = B(u,r) =
| h(z)3, exp(puz);.

(a,s € C\ {0},p€ C)
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2. singular case A(u, ) = clb( )h(:c) (u T) = cob(u )eXP(PWF)i

(p € C,c,c0 € C\ {0})

Here the function F is holomorpﬁic on C(0,71), the functions G(2 0), b( 0) and
A are meromorphic on C(0,7), the fuhétidn h is meromo;j)hic on C(0,7) satisfyz'ng
the relation h(x)h(—z) — 1 and the function o(z) = o(i;fl,fg) is the Wez’erstfdss
sigma function.

oswmnm=c- [ {0-Deal+35M),

w
w=miT1+maT2

where (my,ms)-in the product above runs over all the elements in Z? except (0,0):

We prove the lemma below by the three term identity of the Weierstrass sigma

function [3, page 377|, (13, page 461]. . ..

Lemma 1.3. The functions A and B in Theorem 1.2 satisfy the equations (3), (4)

and (5).

Hence the list in Theorem 1.2 gives the complete classification of the R—opérators
(1) satisfying the Yang-Baxter equétion (2).

This article is organized as follows: Section 2 describes the results obtained in
[9] briefly. We make the best use of these results (Theorem 2.1) when we solve the
functional equations (3), (4) and (5). In Section 3, we give the proof of Theorem

1.2, which is the main result in this article.



2 Review of the classification of R-operators

In this section, we briefly review the paper [9].
Let functions A(z) and B(u,z) be meromorphic on C(0,r) and C((0,0),7), re-
spectively. For a function f meromorphic on C((0,0),7/2), we define the function

(ﬁ(u)f)(zl, 2) meromorphic on C(0,7) x C((0,0),7/2)(3 (u, 21, 22)) as
(ﬁ(u)f)(zl, z9) = 2(21 — 29)f(21,22) — E(U, 21 — z2) f(22, 21)- (6)
In [9], we gave the complete classification of the operator R(u) by virtue of [4].

Theorem 2.1. The complete list of the operator ﬁ(u) satisfying the Yang-Baxter

equation (2) is as follows:

0. trivial case A(z) is arbitrary, B(u,z) = 0.
A(z) =0, B(u,z) = exp(F(z)u)G(u) on C(0,r) x C(0,ry).
(0 <n < T)

1. generic case

o(z + s;711,7T2)
o(z; 711, 72)0(8; 11, T2)’

1 — 1. elliptic A(z) = c- h(z)

o(z + au; 11, T2)
o(z; 11, 72)0(au; 11, 72)

B(u, z) = cexp(puz)

(a; ¢, 11,72 € C\ {0},Immy/7; > 0,5 € C\ (Zn, + Z7,),p € C)

sinh £t2
i Z gj R
sinh Y sinh X

c- h(z)

1 — 2. trigonometric A(zx) =

- h@)mhg
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sinh tew

PUT) 2

E(u,:c): Cexp( m)Sinhfsinhe,\z,
4+ Z
cexp(puz) .

(a,c, A € C\ {0},s € C\ Znv/~1),p € C)

c- h(z)xs R | cexp(puzx)iter

1 — 3. rational Az) = = B(u,z) = azu?

c-h(z): cexp(puz)z.

(a,c,s € C\ {0},p € C)
2. singular case A(z) = e1h(z), B(u,z) =c, exp(pua:)%.

(p€ C,ci,co € C\ {0})
Here the function F is holomorphic on C(0, 1), the function G(# 0) zs me}omory;hic
on C(0,7) and the function h is méromomhié on C(0,r) satisfying the réidtibﬁ
h(z)h(—z) = 1. ”
Remark . We cbrréét the condition 'of the functions a, ¢ and 1/) in Theoreﬁl II.1 zin

the paper [9] as follows: The functions d, ¢ and 7 are all méromorphic oh the disk

C(0,7") for some 7' > 0.

3  Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2, the complete classification of

the meromorphic solutions of the functional equations (3), (4) and (5) by means of

Theorem 2.1.
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From Proposition 1.1, we see that any A and B = 0 solve the functional equations
(3), (4) and (5).

If A =0, then the R—operatoi; R(u) is (R(w)f)(z1, 23) = —B(u, 21 — 23) f(22, 21)-
This operator is nothing but the operator R(u) in the equation (6) with A = 0.
So we have already solved the functional gquations (3), (4) and (5) with A =0 in
Theorem 2.1.

In the sequel, we assume A # 0 and B # 0.

_Then the equation (3) implies
A, DA(,) = A D) AwY) Io
on C((0,0,0,0),7). ”
Lelhma 3.1. There exists functz'mfs b qnd A meromorphic on C(07 T) such thfzt
A(u, z) = b(u)A(z).
Proof. By A # 0, there exists r; > 0 and _(yl,zl) € C((0,0),7) such thp,t the
function A is holomorphic on C((w,x1),m1) and that A(u,z) 76 0 for all (u,x) €

C((u1,11),71). From the equation (7),

Alu,z) _ Au,y)
A(v,z)  A(v,y) (8)

for all u,v € C(u;,7) and all z,y € C(z;,7;1). The equation above means that the
function A(u,z)/A(v,z) holomorphic on C((uy,u;,%;),7;) does not depend on the
variable z. We define the function f meromorphic on C((0,0),r) by

A(u, )

flu,v) = Av, z1)
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because the function A(u,z;) is meromorphic and not identically zero on C(0,r)

(See Lemma IIL5 in the paper [9].). We note that the function f is holomorphic on

C ((ul, u1),71). By the equation (8) and the definition of the function f,
A(u7 .’L‘) = f(u’ ul)A(ula SC) _ (9)

for all (u,z) € C((u1,21),71). From Lemma IIL5 in the paper [9], the functions
f(u,u;) and A(ui,z) are meromorphic on C(0,r), and consequently, the func-
tion f(u,u;)A(u;,z) in the right hand side of the equatioh (9) is meromorphic on

C((0,0), 7). Define the functions b and A meromorphic on C(0,r) by

b(u) = £(u, wa),
Z(z): A(ul, ).
With the aid of the identity theorem for the meromdrphic functions,
Ay, z) = b(w) A(z)
on C((0,0),r), which is the ‘desi-red result. | | . o O

We note that b # 0 because A # 0. By means of Proposition 1.1, the oper-
ator (1/b(u))R(u) also satisfies the Yang-Baxter equation. If we put B(u,z) =

(1/b(u)) B(u, z),

(L) R ), 22) = Ales = 22) (21, 22) = Bl 23 = 22)Flen ),

that is to say, the operator (1/b(u))R(u) is the operator R(u) in the equation (6).

From Theorem 2.1, we deduce Theorem 1.2.
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