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1. L2 FERXH S chaotic MFA~

A, B AL NER EOEEAR LTS, ARV B H EOERARTS
ZLiE (Az,2) >0 Vo€ H DL E RV A0 LRT, it A BRBOEFARTHS
i A> 0 o WHRPEE NN A>O0 ERTILICTH, TITHA B20 L
A, B O a-power mean fo &FEEN 3 ERFTL [20)  EAMRFEL LTHR D, T
KoEHicEx 6D,

Al B=AY(A"2BA%)241, fora€(0,1]

TN B RER (8),19]) 2 EARTEHEANTRT LROL 512 ([3],(13]).
Furuta inequality:

(F) A>B=>A"f#1-o BP<A and B<B*fi. AP

p~u p—u

forp>1and u<0.
ThAERARENFAVTHEREE5 XS LROLHICIITICRS I LR TE S ([13),

Satellite theorem of the Furuta inequality: If A> B >0, then

(SF) A 1w B? < B <A< B 1y AP

p—u p—u

forallp>1and v <0.

D A%, B? ¥ A* b BP L %< path LB,
b a=00Dr% A%f BP =A%, a=1 0Dk % A"} BP = B?, O<a<lDb&i A
2 BP KB L T RPBBLEHRT, =58 L¥35Z LTINEIRERIT =11
BISEKZRLTNS, LVWHIBREEXDH L ENTED,
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Satellite theorem of the Furuta inequality I Figure 1 TR LI B3 LBV § =1 2BV
TRICRNAK/NBERBZOEE/OND LWVWS 2L ThD, %0 Satellite theorem % b
S L—BILTIIT A% 50 B? & B¥ f5_u AP BEW A%, B® LOBMRIZIRDE S22 3

(I51,[61).

0 < § < min{l,p} PB4
(1) A* fs_w BP< B < A5 < B% }js_. A?

p—u P—u
max{u,—1} <y < 0 DFEE \
2) A% 1oy BP < A7 < BY < B fyou AP
p—-u p—u

RIZES 0L LI, LOL S RBRRBLNAIPIZOVTEZTARS, (1) KBWNT

A1 B
>
d§ — 4
IR LTW3, 2Dz L kYy®R:E3,
5 _ 5 _
limA IZlimB ! < logA>logB
550 6 -0

%£ZTlogA >logB 725B4%% A > B L# L chaotic NEFE L FES, = O chaotic N
FF% Figure 1 ECRONZBIRL LTROBRITARR OO THS S, ZhidLil (1)) o
exponential inequality IZRIMENBOLNRERTH S ([4)) 25, ZhhrbORROHR AT
bHD, VI EHELIADT chaotic Furuta REX LR L &35,

Chaotic Furuta inequality: Let A and B be positive invertible operators. If A> B,
then
(CF) A*f-w BPSI<B“f_. AP

p—u p—u
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for anyp >0 and 0 > w.

TRIEE BIZKRD X D It LT X B ((14],[15],(18],[19]).

Theorem A. Let A and B be positive invertible operators, then the followings are
equivalent.

n : A> B (ie.log A > log B)

(2) o A"ﬂ%B”SB“ for <0 and 0<6<p
@) B“Hz_:%A”ZAs for u<0 and 0<6<p
(4) A* 3oy BP< A7 for u<y<0 and 0<p
(5) B“‘ﬁﬁAp237. f;rr uS'.ySO and OSp;

DI DIERAZ 52 THL,

Proof of Theorem A. Since A% § —« BP < 1 by (CF), (1) implies (4) is given as
i p—u

follows:

-

A Yy BP = A" frou (A" §

pou

w BP) S A% 1w 1= A7

The equivalence of (2), (3), (4) and (5) are also shown similarly and thelconverse is the
case of § = 0.

Bic 6 =1 LI T AL FRER (F) OB EbNS, (SF) LHEBTHZLTA> B
L A> B OMEXH LI LTV EORKOERTHS ((18],[19]),

Satellite theorem of chaotic Furuta inequality: Let A and B be positive invertible
operators. If A> B, then
(SCF) ' A“fi-. BP<B and A<B"f1. A°

p—u . p—u

holds for any p> 1 and 0 > wu.

A>Bit A>B LVBVIEFTHEZ LY A> B OEENMbIE (SCF) &b
(F) %721 (SF) REbICB LIS,

2. chaotic LTS5V FI N4 BTER



T FIAVZRERIZONTRARE S ([2],[10],[11]) ZH HERRFEHEHNT
RTERDE D243 ([4],[7)e 727 LI ZT by i a-power mean #—f{LLIZH DT

Al, B=Ai(A"2BA7)°A3 seR
THEx BB, 0<s<1DLxih, =}, TH3,

Grand Furuta inequality: IfA > B > 0 and A is invertible, then for each 1 < p
and0<t<1,

—r4t t p —r+t t P
(GF) AT facue (Al BP) <A and BB aoue (B Y, A7)

holds fort <r and 1 < s.

DT T RZNVFFRERKITHONTH 7V REXDIFRS L FIER Satellite AR LK
DEIICEz B35 ([16)),

Satellite theorem of the grand Furuta inequality. If A > B > 0, then for
0<t<1,0<t<p<B,u<0,0<8<1 andd<pB, the following holds.

(SGF) A* 50 (A* oy BP) < (A' hpe B?)F < BS
BF~u p—t p—t

< A< (B' bzt 498 < B fyou (B' ot A7)
IiTs=85 u=—r+t LB Z LT (GF) OBICERTHZLHNTED, RLIET
(Figure 2) IZR.5 X 51 (SGF) b¥7= B* & Bt s AP #%R< path CRIT 2 H%
2T, S DRUHELIDPLBODZLTROLIREEEZXDEERTES ([17)).

Theorem B. IfA > B > 0, then for eacht € [0, 1], 0 <t <p < B, u <0 and
0 £ 6 < B, the following hold.

A* fs-u (A foe BP) < (A ho, BP)P
H-—u p—t p—t

v (Bt hoe AP tho . APV

B ls=x (B" gy A7) 2 (B ho=: 47)

SHISDBHERXRTAI LT, IVIBRRERL VS R7AERLEOMIZBWT
ROL S REFEROK ZeBbhD, ZhbOBRL T (Figure 2) DX S iz#+ 2 &
TE 3 ([17), c£[12],[13)),

Theorem 1. IfA>B>0and0<t<1,0<t<p<pB,u<0, then
A" fs—u (A® fhp-¢ BP) < A §5-u BP
Hoze ( h;ﬁ__; )< A Ho=u

and
u —u t e P\ > B —. p
B ﬂ%:;(B h%A)_B fs-u A

p—u
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holds for u < § < p.

B fo (B! bozt A7)

B® P—u
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Figure 2

TIX7 7 RN FRRERIZEB W T chaotic HFZHWNWR L ED L 22 b DIZRBM,
¥72t€(0, 1] ZBROH LRI TERON, RELVSEILEBRIIRHS,TL S, ZThEA
DEIZER > TRIFOBRLZERHELWLOMERIZRoTW, & Z5H Theorem A %
HEHZELTAS>SB DL ERMBEY IO,

Theorem 2. IfA> B, then foru<t<0<p<p,u<d<pandp < B < 2p, the
following hold.
u — t _ p < u —u P
A ﬁ%:_a(A hHB)_A fs-u B

p—u

u —u t _ Py > BY - P
B* fs-u (B hg:%A)_B hs-u A

pP—u

Lemma. IfA> B and0<p<B<2p, then foru<t <0,

A’ fp- BP < A¥ fp-u BP

p—i p—u
and
Bt hp-t AP > B hp_u AP.

p—t p—u

Proof. Since 1 < g < 2 and by using Theorem 1, we have the following:
Athge B® = BP(BPfp, ATHBP
p—t p—t
< BP(B7P s, (A" §s-u« B™“)BP
< BB gz (A" Heze B™Y)
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= BP(B7P fp-p (B7P o= A7H)B?
p—t Pp—u
= BP(B7Pfsp, A7")BP = A" fj5-. BP.

p—u p—u
Proof of Theorem 2. By the above lemma, we have
A" Hgzu (A" hozy BP)
< A u&-u (At hp-_u BP) = A% §5-. BP

p—u

ZDOBRLKRD Figure 3 Ik > THHATE S,

B* §o (BY hg—y AP
fa ( he= ) BY §,.. AP
p—u
Bt
Bt hp-: AP
/ Pt
B® §, AP /
B /
A6
. Bt
o L ! B
u t 0 é p B
Figure 3

Theorem 2 IZBWT p< B <2 LS HREOVTLED ZLIZRREBL T,
EIBBRDEIICTHILT B IXAMLRYROBRERD,

Theorem 2. For A, B>0,if A> Bandu<t<0<p<p, then

u t p t . BP
(1) A 3%53(14 hg_z_:.B)SA hs;;iB

u i . AP t a F
(2 B" §o=u (B h%A)ZB bot A
holds fort < a < f.

Proof. By (FC), we have (A~ $BPA-$)7i < At
So A> (A'EB"A‘f)P-‘ holds and

A Yo (ASBPA3)5F < (A-3BPA$)5

—t—{(u—t
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A" fazt (A" hpe) < A® baze BP.
p—t p—t p—~t
T (Figure 4) 1% Theorem 2 @ (2) ORAFERLEZL D ERS TS,

B? A7

w a—u t —t P
B fgy (B' hazy 47)

r R0 o @S0 B

Figure 4
ZOENE bP5 B & 51T Theorem 2 HEICH L BB L KD L I T B,

Corollary 4. Let A, B >0 and A>> B. Then the following (1) and (2) holds.
(1) the case t < a <0,

Au ﬁa-—u (At BP < At na-t BP < Aa
9__

p—t
vy t _ Py > t o P> Bo
B ﬂm(B h%A)_BﬂF%A_B
(2) the case 0 < a < p,
“fou (A® hp—t BP) < A' fac BP < B
A ﬂa__u(A h%B)_A ﬂﬁB <B

ua_u t _ p> ta_ p> o
B* fiazy (B lg=y A7) 2 B fazt AP 2 A

Proof. (1) is obtained as follows By (CF), we have (A~ iBPA~ f)P—t <At
Since 4; = A*t > (A"iB”A 5)1’-‘ By, A% §1-,, BP' < By holds for t; < 0 and

pr1—-t
1 < p; by (SCF). Let t; = and p; = 8=t then

a—t1
A fomu (ATEBPATH)S < (ATHBPATH)F

Namély,/ : .
A* Ba-u (At ho-: BP) < Al ozt BP < B
Fu p—t p—t
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The final inequality is obtained by Theorem 2.

iR # B chaotic MEFICB L THEAREHZAVWTET L RO LI IZRDIERERL
T3 ([11))e

Theorem F1. For positive invertible operators A and B, A > B if and only if

—r4t (p—t)s+t —r+t t P
(F1) IZATHY oo B 2ATHY et (A BY)

holdsfortSO,tSr,Ospandpl_f;SsSI.

Theorem F2. For positive invertible operators A and B, A >> B if and only if

>ATH Y L, t P) > A~TH 4 (p—t)s+t
(F2) 1>A ﬂm(A hs BP) > A uTF"t)':?B

holds fort <0,t<r,0<pand1<s< 2t
(F1) koW Tiru=—r+t, s=32, t<0<d<p &ThiT

’ u S u t P
(F1') I12A"8 -« B°2 4 “x—__";(Au%:_%B)

LHEED, BRUDREEX (CF) ThY., 2%HIL Theorem A XY Al Y. BP<B* T
HEPLHLHERD, ’
¥ (F2) 2o Th u=—r+t, s=83,t<0<p<p<2p LThid

F2’ > A% 4 _. (At hs_e BPY> A% 4 _. BB
(F2) I~ A ﬁm(Ah%__:B)_A UEB

LERED, BYIOFR%EEIL Theorem 1 D =0 DBATHY EIZ (CF) 2> Z L THH
n3, 2BEBOREEIZHOVWTIIRD Lemma X VBALNTH B,

Lemma. LettSaSOSpSﬂandOSf—EﬁSl. Then for A > B, the following
holds.
At fp_: BP > BP.

p—t
Proof.

A'hpy B? = BPlpp A'=BP(BPfgp A")BP
p—t p—t p~t
= BP(B™P f§gp (B7P fae A"))BP 2 B*(B™ s, B~*)BF = B”.
P—a | ot

P
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