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Necessary Conditions for the
Gevrey—Well-Posedness
of Schrodinger Type Equations

Michael Dreher, University of Tsukuba *

1 Introduction

We study necessary conditions under which the following Cauchy problem of
Schrodinger type,

Lu= (i@t + A+ Z bj(x)0s; + c(:t:))u = f(¢,z), u(O z) = <p(:n) (1.1)

is well-posed in Gevrey spaces G*, 1 < s < co. Here G* = li_n;poG and G} is
the Hilbert space G = {v € 2(R"): |jv], , = “exp(g (5)1/’)1)({)” < 00}, where
(€) = (1 + |¢]*)'/? and 4 is the usual Fourier transform of v.

Definition 1.1. We say that the Cauchy problem for the operator L is forward
G* well-posed if for every T > 0 and every gy > 0 there are constants C = C(T,, go)
and ¢ > 0 such that for every € Gy, f € C([0,T], G3,) there is a unique solution
u € C([0,T7],G3) to (1.1) with

fu(t, Mop < Cllgll, g +C / 1f(r, Mgy dr, OSEST.

If the coefficients b; are purely imaginary valued, then a priori estimates of a
solution u to (1.1) in the spaces I?, H*, and G/, can be easily derived, and the well-
posedness of this Cauchy problem follows by standard arguments. The situation
is more delicate when Rb; # 0. For example, the Cauchy problem for the operator
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L = i0; + 82 + 0, is neither well-posed in I? nor in G*, 1 < s < 0o, as can
be shown by an explicit representation of the solution, see also [12]. Generally,
well-posedness requires a certain decay of Rb;(x) at infinity.

Therefore, we propose the following condition:

Condition 1. There is a constant M = M(dy) such that

sup
zER™ weSn-1

/ Z?ij(x + 20w)w; df| < M(1 +|o|)%*, Vo eR.

We assume that the coefficients b; and ¢ belong to Gevrey spaces Gioy Gip:

1826;()]| oo < CHHelQt® | vq, | (1.2)
102¢(-)| oo < CHlt® Vo,

Theorem 1. Let (1.2) be satisfied, and let dy be a number with do > 3/(s+1)
and dy > 2/(s + 1 — sp). If Condition 1 is violated, then the Cauchy problem for
the operator L is not G* well-posed.

Sufficient conditions fof the G* well-posedness of the Cauchy problem for the
operator L = i0+A+3 7, b;(t, )0, +c(t, z) were given in [2], namely Rb;(t, z) =
o((x)**71). In case of the model operator L = i8; + A + (z)*' 8, with z € R!,
and 0 < d < 1, the Cauchy problem is therefore well-posed if d < 1/s. On the
other hand, Theorem 1 implies ill-posedness for d > 3/(s + 1).

This gap can be closed if we suppose that the coefficients b; decay not too rapidly:
Condition 2. There are zo € R", wy € S™!, and ¢ > 0, ¢y > 0 such that
n
- Z Rb;(z + 7w )w; > 200 ()7L,
i=1 |
for all 7 > 0, |z — zo| < &, and all w, w' € S*! with |w — wy| < &9, |’ — wo| < &o.

Theorem 2. Suppose (1.2) with s, < s and Condition 2. Then dy < 1/s is
necessary for the G° well-posedness.

A necessary condition for H* well-posedness was given in [7]:

sup
z€R™ wesn—1

o n
/ Z?ij(x +20w)w; df| < Mlog(l1+ |o])+ N, Vo €R.
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This condition is sufficient in the case of one space dimension; and it is sufficient
in the cases of two or more space dimensions if one supposes certain relations on
derivatives of the coefficients b;, see [8].

The investigation of an operator with variable coefficients in the principal part,
L =104+3;x jk()0s; 0z, + 3 ; bj(x)0s; +c(z), where a(z, &) = > ix Gik(T)éi&r >
colé]?, co > 0, requires the introduction of the bicharacteristic strip (X, P) =
(X, P)(t, z,p), which is the solution to the Hamilton—Jacobi equations,

0.X; = Op;a(X,P), 0,P;=-0x,a(X,P), (X,P)(0,z,p)=(z,p).

Then a necessary condition for the H>® well-posedness is

sup < Mlog(l+|o|)+ N, Voe€R,

Tw

/a i ﬁbJ(X(ov*'m w))‘PJ(oa z, w) dg

under some additional condition. For details, see [6].

Sufficient and necessary conditions for H* well-posedness were discussed in [3], (4]
and [13]. These conditions are similar to the conditions for H* well-posedness
if a loss of regularity is allowed, otherwise similar to the conditions of I? well-
posedness.

In [9] and [11], the following necessary condition for I? well-posedness was shown:

sup <M, VoeR

z€R® ,wGS""l

/0 UZij(X(o, z,w))P;(8, z,w) df

n
i=1

This condition is also sufficient, see [10].

Schrédinger type equations with a lower order term of order strictly less than 1 were
investigated in [1]; and sufficient conditions for G* well-posedness were proved.
Theorem 1 and Theorem 2 will be discussed simultaneously; and the both cases
will be called Case I and Case II, respectively. The following lemma, which gives
us an integrated estimate of Rb; from below, is quite essential.

Lemma 1.1. Assume that 0 < dy < 1 and that Condition 1 is violated. Then, for
each k € N, there are zx, € R*, 0y € Ry, wy € S™! with the property that

o 1
- / 3 Rb (@ + 2008 )n 3 dB = k(1 + o1)®,
0

Jj=1
n

- / Z ERb,-(xk + 20w,,)wkj do > kdoa'(l + O’k)do_l, 0< o <oy,
0

=1

where gy tends to infinity for k — oo.
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This lemma gives us a sequence {0}, tending to infinity in Case I. In Case II, we
choose this sequence arbitrarily, but still tending to infinity. Now we fix special
initial data, pr(z) = @(z — zx) (in Case I), and ¢i(z) = @(z — zo) (in Case II),
where p € G4, is given by $(§) = (€)™ *D/2 exp(— 0o (€)*/*). Assuming that (1.1)
is G* well-posed, there is a unique solution u; € C*([0,T],G3) of

Luy =0, ux(0,z) = pi(z). | . (1.3)

Next we define a seminorm FEj(t) for the function u(t, ).
Let h = h(z) € G* (with so > 1 very close to 1) be a function with

0 :lz|>1,
h(z) = = 0<h(z) < L.
) {1 el <12, OSMOE

We choose the symbols

— ‘_ 3 l ‘_ d3 : -
wk(t,x,f) —h (.’E T 2t0'k wk) h (5 Oy wk) , (Casel),

LA o A.

T — Tg — 2torwy & — orwo :

= Ak II
) =h (TR B0 ) (E20), (e,

where 0 < ¢ < &), 01 = 1 — dp, and J3, d3 are certain positive constants. For
multiindizes o, 3 € N*, we specify

w™(t,7,€) = O5h(y)o5 (n)

51 33 —&g 53 )
y=0}! (z—zi—2t0}3wn), 1= 2 (E~03wi)

w*(t,,6) = a;h(s-‘y)af,’(n),'

- 5 )
y=(2toy) 1 (z—z0—2toRWo), N=0), 2(¢—arwo)

in Case I, Case II, respectively. These cut—off symbols are suppdrted near the
bicharacteristic strip. With some positive constant «, we set N 3 Ny = [a;:/ ],
choose s; > sg, and define the seminorm

WP(t, z, D, )ux(t, 7) ||B(Rg) :

E®= ),  (aB)

|a|<No,|BI<No—2 , ,

The ill-posedness of the Cauchy problem can be proved by estimates of E(t) from

above and below which contradict for large o}, if we choose 4y, 62, d3, K, € suitably.

For reasons of space, we omit the tedious calculations, which can be found in [5],
and only sketch the proof.
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It is easy to estimate Ej from above: the symbols w,(fﬂ ) belong to the Hérmander
class Sj,, then the Calderon—Vaillancourt theorem and the presumed well-
posedness of the Cauchy problem give

Ek(t) < CO',(;‘ “(p”s,go :
To get an estimate from below, we write
vy (t,2) = WP (¢, 2, D.)us(t, 3),

B(z,D,) = — Zn: Rb;(z)Ds;,

Jj=1
and can deduce that
d I — R(a (aﬂ)’ (Oﬂ))
' r r tU > Uk

_5 (_i[ LWy, v,(‘aﬂ)) iR (z A v®, v,(caﬂ))

n
+ Z R (ibjazjv,(fﬁ ), v,(,aﬁ)) +R (icv,(fﬂ ) P ))
=1

v’(‘aﬂ) ,v,(‘aﬁ)

2
2 =i ], ok -

’IP +R (B(:L‘, D,)v{?), v,(caﬂ)) -C

Now we need an estimate of ”[L, W,f“ﬂ )]uk”” from above, and an estimate of
R (B(:z:, D)u(P) ylef )) from below.

The symbol of [L, W,§"'3 )] can be written as an asymptotic expansion, up to some

remainder, and ”[L, wief )]uk” can be estimated by certain norms l y{@t7h+) ”
B r

plus some remainder which becomes negligible for o — o00.

The term R (B(a:, D,)v*®) v(*f )) can be estimated using Condition 2 and Gard-
ing’s inequality, or Lemma 1.1 and Gronwall’s Lemma.
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