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The Deutsch-Jozsa algorithm to implement an $f$-controUed-NOT transformation on a
quantum computer was generalized to create arbitrary phases. This phase-creation
algorithm was applied to solve an extended Deutsch problem for afunction that
maps $\{0, 1\}^{n}$ to $\{0, 1\}^{m}$ . Implementation of the algorithm on an NMR quantum
computer is discussed.

1 Introduction

Quantum computation [1] is arapidly growing field of research. Aquantum
computer [2] uses aset of tw0-state systems as quantum bits (qubits), and
executes acomputation by asequence of unitary transformations on them;
the desired useful information is extracted by measuring the final state of the
qubits (or asubset of the qubits). After simple quantum logic gates have been
tested successfully using cold trapped ions [3], several groups proposed the use
of nuclear magnetic resonance (NMR) of bulk quantity molecules $[4,5]$ . The
first quantum algorithm that was implemented on any quantum computer
was Deutsch-Jozsa algorithm [6] to solve Deutsch problem [2], and these im-
plementations employed NMR.

Deutsch problem, generalized by Deutsch and Jozsa [6], in its simplest
form, is stated as follows: “For an unknown given Boolean function $f(x)$ ,

$f(x)$ : {0,$1\}^{n}1arrow\{0,$1}, (1)
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determine whether it is constant or balanced by evaluating it only once,”
where balanced means equal number of variables for all function values. The
original Deutsch problem corresponds to the case of n $=1$ .

To evaluate $f(x)$ on aquantum computer, some unitary transforma-
tion $U_{f(x)}$ is necessary, and the Deutsch-Jozsa algorithm [Eq. (3)] uses an
$/$-controlled-NOT transformation, which is defined by

$|x\rangle|y\ranglearrow U_{f(x)}|x\rangle|y\oplus f(x)\rangle$ ,

x $\in$ {0, $1\}^{n}=0,1$ , \ldots ,
$2^{n}$ –1, (2)

$y$ , $f(x)\in\{0,1\}^{m}=0,1$ , $\ldots$ , $2^{m}-1$ ,

where the first qubits (quantum register) are the control and the second qubits
are the target. If we set the target qubit to aone-qubit superposition state,
$(|0\rangle-|1\rangle)/\sqrt{2}$ , we have

$|x \rangle\frac{|0\rangle-|1\rangle}{\sqrt{2}}arrow U_{f(x)}(-1)^{f(x)}|x\rangle\frac{|0\rangle-|1\rangle}{\sqrt{2}}$ . (3)

Using this Deutsch-Jozsa algorithm and the Hadamard transformation H de-
fined by

$|0)$ $arrow H\frac{|0\rangle+|1\rangle}{\sqrt{2}}$ , $|1 \ranglearrow H\frac{|0\rangle-|1\rangle}{\sqrt{2}}$ , (4)

we obtain

$|0 \rangle|1\ranglearrow H^{2}\frac{|0\rangle+|1\rangle}{\sqrt{2}}\frac{|0\rangle-|1\rangle}{\sqrt{2}}$ , (5)

$arrow U_{f(x)}\frac{(-1)^{f(0)}|0\rangle+(-1)^{f(1)}|1\rangle}{\sqrt{2}}\frac{|0\rangle-|1\rangle}{\sqrt{2}}$ , (6)

$=(-1)^{f(0)} \frac{|0\rangle+(-1)^{f(0)\oplus f(1)}|1\rangle}{\sqrt{2}}\frac{|0\rangle-|1\rangle}{\sqrt{2}}$ , (7)

$arrow H^{2}(-1)^{f(0)}|f(0)\oplus f(1)\rangle|1\rangle$ . (8)
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Equations (5) $-(8)$ show that, stating from the state $|0\rangle$ $|1\rangle$ , only one function
evaluation suffices to obtain the state $|f(0)\oplus f(1)\rangle$ for the control, which is
$|0\rangle(|1\rangle)$ when $f(x)$ is constant (balanced), solving the $n=1$ Deutsch problem.
This may be the simplest example of quantum parallelism [2], an important
aspect of the power of quantum computers.

Recently, Collins, Kim, and Holton (CKH) [7] showed for the $f$-controlled-
NOT transformation that, if the target register in the input is restricted to
the subspace spanned by $(|0\rangle-|1\rangle)/\sqrt{2}$, then there is no entanglement be-
tween the control and the target registers in the output, the state of the target
does not change; therefore, the target can be redundant. In this refined CKH
algorithm, the transformation $U_{f(x)}$ is simply given by

|x\rangle $arrow U_{f(x)}(-1)^{f(x)}|x\rangle$ . (9)

Of course, this algorithm is experimentally applicable when we can directly
create the phase $(-l)^{f(x)}=\pm 1$ for the state |x\rangle .

In this work we will give an algorithm to create arbitrary phases $e^{\dot{|}\pi\phi(x)}$ ,
rather than only fl [Eqs. (3) and (9)], and apply this algorithm to solve an
extended Deutsch problem where the function maps $\{0, 1\}^{n}$ to $\{0, 1\}^{m}$ .

2Phase-creation algorithm

Recalling that the input state for the target qubit of the Deutsch-Jozsa alg0-
rithm is the Hadamard transform $\mathrm{o}\mathrm{f}|1\rangle$ [Eqs. (3) $-(5)$ ], and that the Hadamard
transformation is the simplest (modulo 2) case of aquantum Fourier trans-
formation [8], we will replace this qubit (the target) by an $m$-qubit quantum
register, $|u\rangle$ , which is the quantum Fourier transform modulo $2^{m}\mathrm{o}\mathrm{f}|\mathrm{O}\mathrm{O}\ldots$ $01\rangle$ :

$arrow F_{2^{m}}|u\rangle=\frac{1}{\gamma_{2^{m}}}\sum_{y\in\{0,1\}^{m}}e^{:2\pi y/2^{m}}|y\rangle$ . (10)

Note that |u\rangle is in fact unentangled [8], and is given by

$|u \rangle=\frac{1}{r_{2^{n}}}(|0\rangle+e^{\dot{1}2\pi/2}|1\rangle)\otimes(|0\rangle+e^{\dot{1}2\pi/2^{2}}|1\rangle)$

$\otimes\cdots\otimes(|0\rangle+e^{\dot{1}2\pi/2^{m}}|1\rangle)$ . (11)

116



Next, extending the definition of $/$-controlled-NOT transformation [Eq. (2)],
we will define aunitary transformation $U_{\phi(x)}$ by astate-shift operation on each
state |y\rangle of the target register |u\rangle ; y is shifted by an integer value $2^{m-1}\phi(x)$ ,
which is determined by the state |x\rangle of the control register:

$|x\rangle|y\ranglearrow U_{\phi(x)}|x\rangle|y-2^{m-1}\phi(x)\mathrm{m}\mathrm{o}\mathrm{d} 2^{m}\rangle$ ,

$x\in\{0,1\}^{n}$ , $y\in\{0,1\}^{m}$ , (12)

$\phi(x)\in\frac{1}{2^{m-1}}\{0,1\}^{m}=0$ , $\frac{1}{2^{m-1}},$ $\frac{2}{2^{m-1}}$ , . . . ’
$\frac{2^{m}-1}{2^{m-1}}$ .

Using Eqs. (10) and (12), we obtain

$|x \rangle|u\rangle=\frac{1}{\gamma_{2^{m}}}|x\rangle\sum_{y\in\{0,1\}^{m}}e^{i2\pi y/2^{m}}|y\rangle$ , (13)

$arrow U_{\phi(x)}\frac{1}{\sqrt 2\neg n}|x\rangle\sum_{y\in\{0,1\}^{m}}e^{i2\pi y/2^{m}}|y-2^{m-1}\phi(x)\mathrm{m}\mathrm{o}\mathrm{d} 2^{m}\rangle$ , (14)

$= \frac{1}{r_{2^{n}}}e^{i\pi\phi(x)}|x\rangle\sum_{y\in\{0,1\}^{m}}e^{i2\pi[y/2^{m}-\phi(x)/2]}$

$\cross|y-2^{m-1}\phi(x)\mathrm{m}\mathrm{o}\mathrm{d} 2^{m}\rangle$ , (15)

$=e^{i\pi\phi(x)}|x\rangle|u\rangle$ , (16)

which shows that state-shift operations on states $|y\rangle$ of the target register $|u\rangle$

result in the creation of aphase $e^{i\pi\phi(x)}$ for the control register $|x\rangle$ , because of
the property of the Fourier-transformed state of the target. (When we use a
target register which is the Fourier transform of $|a\rangle$ $=|a_{m-1}a_{m-2}\ldots$ $a_{0}\rangle$ where
$a:\in\{0,1\}$ and $a=2^{m-1}a_{m-1}+2^{m-2}a_{m-2}+\cdots+2^{0}a_{0}$ , we obtain aphase
$e^{i\pi a\phi(x)}$ for the control register $|x\rangle$ .) This is an explicit expression of what Cleve
et al. [9] proposed for the creation of arbitrary interference patterns. If we put
$m=1$ in Eqs. (10)-(16), we obtain the Deutsch-Jozsa algorithm [Eq. (3)],
and if we put $n\geq 2$ and $m=2$ , we obtain four phases, 1, $i$ , -1, and $-i$ ,
for $|x\rangle$ , corresponding to $\phi(x)=0$ , $\frac{1}{2},1$ , and $\frac{3}{2}$ , respectively. Note that since
$2^{m-1}\phi(x)$ is an integer, the smallest phase created is $e^{i\pi/2^{m-1}}$

We see in Eqs. (13)-(16) that in the output the target register $|u\rangle$ does
not entangle with the control register $|x\rangle$ , and that the state of the target
register does not change by the transformation $U_{\phi(x)}$ . Therefore, just as in
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the CKH algorithm, the target register can also be redundant in this phase-
creation algorithm. If we can experimentally create the phase $e^{\dot{l}\pi\phi(x)}$ for the
state |x\rangle , this algorithm is simply described as

$|x\ranglearrow U_{\phi(\mathrm{r})}e^{:\pi\phi(x)}|x\rangle$ . (17)

3An extended Deutsch problem

Here we give an extension of the Deutsch problem: “For an unknown given
$2^{m}$-valued function $\phi(x)$ ,

$\phi(x)$ : $\{0, 1\}^{n}\mapsto*\frac{1}{2^{m-1}}\{0,1\}^{m}$ , $n\geq m$ , (18)

determine whether it is constant or balanced by evaluating it only once.” In
this problem, the numbers of constant and balanced functions are $2^{m}$ and
$2^{n}!/(2^{n-m}$ ! $)2^{m}$ , respectively.

Following the procedure given by Deutsch and Jozsa [6] to solve the
Deutsch problem, where $n\geq 2$ [Eq. (1)], we can prove that this extended
problem, where $n\geq m\geq 2$ , can also be solved if we use the phase-creation
algorithm, as follows.

Walsh transformation W for an $n$-qubit state |v\rangle is given by

$|v \ranglearrow W\frac{1}{r_{2}}\sum_{w\in\{0,1\}^{n}}(-1)^{\sigma\cdot\varpi}|w\rangle$ , $v$ , $w\in\{0,1\}^{n}$ , (19)

where $\vec{v}\cdot\tilde{w}$ is the sum modulo 2of the bitwise products of $v$ and $w$ . This trans-
formation is equivalent to performing aone-qubit Hadamard transformation
on each of the $n$ qubits individually. When we apply the phase-creation trans-
formation to an equally weighted superposition state $\sum|x\rangle$ , which is produced
by the Walsh transformation of an $n$-qubit state $|00\ldots$ $0\rangle$ , and apply another
Walsh transformation, we obtain

$arrow W\frac{1}{p_{2}}\sum_{x\in\{0,1\}^{n}}|x\rangle$ , (20)
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$arrow U_{\phi(x)}\frac{1}{\gamma_{2^{n}}}\sum_{x\in\{0,1\}^{n}}e^{i\pi\phi(x)}|x\rangle$ , (20)

$arrow W\frac{1}{2^{n}}\sum_{x,w\in\{0,1\}^{n}}e^{i\pi[\phi(x)+\vec{x}\cdot\tilde{w}]}|w\rangle$ . (22)

The amplitude of the state $|00\ldots$ $0\rangle$ in the output is

$\frac{1}{2^{n}}\sum_{x\in\{0,1\}^{n}}e^{i\pi\phi(x)}$ , (23)

which is nonzero (e.g., either 1, $i$ , -1, $\mathrm{o}\mathrm{r}-i$ for the case of $m=2$) if $\phi(x)$ is
constant, whereas it is zero if $\phi(x)$ is balanced.

4Discussion

When we solve the extended Deutsch problem, we create phases $e^{i\pi\phi(x)}$ for
equally weighted superposition states $|x\rangle$ [Eqs. (20) and (21)]. Experimentally
this process can be carried out either indirectly using an additional register
$|u\rangle$ [Eqs. (13)-(16)], or, if possible, directly without using it [Eq. (17)]. The
former method corresponds to what was used in the NMR quantum computer
experiments to solve the $n=1[10,11]$ and 2[12] Deutsch problems using
the Deutsch-Jozsa algorithm, while the latter corresponds to what was used
to solve the $n=2[13]$ and 3[14-16] problems using the CKH algorithm.
In these experiments where the phases to be created are 1or -1, the CKH
algorithm is experimentally applicable in NMR [13-16], and this algorithm
allows the size of aquantum computer to be reduced by one spin than when
using the Deutsch-Jozsa algorithm. (The experiments of Refs. [12] and [14-16]
were carried out on three-spin systems.)

To see that this also holds for the extended Deutsch problem where the
phases are arbitrary, let us consider the simplest case of $n=m=2$ , where four
functions are constant and 24 functions are balanced. Two typical examples
of the balanced functions are

$\phi_{1}(00)=0$ , $\phi_{1}(01)=\frac{1}{2}$ , $\phi_{1}(10)=1$ , $\phi_{1}(11)=\frac{3}{2}$ , (24)

$\phi_{2}(00)=0$ , $\phi_{2}(01)=\frac{1}{2}$ , $\phi_{2}(10)=\frac{3}{2}$ , $\phi_{2}(11)=1$ . (25)
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When we apply the transformation $U_{\phi(x)}$ of these functions to the superposi-
tion state which is the Walsh transform of |00\rangle [Eqs. (20) and (21)], we obtain
either an unentangled state or asuperposition state:

$(|0\rangle-|1\rangle)\otimes(|0\rangle+i|1\rangle)$ for $U_{\phi_{1}}$ , (26)

$|00\rangle+i|01\rangle-i|10\rangle-|11\rangle$ for $U_{\phi_{2}}$ . (27)

The matrices for these transformations are given by

$U_{\phi_{1}}=\{$

1

:
-1

$-i$

$=\{1 -1\}$ $\otimes$ $\{1 \}$ , (28)

$U_{\phi_{2}}=\{$

1

$i-:-1$
$=\{$

1

:
:

. $($ $\{1 -1\}$ $\otimes$ $\{1 1\}$ $)$

1

(29)

If we note [17] that the single-spin operators in the Cartesian basis are defined
by

$I_{x}= \frac{1}{2}\{$

01

10
’

$I_{y}= \frac{1}{2}\{$

0 -:
: 0

’
$I_{z}= \frac{1}{2}\{$

10

0 -1
(30)

and that the following expressions hold for their exponential operators with
the second spin denoted by S,

$e^{\theta I_{\alpha}}= \cos\frac{\theta}{2}1+\cdot 2\mathrm{s}.\mathrm{n}\frac{\theta}{2}I_{\alpha}$ , $\alpha=x$ , $y$ , $z$ , (31)

$e^{:\theta I_{z}S_{z}}= \cos\frac{\theta}{4}1+\cdot 4\mathrm{s}.\mathrm{n}\frac{\theta}{4}I_{z}S_{z}$ , (32)

we obtain
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\lfloor 1-1 $\rfloor=\dot{\iota}e^{-i\pi I_{z}}=ie^{-i\pi I_{x}}e^{-i\pi I_{y}}$ , (33)

$\{$

1
$i$

$= \frac{1+i}{\sqrt{2}}e^{-:(\pi/2)I_{z}}=\frac{1+i}{\sqrt{2}}e^{-i(\pi/2)I_{x}}e^{-:(\pi/2)I_{y}}e^{:(\pi/2)I_{oe}}$ , (34)

$\{$

1
$i$

$i$

1

$= \frac{1+i}{\sqrt{2}}e^{-:\pi I_{z}S_{z}}$ (35)

These equations show that the transformations $U_{\phi_{1}}$ and $U_{\phi_{2}}$ (and also all other
transformations) consist of terms of the forms $e^{\pm i\pi I_{\beta}}$ , $e^{\pm i(\pi/2)I_{\beta}}(\beta=x, y)$ , and
$e^{\pm:\pi I_{z}S_{z}}$ (up to the overall phases). This can be compared to the case of the
Deutsch problem $(n=2, m=1)$ , where transformations $Uf(x)$ consist of
terms of the forms $e^{\pm:\pi I_{\beta}}$ and $e^{\pm i2\pi I_{z}S_{z}}$ . In the case of $n=3$ , if we denote the
third spin by $K$ , the terms of $U_{f(x)}$ are of the forms $e^{\pm i\pi I_{z}}$ , $e^{\pm:(\pi/2)I_{z}}$ , $e^{\pm:\pi I_{z}S_{z}}$ ,
and $e^{-i2\pi I_{z}S_{z}K_{z}}[13]$ , where the last one is equivalent to

$e^{-i(\pi/2)I_{x}}e^{-i\pi I_{z}K_{z}}e^{-i(\pi/2)I_{y}}e^{-i\pi I_{z}S_{z}}e^{i(\pi/2)I_{y}}e^{i\pi I_{z}K_{z}}e^{i(\pi/2)I_{x}}$ , (36)

and, consequently, the terms of $U_{\phi(x)}$ are of the forms as small as $e^{\pm:(\pi/2^{m})I_{\beta}}$

and $e^{\pm i(\pi/2^{m-1})I_{z}S_{z}}$ .

In NMR, we can implement $e^{\pm i(\pi/2^{k})I_{\beta}}$ $(k=0,1, \ldots)$ by an rf pulse
$(\pm\pi/2^{k})_{\beta}(I)$ , i.e., an rf pulse to rotate spin I by an angle $\pm\pi/2^{k}$ around
the $\beta$ axis, where I is arbitrary. To implement $e^{-i(\pi/2^{k-1})I_{z}S_{z}}(k=0,1, \ldots)$

where I and $S$ are arbitrary, we make use of time evolution due to the spin-
spin coupling between spins I and $S$ , with the effects of all other spin-spin
couplings and all Zeeman evolutions negated. For this implementation we use
[18] the following property of the sequence of the type

$(\pi)_{x}(I)-t-(\pi)_{x}(I)$ , (37)

where t is the evolution time. Its effect on the Zeeman evolution of spin I is
given by
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$e^{:\pi I_{x}}e^{\dot{\mathrm{z}}w.tI_{z}}e^{i\pi I_{x}}=e^{-i\omega tI_{z}}$: (38)

This equation shows that the direction of time evolution is now reversed from
plus to minus. Therefore, this sequence, when preceded by an evolution of the
same time length, causes the cancellation of the Zeeman evolution of spin $I$

during the first period. Likewise, the effect of the sequence of Eq. (37) on an
evolution due to the spin-spin coupling between spins I and $S$ is given by

$e^{\dot{l}\pi I_{x}}e^{-\dot{1}2\pi J_{IS}tI_{z}S_{z}}e^{\dot{|}\pi I_{x}}=e^{\dot{1}2\pi J_{IS}tI_{z}S_{z}}$ , (39)

which shows asimilar effect of time inversion on spin-spin coupling evolutions.
Using these properties, we see that $e^{-:(\pi/2^{k-1})I_{z}S_{z}}$ can be implemented by the
the sequences

$\tau/2-(\pi)_{x}(I, S)-\tau/2-(\pi)_{x}(I,$S) when n $=2$ , (40)

$\tau/4-(\pi)_{x}(I, S)-\tau/4-(\pi)_{x}(I,$S,$K)-\tau/4$

$-(\pi)_{x}(I, S)-\tau/4-(\pi)_{x}(I,$S, K) when n $=3$ , (41)

$\tau/8-(\pi)_{x}(I, S)-\tau/8-(\pi)_{x}(I, S, K)-\tau/8-(\pi)_{x}(I, S)-\tau/8$

$-(\pi)_{x}(I, S, K, L)-\tau/8-(\pi)_{x}(I, S)-\tau/8-(\pi)_{x}(I, S, K)$

$-\tau/8-(\pi)_{x}(I, S)-\tau/8-(\pi)_{x}(I, S, K, L)$ when $n=4$ , (42)

etc., where $\tau$ is the free precession period of length such that $2\pi J_{IS}\tau=\pi/2^{k-1}$ ,
i.e., $\tau=1/(2^{k}J_{IS})$ , $J/s$ is the spin-spin coupling constant between spins I and
$S$ , and $K$ and $L$ denote the third and forth spins, respectively. Therefore, in
NMR, we can directly create the phases $e^{:\pi\phi(x)}$ for the states $|x\rangle$ which are in
equally weighted superpositions [Eqs. (20) and (21)]. This means that indirect
phase creation to use an additional target register $|u\rangle$ [Eqs. (13)-(16)] is in
practice unnecessary.

It should be noted, however, that when we do use the additional register
for phase creation, the state-shift operations for the $2^{m}$ superposition states
$|y\rangle$ of $|u\rangle$ [Eqs. (10) and (12)] can be implemented by asequence of NOT and
controlled-NOT operations on the qubits of $|u\rangle$ $[19]$ , and these operations are
also executable in NMR for any number of spins [18]. To prepare the initial
state $|00\ldots$ $0\rangle$ from thermal equilibrium, asystematic procedure described in
Ref. [20] can be used, and an experimental study of quantum Fourier trans-
formation was given in Ref. [21]
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In this work we described an explicit procedure to generalize the phases
il which frequently appear in quantum computation to arbitrary phases
$e^{i\pi\phi(x)}$ , and showed that in NMR these phases can be directly created to
equally weighted superposition states $\sum|x\rangle$ without using an additional reg-
ister. This algorithm of phase creation can be applied to solve an extended
Deutsch problem for afunction that maps $\{0, 1\}^{n}$ to $\{0, 1\}^{m}$ , rather than to
{0, 1}. Finding other problems to use arbitrary phases may expand the field
of quantum computation.
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