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{. Introduction

It 5 classicel result of Reidemeister and Sf‘nger(fRJ,
[§1) that any two Hee%aaro( cr[iﬁing; c)f & 3-
mom'lfo(d Gre sfab[r er‘uiva(ent. However, it s stilf
unknown  that whether there ac’cua((r exist  two Hee}aard
sF[if’ﬂ‘ngS O}L the same genus such that more then one
stohilizations ore Yezuired 10 make them egufvafent.
In 2001, D. Backmen [Bal introduced ¢ property, called

cr"ﬁca{} 1COF gePo\nﬂmg_ surfo\ces Tn 3-ynanl)(olo{$, and

ive some fundaments! results on critical Hee&aaro‘
surfaces, The author hes ¢ {eeling thet “critical Heego.o«rd
surfuce’ could be & break ﬂwou&k to the wbouve
Stebilizetion Problem. The purpose trf this orticle is to 3.‘.'3

™ rou%l\ sketch of Backman's idec. of the Proo{ of one
Of cucl'\ resv\(‘ts. The &uﬂnor afmio{s ﬁ/\c\f there are manr

mistakes caunsed br m}suno(erffandings 0f14\e outhor's in this art
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O]{ course the respons}bili-fy Por such mistakes Ts due +o him

Unfor‘tunoi'e()/ this article contains no new results ot all. The

author Ts g[wl if this article could be « }Wd mtroduction
for Backman’s paper.

2. Cnti ol cwface

et F be a seFaro’ring swface n & Fmanifold M. (et us
call the regjov\s that are seFo\rcdceol br F red" and " blue"

De{iniﬁon 20 Let D, D’ be compressmg ohicks )Cor F We m/
thet —D_Ig ezu;voienf to D/ (denofed b?’ D /\/D/) I]( there

exists an ambient tsotopy Pt of M such that i(F)=F,
ord 91 (D)=D’

(Here ?c(()ftfﬂ wla)' not Pre;ewe F/ ond Tt s Fosci“e
thet 9| exCP\o\nges red and hlue re&iom.)

—”\e tsotopy invariant disk comp(ex {W F/ denoted b}’ T(F)j

is the [-complex such thet
(1) The vertices Of ["(F) correspord to the efufva[ence classes
of Compressing disks of Fovie, v ") and
(2) Two vertices, say Wi, Vo, of T(F) ove connected b/

N eo(ge Tf there ore covnFrecsinj disks D, D, -FOr F
such thet

'(. DL Yepreser\’rs M ((.e‘) [DCJ:[\}#\))
2. D and D2 are contained rm dt(fferev\t cioleso)( F}
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and

3, l D( [\ DZ[ < 1 '
.KSUFPOR that F is o Hoegaam{ surface, Then the cbove

condiﬁons 2\3 Ore ezw‘Vc\(eM 10 .

1D1 D23 15 either weaHy reo(uc:'ng pair of disks or m\bilising
poir of disles. )

We soy that o vertex of ['(F) 75 rs0(ated if it s not an
eno(Poim O{— W\?' edge\
Pﬁ{.ﬂ\;ﬁon 2.2, We sy thet F 15 critical Z]"

[P - 150 leted vertices o]( r{F)}

(s not connected .

(Poug“Y {Pea((?ng, Fis critical if there exists @ pair of
comPressina disks D1, D2 {:or F such thet Dt s not
relcted to D2 vie Pw'rs Of disks '}ivfw; weak reo‘ucfbl'{f-t/

or stobilization vp to the ejuivelence "r\/",)
Then, tn [BcJ, Backman proved the fo"ow.‘y.} )

M. (CBc\.Tkeorem S17) Heegmrol
[et Mbe ¢ Fmanifold with « critical l;wface F. §uppofe
that there Ts Gn [ncom?rf“”;bl? W\rfacc Sin M. TThen

'H’\CYC exf;t; on Incompressib(e Sur{c\ce g, wlr\icl'\ ts homeomorrku'c

f'O 5 G\M’-L\ thet F(\S’ COY\CiSTSOf simp(e C{os'eo’ CWrves
which are essenticl in both F and §’



71

‘H'\eorewx 2. ( [BQ,W\eovem 6l” )

I_et F, F, be mwtuc\”Y non-isoto[:ic sfror\%{y l‘rreo(uc{b(e
Hee%o\c\m{ Suvfc\ces 01[ M gu[ypose thet minima( genu_s
COoMMon stabilization 0][ Fomal F' is not criticals Then M

contains on tncompressible surface.

3. Sketch of the proef of Theorem T,

Tke PYM&' 0\( _ﬂ\eorem'{ is bo\seol ow the some fhkﬁ' GS Ru«bind’ein‘
gclmoxv(emanvx'; PaFer [R“§] N

]
AR

Convention . We denote ly}/ D (E-(:_j: regF.> COmPresdng
olislcs 0{ F contwined n red re}iov\ (Hue reg_\'on re;,z).

Stegel, Constructing the mop, & 1 SXDP—>

ance F (s crifica[) ‘H\ere exis’c edges [DJ“[EJ,[D,]“[E.]
Of [(F) which be(ona_ Jiﬁerem Components, BY re-fo.ldna De, Eq,

l’{- necefsw)f) we mo\)/ ;uﬂyoye Hat DO(\EQ=<(>J OJ\O{ DI(\EI:CF
(fee the {Zigure below).
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BY u;ing outermost disk or;v«ment, o Ts ecey to show thet there is

N §ez}/lence 0{' COW‘PV‘G?S;Y\} O(iSLS 'For F) {D—;JT:O,I,-';M)S.UCL‘ ﬂqo\t :
l_;g = Do ) D% =D1 ) O\.Y\A ID.’A;\z. N Djﬂi\'#’ ((: O; l) -n'/r\-l)

(;«-V\d C~ fei'uence uf COW\Press‘iV\} J;SLS 'For F ) % E—-ﬂ%ﬁ(:o' [JRR) m,
sunch that |

Ee=Eo, Em~Er and E,_'L“/\E_t”%“f‘ (i=0,1,~ m1)

Then let Ut (= 0,1,M) pe a nea‘g“aorkoool of DL ta M, and
Ve (0.0, M) he ¢ Y\ei%“;or‘\ooo( of B with the {o{(ow:n}
FroPerﬁes.
eUt 0 Ve =¢ (= 0,1, n-l)
o Vi N V= (=0, 1, s m-1)
s UonNVo =% , Un O Vom=¢

Let
L) TMXI =M (0, Lm, XeM, teT-[0.])

be an s otopy with GUFFoYf in Int Uz which Fuskos SN Dr'nk
out of DX, Tee the next -Fn‘gure.

gfrvu‘ lc.r(?' (ef 8; be en I’Sofo”: with surror(’ n IMVC
which pushes §[\ET'_; out o-f EL,



Then we distr bute pomts Ao, XKy, Am Ton, >, M4, Fo on

91 as In Tke -‘o”owin}\
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Then we extend this parametrization from S' (9D*) 4o D’ via
linear extension, 1.€., the center of D* is the on';u'm\’ S5, and

it s Jeformeo( “n-ec\rly to the position

’

&ltm} radi ol ;ezmey\f

COrresFoml-'ng the er\dpoir\f m S’ (=9D2).

Hence we okfmin:

F.sxp'—o M.
B7 Cer‘ ﬂ\ec)fy [Qﬂ) we can Pert‘mrb } s“g’r\ﬂr 50 'ﬂ'\af Dz s

s-hfc\-ti{a‘ed into ‘FO\AY Par‘b l;e(ow.

1\ Ee}ion: Reg,'lOr\ s a COMPoner\f of the su\b;ef of Dl
such that Sx (= FISXY)) and

cons-‘sﬁnf} Of pofnfs X

F intersect '(‘rc\nsverscfr. ;\76’3)’0»« s an OPen set In Dl

2. E_Z{gg_: Edg,e is o« comFoneM‘ of ﬂ\e subset consfs-h'ng of
Poin-rs X sudr\ +het 57( omd( F intersect '(-ramsverrel)/ exceP‘t ‘For

one mn-Je«&enerodce Tomgent Po;‘v\f.(n\e '('Gngent point is erther

i 7] 1] "
o« center or o sc\olo“e.) E“’ﬂ-e 1S & ’-—o“menn‘pna( subset

of D

center
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3. Cross{ng vertex Cross\'ng vertex is a component o-f the subset

o{ choﬂsl‘c‘h'hg_ vf points X such that S and F intersect
Mnsversel{ except for two non-o(ogenem‘te tangent point.
CroSﬂ‘ﬂg vertex s o O-dimencional set (;.e,/ consists :rf aFoin‘f.)

and in ¢ nen‘gkbor}wod ofa cros;ing verfex)‘FOur edge) are

C°"‘“"3 n.

4, Birfl\'o(ec:flr\ vertex: Birth-decth vertex s « point X such that

Sx and F intersect ‘h’ansVer;e(y except \(or [A ;fn;(e o(e%er\emfe

‘{'c\ngent Foiv\t. IY\ Pﬁr‘ﬁcu(m) ﬂ\ere s « paramefriza1|'on

X= (M) of « neigkborl\ood of the point such thet!

F={00p2)12:0) and Sy = {002 2724 atuy+ 9]

h
g .

S
* - -
-
b
~

Birth-decth vertex is ¢ O-dimencional set ond ™ «

A Birth-decth
[%47 [

r

y\e;gu)orl\ood o{ o hirth-decth vertex, two edge.s

(one <From (enter ‘('angencies) and the other -From saolo“e

fr.hae neies.)
Let )__" Le 't'ke Union o{ eo(gos M\J vertices above. Z\ T3
called o (}lmpl\ic.



S’(‘O%ez L(x()e”ing re}ions
Let Yo, € be sets of comp. of T(F) such that!

1, AY\Y tsolated vertex o§ [(F) ts contained t both ©o &_no( ?,

2. Any component of [(F) whick 1 net an tsolated vertex s en element of
expctly one of €0, ¢,
3. Tke COMFOY\GM‘ 0]( r{F) C()V\‘(‘aining_ the eol%e [Do] - [Eo]

([DA-LED resp.) 1s an element of €o (Prresp.).

( For examp(e, (et o be the component o‘f r{F)’ which contains
the Qd%e [Do}‘_" CE()] . —ﬂ\ev\ we mey ‘1‘&‘<€

€o= [ Uitsolated vertices [P} and
Yi=TEINTo, )

Let R be a region. Then we label this region with "D:"
(=00r 1) 1f there exists o ved compressing dick D for F such
that [D] s o vertex of an element of €o, and D C Sx
(XeRD. See figure below.

gimi{o.r(y we {OJDE[ ‘H\e Ve}{oy\ with "EL“ ;’L ﬁ\ere egiﬁ’; o

blue comprem‘ng disk E ‘For F such that [E] is & vertex
gf an element of KQL) ond FE .C S,
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Remark BY this dle{-fy\'l-tion,we see that T]C Hhere s an
(xX€R)

Um(c.be“ed re}‘loh R, ‘H\eh O disl( $Wﬁ(7 Of gxlz\‘ves the

covxc(usiovx 0{ Tlr\eo}'emL Hence in the remainder o-f this

orticle, we show that there exists an unlcbelled vegion.

C[aimz\ No Teg;ovx can L\We Laotk rf‘('he (abc{g ’ Dc" ond

R S —

! Eg-i“ (t=00r1),
R

Rroo{: fuppose that there exists a Yezjo:\z—wi‘rk (obels ) Dou

ond "E." Hence there is o red compressing disk 1D (¢ Sx),
ond o« blue Coml;ressin} disk E(C5%), where X€R and [ D]
([E] Y'CS(-R)IS C¢. vertex 0[— on elemenf o‘F \eo ((el Yesp.).

[SleE
B
Cince DHE#, there is on edzc [DJ—— (E]. However

this contradicts the fact that [D) and [E] are contained in
o{?fferent components Of CE). 4

C{&im3. If (N re};ov\ (s l&b@“ed ’)Y “D;") -{-key\ no adjo\cey\t
region con be (abelled Er "Eii
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Vroo][. guppofe this s not true. Hevxce

D°\L ‘g
O

Xe)

(onsider the de{ormo:tion of S m[ong this poath. Then SXOF

ckan}es s follows.

© ® €)

7 7 P
I\
"\ l,
\ {
N < J < : !
1N !
\ 1y
\\‘ \
\‘ \\

/

/[: NN "N : U gy

D }lvm} Do E };v;ng E‘

BY (s OtOF\{ , We can W\&l(e QD O 9 E if . [’{ ence ‘Hﬁerg s on
ed%e (D) — [E]) o contradiction. g

-—— - -~

Claim4 ALl four (chels connct occur oround o vertex of 2

Proof- gvppoge that this is net true. Call the Ye};on_s

north , ecst, south , and west ( see ﬁgwe below)
north

n 1]

Do

south

BY Cloms 2.3 we see +hat the [G.L;eul‘n} mast be as above

Then Sx D F contains two saddle ‘f‘anger\des (cnd we schemetic



80

draw the intersection as follows ),

- —-- .- - -
s e = -
- - -
. )
- -

———

Then in ench Yegiov\ Sx OF will look s follows.

It is e[emen‘twr{ to see that either

n . . " w " .
1. north intersection ond sowth ntersection can l)e muolc

Jisjoint on F lor an TsoToFr, or

4 - 1 " u [} l,
2. " east intersection and T west intersection can be made

disjou‘nt on F b\/ an TSo'tOP‘(.

In either (use, we have o contradiction as m ClaimZ. q

C{m'mg. Lef f‘(éng) be [ Pofht contorned Tn « \reg,llovx,

say K, Suppose that P lies between Xt ond Xiti on 2Da.

Then R coarnot have both ofﬂw (ebels “E," ond Ei”
(COYreSPonol-‘n} stotement l«old; For Poinf} between “J.-c anJ '};“,
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;Protrf. B\{ the de{inif,‘on of {) we moy suppuse without (oss of
genero\l{fy thet gp NUg = T‘I[S) N U ( hence, SPHDI_;\_:CP-N(D)'

Sunppose thet R hes both labels “Ed" and "E\", and E'(C ),
E"(¢Sp) be disks giving the labels “Ed", "E." vespectively,

Since [E Jomd [E'Y are contuined tn different compoments of T(F),
We may Suppose [DZ) and [E'Jare tomtained wn different components

O]C P{F) Howe\/er the obove © shows that there is an edge
[E,] R [ D/,;“_\] ) 6 Co nfrad\‘cf.‘gn. //

Claim 6. Let p bea point of L NVID Suppose thut R lies
petween Xz ond dart on 9D* Let Ko and K( be regions adyacent
to p. Then {lahels of RoJU {labels of R does not contain
{"Eo","E\"T.
(COYYeSFOV\oh‘ng_ stetement holds for points between Fe ond Lirr, )
Froof.  Suppose that this 1 not the cuse. By Claim5, we may
guppose that Ko 75 [obelled by "Eo” and Riis labelled by
"L and let E(CSp), E” (CSpr) be disks gqiving the
[ahels “Eo"  "E) Ye’l"’““"elf) where P'€ Ro, P"ER, are
points close to P, As inthe proof of Claim5, wee mey
Suppose that SpNDEi=¢, Hence we have
AT [E)— [Di)—I[E"]
P Hence CE'D and [F') are contuined in the

X

Lae same component of T'(F), a comtradiction ,
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ClaimT . et 6o (€9D") be « point  between Zo cnd “fo such

that See N Uo=T, (90U and S6,0TVe= §°(5) Vo, and
[et Ko be the region conteining G0, Then Ko cannat he [abelled
e ither by “0 oo " E.". |

(Conwronflfhg statement holds for point 01 between Am and “fm,)

Roof: gmppon thet Ko 15 labelled Ly D" with covresromln'n}
cAiS[( DI(cC gOo)- gI‘V\CG’ ggo/\ Eo 2?) we see that there is an
edae [D]’_[Eu] However 'H/\is Confradlic-ts .‘f'he -Fo\d’ ‘thci('

[D3 € € and [Ed €€, . We obtuin & contradiction in
the same monner ]Cw bkbel "E,n‘ Vs

5‘(&363. Fl‘no‘l‘w; o;\vx unl«be“ed rez_;on.

5mFPose thet eccle reg_iov\ is [abelled. (et T be the Z'COMF(GX

with ecch vertex [ebelled as -Fo”ows.

"o "

Do, D\

let IV be the dudl 2- complex o{: 2,
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<
@y @

Z 2
BY C{o\i‘mz, we see that there is « mop X
vevtices (20 ) — vertices (TT))

where the [abe““ng; Gre eXC\C‘Hy thoce of +Hhe corresFono(ing regfom.

BY C(ode\ we see that This Mop extend;s; o |

edges (X)) — eofges ().
BY Claim 4, we see that +hic mop ex‘t'eno“; to a sl‘mPll'cn‘c»(

mop! 23— T,

By Cloims 5.6.7, we cee that the restriction of the map o
AN 15 @ o{egreef Mmap., However this contradicts the Lact
thet 2. 15 imply connected.
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