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- ON A SUBCLASS OF ALPHA-CONVEX FUNCTIONS

NORIHIRO TAKAHASHI [W#] (B A%

ABSTRACT. Mocanu [4] introduced and studied the class of a-convex functions which is
& subclass of analytic functions in the open unit disc. The properties of this class have

been obtained. In this paper, we consider the order of strongly starlikeness for a subcla.ss
of a-convex functions. :

1. INTRODUCTION.
Let A denote the class of functions of the form
x
f(z2) =2+ Z anz"
n=2

which are analytic in the open unit disc U= {z € C: |z| < 1}. A function f(z) € A is
said to be starlike of order « in U if and only if it satisfies the condition

2£'(2)
Rt

where 0 < o < 1. We denote by §*(a) the subclass of A consisiting of all starlike functions

of order a in U. A function f(z) € A is said to be strongly starlike of order « in U if and
only if it satisfies the condition

>a z€U (1)

zf'(2)
fl&)

where 0 < @ < 1. We denote by SS*(a) the subclass of A consisiting of all strongly
starlike functions of order o in U. A function f(z) € A is said to be starlike in U when
a = 0 for (1) and a = 1 for (2). We denote by S* the subclass of A consisiting of all

starlike functions in U. A function f(z) € A is said to be convex in U if and only if it
satisfies the condition

‘a;rg < a zelU (2)

f”( )
Fl) |
We denote by C the subclass of A consisiting of all convex functions in U. These conditions
(1), (2) and (3) are also sufficient conditions for univalence of f(z) € A. (See, e.g., [1].)

1+Re >0 2€U. (3)
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Mocanu (4] defined a subclass of A as the following. A function f(z) € A is said to be
a-convex in U if and only if it satisfies the condition f(2)f'(2)/z # 0 and

Re{(l—a)%+a(1+fj{—:;—(zi)?-)}>0 zeU (4)

where a is a real number. If the condition (4) is satisfied, then the condition f(2)f/(z)/z #
0 is always true, so this condition is not needed. We denote by M(a) the subclass of A
consisiting of all a-convex functions in U.

Miller, Mocanu and Reade [2] obtained the following resuit.

Theorem A. If f(z) € M(a), then f(2) € S*. Moreover, if a > 1, then f(z) € C.
Furthermore, they [3] obtained the following result.

Theorem B. If f(z) € M(a), a 2 0, then f(2) € S*(B(c)), where

0’ ) 0Sa<1’
— 141
ﬂ(a)"‘ F(2+g) , lga,
vrT (1+ 1)

and this result is sharp.
Mocanu [5] obtained the following result.

Theorem C. If f(z) € A satisfies the condition,

arg{(;-a)f—'(-’—)+a(1+fﬂf)-)}‘ <37 €,

f(2) f'(2)
where
T ™ af 1-0 e
g = ton 2P+ TPy cos 25 (1 +ﬁ)

and 0 < B < 1, then f(z) € S8*(B).

In this paper, we investigate conditions on a, # and ~ for which

(l—a)z—}f-é%+a(l+%(z—?)—'yl<7 2eU

implies f(z) € SS*(6) holds.



91

ON A SUBCLASS OF ALPHA-CONVEX FUNCTIONS
We make use of the following lemma due to Nunokawa [6].

Lemma. Let p(z) be analytic, p(z) # 0 in U and p(0) = 1. Suppose that there ezists a
point zg € E such that
Ta

5 for |z| < |z|

|arg p(2)| <
and o
|erg p(20) = =

where a > 0. Then we have

2op (%) = tka
(%)
where
1 1 T
k> 5 (a+ (-1-) 21 when argp(zo) = T
and
1 1 TQ
| k < ) (a+ ;) < -1 when argp(z)= -5
where .
p(2)/*=%ia and a>0.
2. MAIN RESULT.
Theorem. If f(z) € A satisfies the condition,
2f'(2) ( zf"ﬂi)) l
l-a)~=—=~+all+ -9l < zeU, 5
(=% i) <7 ®)
where '
_apf(l +sinZpB)
7= cos2g ’
a>0and0< B <1, then f(z) € SS*(B).
Proof. Let us put
z2f!(z
ple) = L5 ©

From the condition (5), we have f(z) € §*, so p(z) # 0in U. By logarithmic differentiation

of (6), we have |
2f"(z)  zf'(z) - zp'(2)
fiiz)  f(z)  p(2)

T-ay + (“ f’(Z)) p(z) + ey

1+

or
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If there exist a point zy € U such that

T
|largp(z)| < 58 for 2] < |z
and

|axgp(20)| = 3,

then from Lemma, we have

Zop'(zo) = 1ﬂk

p(20)
where
1 1 g
k> 3 (a+ ;) >1 when argp(z)= -
and ,
1 1 v.9¢]
k< -3 (a + ;) < -1 when argp(z)= -
where

p(2)/? =+xia and a>0.
At first, let us suppose p(2z)/? = ia, then we have
/
p(20) + cv-zoﬂf-‘z-z = a?e'%f + iofk
p(20)
where

From this, we have

zop'(20) \ ™ _ af cos £
Re (P("’) + “‘;(;;f) ~ a? cos? 50 + (o ain 18 + afk)?

< af cos 33

= a?fcos? 23 + (af sin 6 + af)?
_ af cos 3

" a? 4 2aPafBsin 28 + a2f?’

Let us put
T
g(t) = 7+ gtatﬁc::l %ﬂﬂ + o232
where t > 0. Then by easy calculation, we have
_ (a?B? — t*) cos 23
(t? + 2taBsin 23 + o?2)?

g
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and we see that g(t) takes the maximum value at ¢ = /3. From this, we have

- zop'(20)\ 7! afcos 53
e (” o)+ e ) ) S ST 22Fsin 36 + 2
cos 23

201,6(1 +sin§8)° U

Since |w — k| < h & Re(1/w) > 1/2h, this contradicts the assumption of this theorem.
For the case p(z)/# = —ia, applying the same method as the above, we have the
condition (7). Therefore we complete the proof. O
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