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ON A CERTAIN FORMULA OF
TRIGONOMETRIC SUM

EE BB [Kaisuo TAKANO] SAA2EEH

1. Introduction

The following formula is known, _
L . (2n)! . 6, 1(2n
-1} —0n=1.2nc"y __
L T =T ) :(n)
and the curve of the trigonometric sum can be guessed from the right hand side

of itself. On the contrary, we could not guess how like a curve the following
trigonometric sum does figure,

(2) ..
,z.:,‘ O T Rk

and the appropriate formula to guess the curve of the above trigonometric sum by

itself has not been known. This author prove in this paper that

1) (2n)!
Z‘ Y a7

sinjd = — (f+ 2 + -+’ V)sing, (1)

where ¢}, ¢}, -++, cP_, are positive constants and y = sin(6/2), and c§ = (2n —
2)1/{(n-1)!1}?, cp =4ci73, (k=1,---,n—1) hold. The author thinks that the
above formula for trigonometric sum is an interesting result and useful in applied
mathematics.

2. CHARACTERISTIC FUNCTIONS AND
POLYNOMIALS

It is known in the complex function theory that the following relation holds,
mL 1
sinmiz  112,(1 + 22/n?)’

'l -iz)I'(1 +iz) = —00 < & < 00. (2)
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From the infinite divisibility of the Cauchy distribution, the author is interested in
infinite divisibility of the normed product of Cauchy densities such as the following
form,

f(m):W, -0 < & < 00, (3)
where 0 < a; < a3 <:++ < a, and ¢ is a normalized constant. The density function
f(z) is an approximation of the above right hand side of (2) in the sense of weak
limit. Consider a characteristic function of the density fucntion (3). We obtain
the following

Lemma 1. [t holds that

— * ite ¢
o) = '/_me (22 + a})dm

n
—-a,lt
IS )

—-00 <t < oo. (4)
i=1 a‘jH?.—.l,t#j("an +af)’

Proof. For simplicity, let us consider a characteristic function for the case n = 3;

oo c
¢ f(z)dz = dz.

o) =/ | wraeraTTD

By residue analysis we have

o 1 , exp(imz)
/-co gime p Sy dr = 2mi res{w, ai}
_ orexp(imz) _ o.€xp(=ma)
= Iy e = 2,
(m>0,a>0)
and for positive t = m, we obtain
L. . . c
2mi limit, 0, (2 — day) exp(}ztz) AT pry
c .
= 2mi res{exp(itz) - a;t
RN T [EEr Rl
ce~te 1 '
= 27 -
[ 2a;1 HLI,lﬁ(—af- + a?)]
mee™te 1

aj Iy 45(~a} +af)’
From the above we obtain a characteristic function such as the following form,
e_mal e‘lqa? e"lt‘afi

d(t) = me{ + +

=TCc
alliy(~af +af) * aall; 1 u0(—dd + of)

03H?=1,z¢3(—a§ +af)”



In the same way, we have

mc & exp(-ajlt])
o(t) = =
(t) a2 — a? (,‘L:i 05T 145 (—ad + af)
S exp(=aylt])
) )
S Il u(—af +af )> o

Note that a; =1, a3 = 2,...,a, = n for the case of (2), and we set = = exp(—|t|),
then we obtain a polynomial as the following form,

n mj—l

#(t) = mez 0<z<1l

T 2
=1 0511 x5 (—af + af)

From this polynomial we can consider a complex valued polynomial on the whole
complex plane,

Qn(2) = mez i i

n 2 2\
j=1 a;I1%  1a5(—af + af)

and so, we have
241

1,:#(‘%2' +af)’

Pooy(2) = (-1)"enlly (—ap + 0f) 3 —=
=1 %=

We obtain the following

Lemma 2. The polynomial can be written in the following form,

oo @) § o,
Pua(s) = RV et ™ ©)

and (2n)! i
(n +5)in —j)in

are natural numbers.

Lemma 3. [t holds that

> 1
2 T g+ )

= (2r =12)
T or{r=-1))2(2n-1)2n-2)-- (2n-2r+ D(n—1)n’ (7)
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Proof. We have the following equality from (4) and (5),

n 1 1 n—-1 1

Tin T i3\l el (2.2
=1 a’JHl=1,l;éj( a’j+a'l) an — a1 Mo a’JHl=1,l;éj( a’j+a‘l)

- 1
- , . (8)
j=2 a.‘inr=2,l¢j(—a’? + 012))
In general it holds that
i 1
1= a5 (—a + af)
1 A 1
- ad - a2\ oIS (=af + af)
n
- (9)

j=r+1'ajn?'-_-o¥+1,z¢j(—a§ + azz))'
We will show the formula of lemma by induction. If r = n — 1 we have
i 1
Plamdtl-71 Y LI DY (—a? +af)
1 = 1

2 n—1 2 2
a% = an-1 j=p-19 l=n—l,l;éj(—'a'j + a'z)

> )
fo &Il 145 (=a] + af)

1 1 1
- n2-—(n—1)2((n—1) “ﬁ)

Y o
(2n-1)(n-1)n o (10)

If r =n — 2 we have

= 5 _ 3 71 3. 2
Gp = Qn.g “jop-2 %j l=n-2,l;6j( aj + af)

n L 1 »
,“ j=nZ:-1 a1 1si(—03 + 6112)>
— 1 1 B 1 )
= n2... (n—2)2((2n—3)(n—2)(n _1) (271‘- 1)(n_ 1)n
B & (11)

2(2n-1)(2n-2)(2n~-3)(n - 2)n’
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Suppose that (7) holds and we will show that (7) holds for 7 + 1. We see that

2"’: 1
j=n—r-1 afn?m—f-—l,l#j(-a'? + a'zz)

1 o 1
2 _ 2 n~1 —n3 2
an = Gnere1 “j=p-r-1 a1l 1125(—0af + af)

n 1 )
j=n-r a‘jnr=ﬂ-1‘,l#j (‘a'? + alz)

1
- n?—(n-r-1)>2
(2r -1
('r{(r -DP@2n-3)(2n—-4) - (2dn-2r-1)(n-1-r)(n-1)
(2r 1) .
T - DPern-1)(@2n-2)---(2n—-2r+ 1)(n - 'r)n)
(2r - 1)

Cn-r-1)(r+)r{(r-1)}32n-3)(2n—-4)---(2n—2r + 1)

1 1
((Zn —2r)\2n-2r-)(n—1-r)(n-1) (2n—1)(2n—2)(n - r)n)
(2r-1)!
(2n—r=1)(r+1)r{(r-1)}*(2n-3)(2n—-4) .- (2n - 2r + 1)
1 .
(2n - 2r)(n-1)

1 1
<(‘2n —2r—1)(n—-1-7r) (2n— l)n)

_ (2r - 1)
T (@n—r=1)(r+1)r{(r=1)1}3@n-3)(2n - 4) ... (2n — 2r + 1)
1 (2n-r—-1)(2r+1)
(2n-2r)(n-1) ((2n -2r—-1)(n=1-r)2n- l)n)
(2r +1)!

- (r+1){r}2@2n-1).-.(2n-2r)2n-2r-1)(n—-r-1)n’ (12)

This shows that the equality (7) holds for r + 1. q.e.d.

3. A FORMULA OF TRIGONOMETRIC SUM

In this section we shall discuss about a formula for trigonometric sum coming
from the polynomials P,_;(2). Let us set

1& ; (2n)! j
IR T
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Then we have f'(z) = —P,_1(z). f weset C: z=¢" (0 < < 27) we have

1, & ; (2n)! (2n)!

W) = = -1) 7 sin 76).
M) = SO o o8+ Y a9
Let us set ,
nV(f) = }5(—1)" (2n)! sin 56 (13)
A R [ A

Let y = sin(8/2).

The case of n =1 : Then nV(6) = —siné.

The case of n =2 : Then nV () = —(2 + 4y?) siné.
The case of n =3 : Then :

nV(8) = —(6 + 8y* + 16y*)sin 6.
The case of n =4 : Then
nV(6) = —(20 + 24y* + 32y* + 643°) sin .
The case of n =5 : Then
nV(8) = —(70 + 80y? + 96y* + 128y° + 256y°) sin 6.
The case of n =6 : Then
nV(8) = — (252 + 280y? + 320y* + 384y% + 5124® + 1024y'%) sin 6.

The case of n = 7 : Then

nV(8) = —(924 + 1008y% + 1120y* + 1280y°
+15361® + 2048y° + 4096y'2) sin 4.

The case of n =11 : Then

nV(@) = ~— (184756 + 194480y> + 205920y* + 219648y°
+ 23654418 + 258048y + 286720y'2 + 327680y’
+  393216y18 + 524288y'® + 1048576y%°) sin 4.

The author describes the proof in what follows.

Theorem 1. It holds that
2 (2n)! .
-1) sin j6
LV a7

n-l 2n 2r — 2 0.,
= —sinf Z —— %222' (sm2)2 (14)




Proof. It is known that if we set y = sin§ then

sin j6 i1 jor

sinf g(—l)”mm;ﬂ(]‘? — KA

By this equality we have

11 (2n)! sin 56 |
B sm0 - Z( 2 (n=3)(n+j)! sind (15)
- 1
= n(?’n - 1) JZI ]( 1)(_,_1)1-[ (‘7 _ 12)1-.[1.]_’_1([2 — ) (16)
j=1 gy 22r Hf . k2 o
T Gy e~ 0l

Summing the terms of 32¢~1), we have

1
§(=1)6-DIIZ] (52 —l?)HL,-H(l*-ﬂ) .
) 220 -1) -
1

(7 + 1)(=1VTHL (G + 1)2 = B)TI (2 — (5 + 1)%)

.(_1)1‘-1 (2(322 —)1+ - [Hj;ll((j + 1)2 _ k2)]y2(j—1)
1

(7 + 2) (=1 ((G + 2)? = BYIE, (2 - (5 + 2)?)

(P ey A G + 20 = W)y
T 1
(= (D22 ((n — 1 ~ BT, (P — (= 1))
. 2(j-1)
(1) T (- 12 = KD
1
T A - )
) 2(5-1) . .
(1 e (0 — KD, (1)
We see that
(2n - Y ——= ! .
j(=1) IH?=J‘+1(12 - ;72)
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GG+ 0 = @ = G+ 1)
1
t TG G+ 2 - Py (P - G+ 2))

(n = D(=1)r-2((n - 7= B)(n - (n = 1)%)
n(—l)"—lﬂzl:,-‘(nz oL (2(j2j(11—)1l 1)
(- 1)!{3'H?=,-+1(1 7+P)

G+D0- G+ 1)2;11%,“( ~G+D7

(J T ML = (7 + D)0 — (G +2)?)

1
(n = D2 = (n = 1)) (n? = (n— 1))

1 22(j-1)
nIl; (-n? + ) ) @G -1+
(3(n = j) ~ 112260
(n=i){{n—7J -—11)!}2 |
@n-DEn-2)- @n-2(n-j) + Djn(2j — 1)!
(27)!(2(n — j) = 1)12%1 | |
(n—3)i(n—j - DIZ)n
[2(n = f))1226-1

(2n - 1)

18
(o= D=7 e
andifj=r+1,(j=1,2,---,n) we lastly have ‘
, 2n—-r=1D2"
2 = . 19
the term of y n—r=Din—r =1 (19)
By the above formula we see that A
Sy (2n)!
nV(@) =) (-1) sin j6
©) ,gi( ) =+ 7
is negative on 0 < 8 < 7 for all n, and we obtain
e . 2n — 2)!
V() = S -1y —Cm__ @n-2) (20)

o (n=g)lntg) (n=Din -1
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