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Absract. In this report, some computations to check the complexified hyperbolic volume

conjecture in [4] are explained. This conjecture concerns the first term of the asymptotics

of $\lim_{Narrow\infty}J_{N}(K)$ of ahyperbolic knot $K$ . In the workshop at HAS, Hikami explained

his observation about the second term of the asymptotics of $\lim_{Narrow\infty}J_{N}(K)$ , which is also

positively cheched in the computation of this report.
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1. INTRODUCTION.

1.1. Complexified hyperbolic volume conjecture. For ahyperbolic knot $K$ in $S^{3}$ , let

$\mathrm{V}\mathrm{o}\mathrm{l}(K)$ and $\mathrm{C}\mathrm{S}(K)$ be the hyperbolic volume and the Chern-Simons invariant respectively

of the complement of $K$ . Then the complexified hyperbolic volume conjecture [4] is the

following formula to explain $\mathrm{V}\mathrm{o}\mathrm{l}(K)$ and $\mathrm{C}\mathrm{S}(K)$ as acertain limit of the colored Jones

invariants.

(1)
Complexified hyperbolic $\lim_{Narrow\infty}J_{N}(K)=\exp(\frac{N}{2\pi}(\mathrm{V}\mathrm{o}\mathrm{l}(K)+\sqrt{-1}\mathrm{C}\mathrm{S}(K)))$

volume conjecture

Here $J_{N}(K)$ is the colored Jones polynomial corresponding to the $N$ dimensional repre-

sentation $\mathcal{U}_{q}(sl_{2})$ with the parameter $q$ specialized to $\exp(2\pi\sqrt{-1}/N)$ , the primitive N-th

root of unity. This invariant $J_{N}(K)$ is proved in [3] to be equal to the Kashaev’s invariant

$K_{N}(K)$ . The exact meaning of the imaginary part is given in (3)
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This congecture is based on the following Kashaev conjecture. In [1], Kashaev conjec-
tured that

(2) $\lim_{Narrow\infty}|K_{N}(K)|=\exp\frac{N\mathrm{V}\mathrm{o}1(K)}{2\pi}$ .

He checked this relation exactly for the figure might knot $4_{1}$ and numerically for the knots
$5_{2}$ and $6_{1}$ .

The arguments of $K_{N}(K)(=J_{N}(K))$ are investigated in [4] and the complexified hy-
perbolic volume conjecture (1) is proposed. To give the exact meaning of the imaginary
part of (1), it may be better to consider the following relation:

(3) $\lim_{Narrow\infty}\frac{J_{N+1}(K)}{J_{N}(K)}=\exp(\frac{1}{2\pi}(\mathrm{V}\mathrm{o}\mathrm{l}(K)+\sqrt{-1}$ CS $($

which is cheched numericaly for some examples in the rest of this report.

Kashaev conjectured (2) for hyperbolic knots, and it is generalized in [3] for any knot
$K$ as follows:

(4) Volume conjecture $|J_{N}(K)| \sim\exp Narrow\infty(N\frac{v_{3}|S^{3}\backslash K|}{2\pi})$ ,

where $|S^{3}\backslash K|$ denotes Gromov’s simplicial volume of $S^{3}\backslash K$ , and $v_{3}$ is the volume of the
ideal regular tetrahedron of the hyperbolic 3-space $H^{3}$ , i.e.

$v_{3}=1.014941606409653625021202554$

It may be natural to consider about acomplexification of the volume conjecture, which
might be the following form.
(5)

Complexified volume conjedture $J_{N}(K) \sim\exp Narrow\infty(N(\frac{v_{3}|S^{3}\backslash K|}{2\pi}+\sqrt{-1}\mathrm{C}\mathrm{S}(K)))$ ,

or, its quotient version

(6) $\frac{J_{N+1}(K)}{J_{N}(K)}\sim\exp Narrow\infty(N($ $\frac{v_{3}|S^{3}\backslash K|}{2\pi}+\sqrt{-1}\mathrm{C}\mathrm{S}(K)))$ .
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2. HIKAMI’S OBSERVATION.

Hikami observed that

(7) Hikami’s observation 2 $\pi\log|J_{N}(K)|\sim \mathrm{V}\mathrm{o}\mathrm{l}(K)N+3\pi\log N+ONarrow\infty(\frac{1}{N})$

for several hyperbolic prime knots. The volume $\mathrm{V}\mathrm{o}\mathrm{l}(K)$ in the first term corresponds to

the Kashaev’s conjecture (2). The second term explains amisterious behavior of $|J_{N}(K)|$ ,

since the coefficient $3\pi$ appears for every prime knot he checked. Moreover, Kash\^a $\mathrm{v}$ and

Tirkkonen [2] proved that

(8) $|J_{N}(K)|\sim N^{3/2}$

for any torus knot $K$ . This implies that

(9) 2 $\pi\log|J_{N}(K)|\sim 3\pi\log N$ .

Now reformulate (7) for $J_{N+1}(K)/J_{N}(K)$ to compare the complexified hyperbolic vol-

ume conjecture. Since

$\log(N+1)-\log N\sim\frac{1}{N}Narrow\infty$
’

Hikami’s observation (7) is reformulated as follows.

(10) 2 $\pi\log|\frac{J_{N+1}(K)}{J_{N}(K)}|Narrow\sim \mathrm{V}\mathrm{o}\mathrm{l}(K)+\frac{3\pi}{N}+O\infty(\frac{1}{N^{2}})$ .

This relation seems to be true for all the examples given in this report
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3. ACTUAL COMPUTATIONS FOR SEVERAL KNOTS

3.1. Preliminaries. Let N be apositive integer and

$q=\exp 2\pi\sqrt{-1}/N$.

Let

$(x)_{k}= \prod_{\dot{l}=1}^{k}(1-x^{i})$ .

It is known that

$(q)_{N-1}=(\overline{q})_{N-1}=\dot{N}$ ,

and so

(11) $\frac{1}{(q)_{\dot{1}}}$
$= \frac{(\overline{q})_{N-1-\dot{l}}}{N}$ , $\frac{1}{(\overline{q})_{\dot{l}}}=\frac{(q)_{N-1-\dot{|}}}{N}$ .

3.2. Figure-eight knot $4_{1}$ . For the figure eight knot K,

(12) $J_{N}(K)= \sum_{i=0}^{N-1}(q)_{:}(\overline{q})_{i}$

Since $(q)_{i}(\overline{q})_{i}$ is apositive real nuinber, numerical computation of the summension may
have good accuracy. By using “pari-Gp 2.0.14” [5], which uses 28 digits for real numbers,
$J_{N+1}/J_{N}(K)$ is computed by the following program.

Program. The feature of this program is to compute the formula consisting of asum of
the terms of $(q)_{i}$ and $(\overline{q})_{i}$ as apolynomial modulo $x^{N}-1$ . We replace $q$ by an indeterminate
$x$ and compute everything as apolynomial in $x$ modulo $x^{N}-1$ . Here we use the function
of Pari to handle polynomials modulo apalynomial. At the end of the computation of
$J_{N}(K)$ , $x$ is replaced by $q=\exp 2\pi\sqrt{-1}/N$ .

The following program is for $N=40$ case. The parameter 1represents alist for

(x): mod $x^{N}-1$ .

The $i$-th component of 1is $(x)_{i-1}$ . Similarly, the papareter lm is alist for

$(x^{-1})$ : mod $x^{N}-1$ ,
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and labs for

$(x)_{i-1}(x^{-1})_{i}$ $\mathrm{m}\mathrm{o}\mathrm{d} x^{N}-1$ .

The parameters ansnl and ansn2 contain the value of $J_{N}(K)$ and $J_{N+1}$ respectively. In

Pari apollynomial $P(x)$ modulo apolynomial $Q(x)$ is represented by

Mod $(\mathrm{P}(\mathrm{x}),$Q$(\mathrm{x}))$

and the part $\mathrm{P}(\mathrm{x})$ is obtained by

component (Mod $(\mathrm{P}(\mathrm{x}),$ $\mathrm{Q}$ $(\mathrm{x}))$ , 2)

By using the above conventions, the program to compute $J_{N+1}(K)/J_{N}(K)$ is the following.

$\mathrm{N}=40$

$1=$ listcreate (N)

listinsert (1, 1, 1)

for ( $\mathrm{i}=2$ , $\mathrm{N}$ , listinsert (1, Mod $(1-\mathrm{x}^{\wedge}(\mathrm{i}-1),$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1[\mathrm{i}-1]$ , $\mathrm{i})$ )

lm $=$ listcreate (N)

listinsert $(1\mathrm{m}, 1,1)$

for ( $\mathrm{i}=2$ , $\mathrm{N}$ , listinsert $(1\mathrm{m},$ Mod $(1^{-\mathrm{X}^{\wedge}}(\mathrm{N}-\mathrm{i}+1),$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1\mathrm{m}[\mathrm{i}-1]$ , $\mathrm{i})$ )

labs $=$ listcreate (N)

for ( $\mathrm{i}=1$ , $\mathrm{N}$ , listinsert labs , 1 $[\mathrm{i}]*\mathrm{l}\mathrm{m}[\mathrm{i}]$ , $\mathrm{i}$ ) $)$

ans $=\mathrm{s}\mathrm{u}\mathrm{m}$ ( $\mathrm{i}=0$ , $\mathrm{N}-1$ , labs $[\mathrm{i}+1]$ )

ansnl $=$ subst (component (ans , 2), $\mathrm{x}$ , $\exp(2*\mathrm{P}\mathrm{i}*\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(-1)/\mathrm{N})$ )

$\mathrm{N}=\mathrm{N}+1$

1 $=$ listcreate (N)

listinsert (1, 1, 1)

for ( $\mathrm{i}=2$ , $\mathrm{N}$ , listinsert (1, Mod $(1-\mathrm{x}^{\wedge}(\mathrm{i}-1),$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1[\mathrm{i}-1]$ , $\mathrm{i})$ )

lm $=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $(\mathrm{N})$

listinsert $(1\mathrm{m}, 1,1)$

for ( $\mathrm{i}=2$ , $\mathrm{N}$ , listinsert $(1\mathrm{m}$ , Mod $(1-\mathrm{x}^{\wedge}(\mathrm{N}-\mathrm{i}+1),$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1\mathrm{m}[\mathrm{i}-1]$ , $\mathrm{i})$ )

labs $=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $(\mathrm{N})$

for ( $\mathrm{i}=1$ , $\mathrm{N}$ , listinsert labs , 1 $[\mathrm{i}]*\mathrm{l}\mathrm{m}[\mathrm{i}]$ , $\mathrm{i}$ ) $)$

ans $=\mathrm{s}\mathrm{u}\mathrm{m}$ ( $\mathrm{i}=0$ , $\mathrm{N}-1$ , lab$\mathrm{s}[\mathrm{i}+1]$ )

ansn2 $=\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{s}\mathrm{t}$ (component (ans , 2), $\mathrm{x}$ , $\exp^{(}2*\mathrm{P}\mathrm{i}*\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(-1)/\mathrm{N}$ ) $)$

$2*\mathrm{P}\mathrm{i}*\log(\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{n}2/\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{n}\mathrm{l})$

Results. The results of $\frac{J_{N+1}(K)}{J_{N}(K)}$ are obtained as in Table 1.
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Graph. The points ( $\frac{1}{N}$ , $\frac{J_{N+1}(K)}{J_{N}(K)}$) of the above data is plotted as follows.

FIGURE 1. Plotting of the points $( \frac{1}{N},2\pi\log\frac{J_{N+1}(K)}{J_{N}(K)})$ of the knot $4_{1}$ .

Fitting. From the above result, we can predict the actual limit by estimating the

asymptotics of $J_{N}(K)$ by fitting with certain function, which is determined by the least

square method. Here, we try to use the function of the form

(13) $a_{0}+ \frac{a_{1}}{N}+\frac{a_{2}}{N^{2}}$ .

$a_{0}$ , $a_{1}$ and $a_{2}$ are obtained by the following function of Matehmatica

Fit [1 /. { $\mathrm{x}_{-}$ , y-} $->\{1/\mathrm{x}, \mathrm{y}\}$ , $\{1, \mathrm{x}, \mathrm{x}^{\wedge}2\}$ , xl

where 1is alist of the pairs

$\{N, J_{N+1}(K)/J_{N}(K)\}$

in the above table with $N\geq 40$ . The result of the fitting is

$2.02988+9.42629 \frac{1}{N}-8.34016\frac{1}{N^{2}}$ .

Note that the constant term is equal to the volume of $S^{3}\backslash K$ up to 6digits, and the

coefficient of $\mathrm{x}$ is almost equal to $3\pi=9.42478\ldots$ .
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3.3. Knot $5_{2}$ . Let K be the knot $5_{2}$ . Then

$J_{N}(K)= \sum_{\dot{l}=1}^{N-1}\sum_{j=1}^{i}\frac{(q)_{i}^{2}}{(\overline{q})_{j}}$ .

This knot is achiral and $J_{N}(K)$ has anon-trivial imaginary part. The following results
suggest that

$\lim_{Narrow\infty}\log\frac{\mathcal{J}_{N+1}(K)}{J_{N}(K)}=\mathrm{V}\mathrm{o}\mathrm{l}(K)+\sqrt{-1}\mathrm{C}\mathrm{S}(K)$ ,

where

$\mathrm{V}\mathrm{o}\mathrm{l}(K)=2.82812208833$, $\mathrm{C}\mathrm{S}(K)=$ -3.02412837657.

The program to compute $J_{N+1}(K)/J_{N}(K)$ for N $=40$ is

$\mathrm{N}=40$

$1=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $\mathrm{C}\mathrm{N})$

listinsert (1, 1. 1)
for ( $\mathrm{i}=2$ , N. listinsert (1, Mod $(1-\mathrm{x}^{\wedge}(\mathrm{i}-1).$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1[\mathrm{i}-1]$ . $\mathrm{i})$ )
$12=$ listcreate (N)
for ( $\mathrm{i}=1$ . $\mathrm{N}$ , listinsert (12, 1 [il *1 $[\mathrm{i}]$ . $\mathrm{i})$ )
ans $=\mathrm{s}\mathrm{u}\mathrm{m}(\mathrm{i}=0,$ $\mathrm{N}-1,12[_{\wedge}\mathrm{i}+1]*\mathrm{s}\mathrm{u}\mathrm{m}(\mathrm{j}=0,\mathrm{i}.$ $\backslash$

1 $[\mathrm{N}-1-\mathrm{j}+1]*\mathrm{M}\mathrm{o}\mathrm{d}$ ( $\mathrm{x}^{\wedge}$ component CMod $(-\mathrm{j}*(\mathrm{i}+1).\mathrm{N})$ . 2) . $\mathrm{x}^{\wedge}\mathrm{N}-1$ ) ))
ansnl $=\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}$ (component ans, 2) , $\mathrm{x}$ , $\exp(2*\mathrm{P}\mathrm{i}*\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(-1)/\mathrm{N}))$

$\mathrm{N}=\mathrm{N}+1$

$1=$ listcreate (N)

listinsert (1. 1. 1)
for ( $\mathrm{i}=2$ , $\mathrm{N}$ , listinsert (1, Mod $(1-\mathrm{x}^{\wedge}(\mathrm{i}-1),$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1[\mathrm{i}-1]$ . $\mathrm{i})$ )
$12=$ listcreate (N)
for ( $\mathrm{i}=1$ . N. listinsert (12, 1 $[\mathrm{i}]$ $*1[\mathrm{i}]$ . $\mathrm{i})$ )
ans $=\mathrm{s}\mathrm{u}\mathrm{m}(\mathrm{i}=1,$ $\mathrm{N}-2,12[\mathrm{i}+1]*\mathrm{s}\mathrm{u}\mathrm{m}(\mathrm{j}=0.\mathrm{i},$ $\backslash$

1 $[\mathrm{N}-1-\mathrm{j}+1]*\mathrm{M}\mathrm{o}\mathrm{d}$ ( $\mathrm{x}^{\wedge}$ component (Mod $(-\mathrm{j}*(\mathrm{i}+1),\mathrm{N})$ , 2) . $\mathrm{x}^{\wedge}\mathrm{N}-1$ ) $))$

ansn2 $=\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}$ (component ans, 2) , $\mathrm{x}$ . $\exp(2*\mathrm{P}\mathrm{i}*\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(-1)/\mathrm{N}))$

$2*\mathrm{P}\mathrm{i}*\log(\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{n}2*(\mathrm{N}-1)/\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{n}\mathrm{l}/\mathrm{N})$

At the last line, $\mathrm{N}$ and $\mathrm{N}-1$ are added since, in the computation of ans, we use the
relation (11).

The results are given in Table 2.
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TABLE 2. $\mathrm{C}\mathrm{S}(K)=2\pi^{2}\mathrm{c}\mathrm{s}(K)$ where $\mathrm{c}\mathrm{s}(K)$ is the Chern-Simons inariant
obtained by SnapPea.

Graphs. The real and imaginary parts of the points $( \frac{1}{N},2\pi\log\frac{J_{N+1}(K)}{J_{N}(K)})$ are plotted

as follows.

real part imaginary part

FIGURE 2. Plotting of the points $( \frac{1}{N},2\pi\log\frac{J_{N+1}(K)}{J_{N}(K)})$ of the knot $5_{2}$ .

Fitting. The result of the fitting is

2.82812-3.02413 $\sqrt{-1}+(9.42398+0.00306762\cap-1\frac{1}{N}-$

$($8.80117-1.82018 $\sqrt{-1})\frac{1}{N^{2}}$ .

75



3.4. Knot $6_{1}$ . Let K be the knot 61. Then

$J_{N}(K)= \sum_{0\leq m\leq N-1}\frac{|(q)_{m}|^{2}}{(\overline{q})_{k}(q)_{l}}q^{(m-k-u)(m-k+1)}$ .

$0\leq k+l\leq m$

The program to compute $J_{N+1}(K)/J_{N}(K)$ for N $=40$ is

$\mathrm{N}=40$

$1=$ listcreate (N)

listinsert (1, 1, 1)
for ( $\mathrm{i}=2$ , $\mathrm{N}$ , listinsert (1, Mod $(1-\mathrm{x}^{\wedge}(\mathrm{i}-1),$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1[\mathrm{i}-1]$ , $\mathrm{i})$ )
$1\mathrm{m}$

$=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $(\mathrm{N})$

listinsert $(1\mathrm{m}, 1. 1)$

$\mathrm{f}$or ( $\mathrm{i}=2$ . $\mathrm{N}$ , listinsert $(1\mathrm{m},$ Mod $(1-\mathrm{x}^{\wedge}(\mathrm{N}-\mathrm{i}+1),$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1\mathrm{m}[\mathrm{i}-1]$ . $\mathrm{i})$ )
labs $=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $(\mathrm{N})$

for ( $\mathrm{i}=1$ , $\mathrm{N}$ , listinsert labs 1 $[\mathrm{i}]$ $*1\mathrm{m}[\mathrm{i}]$ , $\mathrm{i}$ ) $)$

ans $=\mathrm{s}\mathrm{u}\mathrm{m}$ ($\mathrm{m}=0$ , $\mathrm{N}-1$ , labs $[\mathrm{m}+1]*\backslash$

sum(k$=0$ , $\mathrm{m}$ , $1\mathrm{m}[\mathrm{N}-\mathrm{k}-1+1]*\backslash$

sum ($11=0.$ $\mathrm{m}-\mathrm{k}$ . 1 $[\mathrm{N}-11-1+1]*\backslash$

Mod ($\mathrm{x}^{\wedge}$ component (Mod $((\mathrm{m}-\mathrm{k}-11)*(\mathrm{m}-\mathrm{k}+1),$ $\mathrm{N})$ . 2), $\mathrm{x}^{\wedge}\mathrm{N}-1$ ) $\backslash$

$)))$

ans $1=\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{s}\mathrm{t}$ (component (ans, 2) , $\mathrm{x}$ , $\exp(2*\mathrm{P}\mathrm{i}*\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(-1)/\mathrm{N})$ )
$\mathrm{N}=\mathrm{N}+1$

$1=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $(\mathrm{N})$

listinsert (1, 1, 1)
for ( $\mathrm{i}=2$ , $\mathrm{N}$ , listinsert (1, Mod $(1-\mathrm{x}^{\wedge}(\mathrm{i}-1),$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1[\mathrm{i}-1]$ . $\mathrm{i})$ )
$1\mathrm{m}$

$=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $(\mathrm{N})$

listinsert $(1\mathrm{m}, 1,1)$

$\mathrm{f}$or ( $\mathrm{i}=2$ , $\mathrm{N}$ , listinsert $(1\mathrm{m}$ , Mod $(1-\mathrm{x}^{\wedge}(\mathrm{N}-\mathrm{i}+1).$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1\mathrm{m}[\mathrm{i}-1]$ , $\mathrm{i})$ )
labs $=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $\mathrm{C}\mathrm{N}$)
for ( $\mathrm{i}=1$ , $\mathrm{N}$ , listinsert labs 1 $[\mathrm{i}]$ $*1\mathrm{m}[\mathrm{i}]$ , $\mathrm{i}$ ) $)$

ans $=\mathrm{s}\mathrm{u}\mathrm{m}$ ($\mathrm{m}=0$ , $\mathrm{N}-1$ , labs $[\mathrm{m}+1]*\backslash$

sum $(\mathrm{k}=0,$
$\mathrm{m},$ $1\mathrm{m}[\mathrm{N}-\mathrm{k}-1+1]*\backslash$

sum ($11=0,$ $\mathrm{m}-\mathrm{k}$ , 1 $[\mathrm{N}-11-1+1]*\backslash$

Mod ($\mathrm{x}^{\wedge}$ component (Mod ( $(\mathrm{m}-\mathrm{k}-11)*(\mathrm{m}-\mathrm{k}+1)$ , $\mathrm{N}$), 2) . $\mathrm{x}^{\wedge}\mathrm{N}-1$ ) $\backslash$

$)))$

$\mathrm{a}\mathrm{n}\mathrm{s}2=\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{s}\mathrm{t}$ (component (ans, 2) , $\mathrm{x}$ . $\exp(2*\mathrm{P}\mathrm{i}*\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(-1)/\mathrm{N})$ )
$2*\mathrm{P}\mathrm{i}*\log(\mathrm{a}\mathrm{n}\mathrm{s}2*(\mathrm{N}-1)^{\wedge}2/\mathrm{a}\mathrm{n}\mathrm{s}1/\mathrm{N}^{\wedge}2)$

$.\neg$he results axe given in Table 3
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TABLE 3. $\mathrm{C}\mathrm{S}(K)=-2\pi^{2}\mathrm{c}\mathrm{s}(K)+\pi^{2}$ .

Graphs. The real and imaginary parts of the points ( $\frac{1}{N}$ , $\frac{J_{N+1}(K)}{J_{N}(K)}$) are plotted as

follows.

real part imaginary part

FIGURE 3. Plotting of the points ( $\frac{1}{N}$ , $\frac{J_{N+1}(K)}{J_{N}(K)}$) of the knot $6_{1}$ .

Fitting. The result of the fitting is

$(3.16404-6.79075 \cap-1+(9.40652+0.00370946\cap-1\frac{1}{N}-(7.70212-5.27915\cap-1$
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3.5. Knot 63. Let K be the knot 63. Then

$J_{N}(K)=$
$\sum_{k,l,m\geq 0}$

$| \frac{(q)_{k+l+m}}{(\overline{q})_{l}(q)_{m}}|^{2}(q)_{k+l}(\overline{q})_{m+k}q^{(m-l)(k+1)}$ .

$k+l+m\leq N-1$

The program to compute $J_{N+1}(K)/J_{N}(K)$ for N $=40$ is

$\mathrm{N}=40$

$1=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $(\mathrm{N})$

listinsert (1, 1, 1)
for ( $\mathrm{i}=2$ . $\mathrm{N}$ , listinsert (1. Mod $(1-\mathrm{x}^{\wedge}(\mathrm{i}-1).$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1[\mathrm{i}-1]$ . $\mathrm{i})$ )
lm $=$ listcreate (N)

listinsert $(1\mathrm{m}, 1,1)$

for ( $\mathrm{i}=2$ , $\mathrm{N}$ , listinsert $(1\mathrm{m}$ , Mod $(1-\mathrm{x}^{\wedge}(\mathrm{N}-\mathrm{i}+1),$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1\mathrm{m}[\mathrm{i}-1]$ . $\mathrm{i})$ )
labs $=$ listcreate (N)

for ( $\mathrm{i}=1$ , $\mathrm{N}$ , listinsert labs 1 [il $*1\mathrm{m}$ [il , $\mathrm{i}$ ) $)$

ans $=\mathrm{s}\mathrm{u}\mathrm{m}$ ($\mathrm{m}=0$ , $\mathrm{N}-1$ . labs $[\mathrm{N}-1-\mathrm{m}+1]*\backslash$

sum ($\mathrm{p}=0$ , $\mathrm{N}-1-\mathrm{m}$ , labs $[\mathrm{p}+\mathrm{m}+1]*\mathrm{l}\mathrm{m}[\mathrm{p}+1]*\backslash$

sum ($\mathrm{k}=0$ . $\mathrm{p}$ , labs $[\mathrm{N}-1-\mathrm{p}+\mathrm{k}+1]*1[\mathrm{m}+\mathrm{k}+1]*\backslash$

Mod ( $\mathrm{x}^{\wedge}\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}$ (Mod $(-(\mathrm{m}-\mathrm{p}+\mathrm{k})*(\mathrm{k}+1)$ . N) , 2) , $\mathrm{x}^{\wedge}\mathrm{N}-1$ ) $)))$

ans $1=\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{s}\mathrm{t}$ (component (ans, 2) , $\mathrm{x}$ . $\exp(2*\mathrm{P}\mathrm{i}*\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(-1)/\mathrm{N})$ )
$\mathrm{N}=\mathrm{N}+1$

$1=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $\mathrm{C}\mathrm{N})$

listinsert (1. 1. 1)

for ( $\mathrm{i}=2$ . $\mathrm{N}$ , listinsert (1. Mod $(1-\mathrm{x}^{\wedge}(\mathrm{i}-1).$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1[\mathrm{i}-1]$ . $\mathrm{i})$ )
lm $=$ listcreate (N)

listinsert Clm, 1, 1)

for ( $\mathrm{i}=2$ , $\mathrm{N}$ , listinsert $(1\mathrm{m}$ , Mod $(1-\mathrm{x}^{\wedge}(\mathrm{N}-\mathrm{i}+1).$ $\mathrm{x}^{\wedge}\mathrm{N}-1)*1\mathrm{m}[\mathrm{i}-1]$ . $\mathrm{i})$ )
labs $=\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}$ $\mathrm{C}\mathrm{N}$ )

for ( $\mathrm{i}=1$ , $\mathrm{N}$ , listinsert labs 1 [il $*1\mathrm{m}$ [il, $\mathrm{i}$ ) $)$

ans $=\mathrm{s}\mathrm{u}\mathrm{m}$ ($\mathrm{m}=0$ , $\mathrm{N}-1$ . labs $[\mathrm{N}-1-\mathrm{m}+1]*\backslash$

sum($\mathrm{p}=0$ , $\mathrm{N}-1-\mathrm{m}$ . labs $[\mathrm{p}+\mathrm{m}+1]*\mathrm{l}\mathrm{m}[\mathrm{p}+1]*\backslash$

sum ($\mathrm{k}=0$ , $\mathrm{p}$ , labs $[\mathrm{N}-1-\mathrm{p}+\mathrm{k}+1]*1[\mathrm{m}+\mathrm{k}+1]*\backslash$

Mod ($\mathrm{x}^{\wedge}$ component (Mod $(-(\mathrm{m}-\mathrm{p}+\mathrm{k})*(\mathrm{k}+1)$ , N) , 2), $\mathrm{x}^{\wedge}\mathrm{N}-1$ ) $)))$

ans2 $=\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{s}\mathrm{t}$ (component (ans, 2), $\mathrm{x}$ . $\exp(2*\mathrm{P}\mathrm{i}*\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(-1)/\mathrm{N})$ )
$2*\mathrm{P}\mathrm{i}*\log(\mathrm{a}\mathrm{n}\mathrm{s}2*(\mathrm{N}-1)^{\wedge}4/\mathrm{a}\mathrm{n}\mathrm{s}1/\mathrm{N}^{\wedge}4)$

The results axe given in Table 4.
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TABLE 4

Graph. The real and imaginary parts of the points ( $\frac{1}{N}$ , $2 \pi\log\frac{J_{N+1}(K)}{J_{N}(K)}$) are plotted

as follows.

FIGURE 4. Plotting of the points $( \frac{1}{N},2\pi\log\frac{J_{N+1}(K)}{J_{N}(K)})$ of the knot 63.

Fitting. The result of the fitting is

$5.69297+9.43385 \frac{1}{N}-14.1061\frac{1}{N^{2}}$ .
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3.6. Knot 89. Let K be the knot 89. Then

$J_{N}(K)= \sum_{0\leq l,m_{1\prime}m_{2},n_{1},n_{2}\leq N-1}|\frac{(q)_{l-m_{1}}(q)_{l}(q)_{l-m_{2}}}{(q)_{m_{1}}(q)_{m_{2}}(q)_{n_{1}}(q)_{n_{2}}}|^{2}(q)_{l-m_{1}-n_{1}}(\overline{q})_{l-m_{2}-n_{2}}(\overline{q})_{l-n_{1}}(q)_{l-n_{2}}\cross$

$m_{1}+n_{1},m_{2}+n_{2}\leq lm_{1}+m_{2}\leq l$

$q^{(m_{2}-m_{1})(l-m_{1}-m_{2})+(n_{2}-n_{1})(l-n_{1}-n_{2})+m_{2}-m_{1}+n_{2}-n_{1}}$ .

The program to compute $J_{N+1}(K)/J_{N}(K)$ is almost equal to those for the previous
examples. The only different hnes are the following.

ans $=\mathrm{s}\mathrm{u}\mathrm{m}$ ( $11=0,$ $\mathrm{N}-1$ . labs $[11+1]*\backslash$

sum ($\mathrm{m}1=0.11$ . labs $[11-\mathrm{m}\mathrm{l}+1]*\mathrm{l}\mathrm{a}\mathrm{b}\mathrm{s}[\mathrm{N}-1-\mathrm{m}1+1]*\backslash$

sum ($\mathrm{n}1=0.11-\mathrm{m}1$ , labs $[\mathrm{N}-1-\mathrm{n}\mathrm{l}+1]*\mathrm{l}\mathrm{m}[11-\mathrm{n}\mathrm{l}+11*\mathrm{l}\mathrm{m}[\mathrm{N}-1-11+\mathrm{m}\mathrm{l}+\mathrm{n}\mathrm{l}+1]*\backslash$

sum ($\mathrm{m}2=0.11-\mathrm{m}1$ , labs $[11-\mathrm{m}2+1]*\mathrm{l}\mathrm{a}\mathrm{b}\mathrm{s}[\mathrm{N}-1-\mathrm{m}2+1]*\backslash$

sum ($\mathrm{n}2=0.11-\mathrm{m}2$ , labs $[\mathrm{N}-1-\mathrm{n}2+1]*1[11-\mathrm{n}2+1]*1[\mathrm{N}-1-11+\mathrm{m}2+\mathrm{n}2+1\}*\backslash$

Mod $(\mathrm{x}^{\wedge}(((\mathrm{m}2-\mathrm{m}\mathrm{l})*(11-\mathrm{m}\mathrm{l}-\mathrm{m}2)+(\mathrm{n}2-\mathrm{n}\mathrm{l})*(11-\mathrm{n}\mathrm{l}-\mathrm{n}2)+\mathrm{m}2-\mathrm{m}\mathrm{l}+\mathrm{n}2-\mathrm{n}\mathrm{l})./.\mathrm{N}),$
$\backslash$

$\mathrm{x}^{\wedge}\mathrm{N}-1))))))$

$2*\mathrm{P}\mathrm{i}*\log(\mathrm{a}\mathrm{n}\mathrm{s}2*(\mathrm{N}-1)^{\wedge}10/\mathrm{a}\mathrm{n}\mathrm{s}1/\mathrm{N}^{\wedge}10)$

The results are given in Table 5.

TABLE 5
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Graph. The points $(_{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}$ , 2vr $\log^{J}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}^{)})$ are plotted as follows.

FIGURE 5. Plotting of the points $( \frac{1}{N},2\pi\log\frac{J_{N+1}(K)}{J_{N}(K)})$ of the knot 89.

3.7. Knot $8_{20}$ . Let K be the knot $8_{20}$ . Then

$J_{N}(K)= \sum_{j,l\leq k\leq i+l\leq j+m}\frac{\{(\overline{q})_{i}(q)_{k}(\overline{q})_{m}\}^{2}}{\{(\overline{q})_{j}(q)_{l}\}(q)_{k-l}(\overline{q})_{i-k+l}(\overline{q})_{j+m-i-l}(q)_{i-j}(q)_{k-j}}q^{k+m+im+km-:l}$
.

$0\leq i,j,k,l,m\leq N-1j\leq i$

Program.

ans $=\mathrm{s}\mathrm{u}\mathrm{m}(\mathrm{i}=0,$ $\mathrm{N}-1,1\mathrm{m}2[\mathrm{i}+1]*\backslash$

sum ( $\mathrm{j}=0,$
$\mathrm{i}$ , 12 $[\mathrm{N}-1-\mathrm{j}+1]*\mathrm{l}\mathrm{m}[\mathrm{N}-1-\mathrm{i}+\mathrm{j}+1]*\backslash$

sum $(11=0.$ $\mathrm{N}-1,1\mathrm{m}2[\mathrm{N}-1-11+1]*\backslash$

sum $\mathrm{C}\mathrm{k}=\max$ $(11,\mathrm{j})$ , $\min(\mathrm{N}-1, \mathrm{i}+11)$ , $\backslash$

12 $[\mathrm{k}+1]*\mathrm{l}\mathrm{m}[\mathrm{N}-1-\mathrm{k}+11+1]*1[\mathrm{N}-1-\mathrm{i}+\mathrm{k}-11+11*\mathrm{l}\mathrm{m}[\mathrm{N}-1-\mathrm{k}+\mathrm{j}+1]*\backslash$

sum $(\mathrm{m}=\mathrm{i}-\mathrm{j}+11,$ $\mathrm{N}-1,1\mathrm{m}2[\mathrm{m}+1]*1[\mathrm{N}-1-\mathrm{j}-\mathrm{m}+\mathrm{i}+11+1]*\backslash$

Mod $(\mathrm{x}^{\wedge}((\mathrm{k}+\mathrm{m}+\mathrm{i}*\mathrm{m}+\mathrm{k}*\mathrm{m}-\mathrm{i}*11)./|\mathrm{N}), \mathrm{x}^{\wedge}\mathrm{N}-1)\backslash$

$)))))$

$2*\mathrm{P}\mathrm{i}*\log(\mathrm{a}\mathrm{n}\mathrm{s}2*(\mathrm{N}-1)^{\wedge}9/\mathrm{a}\mathrm{n}\mathrm{s}1/\mathrm{N}^{\wedge}9)$
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itesuits.

TABLE 6. $\mathrm{C}\mathrm{S}(K)=-2\pi^{2}\mathrm{c}\mathrm{s}(\mathrm{K})-\pi^{2}$ .

Graphs.

real part imaginary part

FIGURE 6. Plotting of the points $( \frac{1}{N},2\pi\log\frac{J_{N+1}(K)}{J_{N}(K)})$ of the knot $8_{20}$ .

3.8. Whitehead link. The Whitehead link is the most simplest hyperbolic 2-c0mp0nent
link. It is not aone-component knot, but complexified hyperbolic volume conjecture seems
to hold for this link as follows.

Let $K$ be the Whitehead link. Then
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$J_{N}(K)= \sum_{0\leq i,j,k\leq N-1}\frac{\{(\overline{q})_{i}(\overline{q})_{j}\}^{2}}{(q)_{k}^{4}(\overline{q})_{i-k}(\overline{q})_{j-k}}q^{-(N-1)N/2}$

$k\leq i,j$

Program.

ans $=\mathrm{s}\mathrm{u}\mathrm{m}(\mathrm{k}=0,$ $\mathrm{N}-1,1\mathrm{m}4[\mathrm{N}-1-\mathrm{k}+1]*\backslash$

sum $(\mathrm{i}=\mathrm{k},$ $\mathrm{N}-1,1\mathrm{m}2[\mathrm{i}+1]*1[\mathrm{N}-1-\mathrm{i}+\mathrm{k}+1]*\backslash$

sum $(\mathrm{j}=\mathrm{k}, \mathrm{N}-1,1\mathrm{m}2[\mathrm{j}+1]*1[\mathrm{N}-1-\mathrm{j}+\mathrm{k}+1])))$

$2*\mathrm{P}\mathrm{i}*\log(\mathrm{a}\mathrm{n}\mathrm{s}2*(\mathrm{N}-1)^{\wedge}6/\mathrm{a}\mathrm{n}\mathrm{s}1/\mathrm{N}^{\wedge}6)$

Here $q^{-(N-1)N/2}$ is omitted since it is equal to $\pm 1$ , which contributes to $\mathrm{C}\mathrm{S}(K)$ by a

multiple of $2\pi^{2}$ .

Results.

TABLE 7. $\mathrm{C}\mathrm{S}(K)=2\pi^{2}\mathrm{C}\mathrm{S}(\mathrm{K})$ where $cs(K)=1/8$.
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Grapns.

real part imaginary part

FIGURE 7. Plotting of the points ( $\frac{1}{N}$ , $2 \pi\log\frac{J_{N+1}(K)}{J_{N}(K)}$) of the Whitehead link.

Fitting.

3.66386 $+$ 2.46742 $\sqrt{-1}+(9.42575-0.00497353\cap-1\frac{1}{N}$

$(10.5298+15.7048 \cap^{-}1\frac{1}{N^{2}}$

Remark. The volume conjecture (4) is not hold for all links, because $J_{N}(L)=0$ if L is
asplit link L $=K_{1}\mathrm{U}$ $K_{2}$ . In this case,

$|S^{3}\backslash L|=|S^{3}\backslash K_{1}|+|S^{3}\backslash K_{2}|$

and so

$\lim_{Narrow\infty}\exp(N|S^{3}\backslash L|)$

does not equal to 0if $K_{1}$ and $K_{2}$ are both hyperbolic knots
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4. CONCLUSION

In the above computations, we see the behavior of $\frac{J_{N+1}(K)}{J_{N}(K)}$ to chech the formula (6).

We also compare with Hikami’s obserbation (7). Both conjectures (6) and (7) seem to be

true for the examples given here. Moreover, the imaginary part of the coefficient of $\frac{1}{N}.\mathrm{n}$

the asymptotic expansion of $\frac{J_{N+1}(K)}{J_{N}(K)}$ seems to be 0for these examples.
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