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Jgrgensen groups of parabolic type I
(Finite type)
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ABSTRACT. In this paper we will state extreme discrete groups (Jgrgensen groups) of
parabolic type - finite type - for Jgrgensen’s inequality. There are exactly 16 Jorgensen
groups of such type.

1. Introduction.

1.1. It is one of the most important problem in the theory of Kleinian groups to
decide whether or not a subgroup G of the Mébius transformation group is discrete.
For this problem there are two important and useful theorems:

One is Poincaré’s polyhedron theorem, which is a sufficient condition for G to be
discrete. The other is Jorgensen’s inequality, which is a necessary condition for a
two-generator Mobius transformation group G = (4, B) to be discrete.

1.2. Let Mdb denote the set of all linear fractional transformations (M&bius

transformations)
az+b

cz+d

A(z) =

of the extended complex plane C = C U {oo}, where a,b,c,d are complex num-
bers and the determinant ad — bc = 1. There is an isomorphism between M&b and
PSL(2,C). Throughout this paper we will always write elements of M6b as matrices

with determinant 1. We recall that Mob (= PSL(2, C)) acts on the upper half space

H?3 of R? as the group of conformal isometries of hyperbolic 3—space.

In this paper we use a Kleinian group in the same meaning as a discrete group.
Namely, a Kleinian group is a discrete subgroup of Mob. A subgroup G of Méb is
said to be elementary if there exists a finite G—orbit in R3.

*Partly supported by the Grants-in-Aid for Co-operative Research as well as Scientific Research,
the Ministry of Education, Science, Sports and Culture, Japan.
2000 Mathematics Subject Classification. Primary 30F40; Secondary 20H10, 32G15.
Key Words and Phrases. Jorgensen’s inequality, Jgrgensen number, Jgrgensen group, Kleinian

65



1.3. The trace tr(A) of the matrix

A= ad — be =1
(e5) )

in SL(2,C) is defined by tr(A) = a + d. We remark that the trace of an element
of Méb (= PSL(2,C)) is not well-defined, but Jgrgensen number (defined later) is
still well-defined after choosing matrix representatives.

1.4. In 1976 Jgrgensen obtained the following important theorem called Jgrgensen’s
inequality, which gives a necessary condition for a non-elementary Mobius transform-
tion group G = (A, B) to be discrete.

THEOREM A (Jgrgensen [1]). Suppose that the Mobius transformations A and B
generate a non-elementary discrete group. Then

J(A, B) := |tr*(A) — 4] + ltrf(ABA™'B™!) - 2| > 1.
The lower bound 1 is best possible.
1.5.

DEFINITION 1. Let A and B be Mobius transformations. The Jgrgensen number
J(A, B) of the ordered pair (A, B) is defined as

J(A, B) := |tr*(A4) — 4] + |tr(ABA™'B™) —— 2|.

DEFINITION 2. Let G be a non-elementary two-generator subgroup of Mob. The
Jorgensen number J(G) for G is defined as

J(G) :=inf{J(A, B) | A and B generate G}.

DEFINITION 3. A subgroup G of Méb is called a Jargensen group if G satisfies
the following four conditions:

(1) G is a two-generator group.

(2) G is a discrete group.

(3) G is a non-elementary group.

(4) There exist generators A and B of G such that J(A,B) = 1.

REMARK The fourth condition in Definition 3 is equivalent to the following
condition: There exist generators of A and B of G such that J(G) = J(4, B) = 1.

- That is, G is a Jgrgensen group if and only if
(1) G is a two-generator group.
(2) G is a discrete group.
(3) G is a non-elementary group.
4) JG)=1..

1.6. Jorgensen and Kiikka showed the following.
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THEOREM B (Jgrgensen-Kiikka [2]). Let (A, B) be a non-elementary discrete
group with J(A, B) = 1. Then A is elliptic of order at least seven or A s parabolic.

If (A, B) is a Jorgensen group such that A is parabolic, then we call it a Jgrgensen
group of parabolic type. There are infinite number of Jgrgensen groups (see Jprgensen-
Lascurain-Pignataro [3], Sato [8]).

The following familiar groups are all Jgrgensen groups of parabolic type:
(1) The modular group. :
(2) The Picared group (Jgrgensen-Lascurain-Pignataro [3], Sato [9], Sato-Yamada

[11]).

(3) The figure-eight knot group (Sato [8]).

(4) "The Gehring-Maskit group” (Sato [8]), where ”the Gehring-Maskit group”
is the group studied in Maskit [6].

Now it gives rise to the following problem.
ProBLEM . Find all Jgrgensen groups of parabolic type.

1.7. Let (A, B) be a marked two-generator group such that A is parabolic. Then
we can normalize A and B as follows:

A:(1 1) and B:= B,u (,uo ,ucr—l/a)’

01 o uo

where o € C\ {0} and p € C.

We denote by G, , the marked group generated by A and B, = (A, B ,,‘)
We say that (o, u) € (C\ {0}) x C is the point representing a marked group G,
and that G, is the marked group corresponding to a point (o, p)-

1.8. In the previous paper [8], we considered the case of u = ik (k € R). Namely,
we considered marked two-generator group G, ix = (A, B,) generated by

(11 _ [ ike —K*o—-1[c )}
A‘(o 1) and B"ﬂ*“( o iko )

where o € C\ {0} and k € R.
Now we have the following conjecture.

CONJECTURE. For any J(zirgens'en group G of parabolic type there exists a
marked group G, (0 € C\ {0}, k € R) such that G, is conjugate to G.

If this conjecture is true, then we only consider the case of p = ik in order to find
all Jgrgensen groups of parabohc type.

1.9. Let C be the following cylinder:
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C = {(o,ik) | o] =1, k € R}.

THEOREM C (Sato [8]). (i) If a marked two-generator group G, , (0 € C\
{0}, u € C) is a Jorgensen group, then |o| = 1.

(i) If a marked two-generator group G, (0 € C\ {0},k € R) is a Jorgensen
group,‘then the point (o, ik) representing G, lies on the cylinder C.

If we set 0 = —ire', which is used in the previous paper [8], then we can represent
the familiar Jgrgensen groups stated before by using the (—ire®, ik)— coordinate as
follows.

THEOREM D (Jgrgensen-Lascurain-Pignataro [3], Sato [8, 9], Sato-Yamada [11]).
(1) The modular group corresponds to (—ie™/2,0).

(2) The Picard group corresponds to (—ie™/2,i/2).

(3) The figure-eight knot group corresponds to (—ie™/%,i\/3/2).

(4) The "Gehring - Maskit group” corresponds to (—i,iv/3/2).

REMARK (Sato [10] The Whitehead link corresponds to (v/2e%%/4, —i/2). There-
fore the Whitehead link is not a Jgrgensen group.

Now it gives rise to the following problem.

ProBLEM 1. Find all Jgrgensen groups of parabolic type.
ProBLEM 2. Find all Jgrgensen groups of parabolic type (o, ik).
We devide Jgrgensen groups of this type into two parts as follows:
Part 1. |k| <v3/2 0<6< 2.

Part 2. v3/2< k] 0<6<2r.

We call Jgrgensen groups in Part 1 of finite type. In this paper we will state that
we found all Jgrgensen groups of finite type.

§2. Theorems

In this section we will state theorems. We can prove the theorems by using
Poincaré,s polyhedron theorem (cf. Maskit [5]) and Jgregensen’s inequality. The
proofs will appear elsewhere.

MAIN THEOREM (Li - Oichi - Sato [4]). (1) There are 16 Jorgensen groups on
the region {(6,k) | 0 <0 <7/2, 0 <k <+/3/2}. .

(2) 9 groups of them are Kleinian groups of the first kind and 7 groups are of the
second kind. Where G : is a Kleinian group of the first kind if the hyperbolic volume
V(H3/G) of the H3/G is finite, and otherwise G is of the second kind.
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Let A and Byp (k € R, 0 <8 < 7/2) be the following matrices :
11 ke ik%e® — je~®
A - ( 0 1 ) and Ba’ik —_ ( —-1:81:0 kew .

THEOREM 1. Let Gy = (A, By) be the group generated by A and Byy.
If0 <0 < 7/6, 7/6 < 0 < n/4, /4 < 6 < 7/3 or 7/3 < O < m/2, then
Go,ix = (A, Byx) is not a Kleinian group for every k € R and so not a Jgrgensen
group for every k € R.

THEOREM 2 (The case of § =0). Let

1'1 koi(k?-1
A::(O 1) and Bk:zBO,ik:'(_i 7,( k ))

and let Gy = (A, By) be the group generated by A and By, (k € R). Then the
following hold.

(i) In the case of k =0, Gy is a Kleinian group of the second kind, a Jorgensen
group and Q(G};)/Gr is a Riemann surface with signature (0;2,3,00).

(ii) In the case of 0 < |k| < 1/2, Gk is not a Kleinian group and not a Jorgensen
group for every k.

(iii) In the case of k = 1/2, Gy is a Kleinian group of the second kind, a
Jorgensen group and QUGy)/Gi is a Riemann surface with signature (0;2,3,00).

(iv) In the case of 1/2 < |k| < V2/2, Gx is not a Kleinian group and not a
Jargensen group for every k.

(v) In the case of k = v/2/2, Gy is a Kleinian group of the second kind, @
Jorgensen group and Q(Gi)/Gy is a Riemann surface with signature (0;2,3,00).

(vi) In the case of v2/2 < |k| < (1 ++/5)/4, Gi is not a Kleinian group and
not a Jorgensen group for every k.

(vii) In the case of k = (1 +/5)/4, Gy is a Kleinian group of the second kind,
a Jorgensen group and Q(Gy)/Gy is a Riemann surface with signature (0;2, 3, 00).
- (viii) In the case of (1++/5)/4 < |k| < V3/2, Gy is not a Kleinian group and
not a Jgrgensen group for every k.

(ix) In the case of k = v/3/2, Gy is a Kleinian group of the second kind, a
Jorgensen group and UGy)/Gy is a Riemann surface with signature (0;2,3, 00).

THEOREM 3 (The case of 6 =7/6). Let
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kem’/fi i k2e7ri/6 . e—m‘/b‘
By = B7r/6,ik = < —jemi/® ( kemi/6 )

and let G = (A, By) be the group generated by A and By, (k € R). Then the
following hold.

(i) In the case of k =0, Gy is a Kleinian group of the first kind and a Jgrgensen
group. The volume V(Gy) of 3-orbifold for Gy is as follows:

V(GQ) = 3L(Tf/3),

where L(8) is the Lobachevskii function:

9
L) = —/; log |2 sin u|du.

(i) In the case of 0 < |k| < v/3/2, Gy is not a Kleinian group and not a
Jorgensen group for every k.

(ili) In the case of k = /3/2, then Gy is a Kleinian group of the first kind and
a Jorgensen group (the figure-eight knot group). The volume V(G\/gﬂ) of 3-orbifold
for G s, is as follows: :

V(G 3/5) = 6L(7/3).

REMARK.  Oichi [7] gave an alternative presentation for the figure-eight knot
group.

THEOREM 4 (The case of § = 7/4). Let
11
»A - ( 01 )

. ke™i/4 i k2emilt _ e-1ri/4
By = B1r/4,ik = ( —jemi/4 ( ke™i/4 )

and

and let Gy = (A, By) be the group generated by A and By (k € R). Then the
following hold.

(i) In the case of k=0, Gy is a Kleinian group of the second kind, a Jgrgensen
group and $(Gr)/Gy is a Riemann surface with signature (0;2, 3, 00).

(i) In the case of 0 < |k| < 1/2, Gy is not a Kleinian group and not a Jorgensen
group for every k.



(iii) In the case of k = 1/2, Gy is a Kleinian group of the first kind and a
Jargensen group.

(iv) In the case of 1/2 < |k| < v/3/2, Gi is not a Kleinian group and not a
Jorgensen group for every k. The volume V(G 2) of 3-orbifold for G,z is as follows:

V(Gyap) = 1/2{2L(n/4) — L(57/12) — L(r/12)}.

THEOREM 5 (The case of § = /3). Let

and

ke‘/ri/B i k2e1ri/3 _ e—vri/3
By := Brzix = ( —4emi/3 ( kemi/3 )

and let Gy = (A, By) be the group generated by A and By (k € R). Then the
following hold.

(i) In the case of k =0, Gy is a Kleinian group of the first kind and a Jgrgensen
group. The volume V(Gy) of 3-orbifold for Gy is as follows:

V(Gy3/2) = 3L(m/3).

(i) In the case of 0 < |k| < V/3/2, Gx is not a Kleinian group and not a
Joargensen group for every k.

(iii) In the case of k = v/3/2, Gy is a Kleinian group of the first kind and a
Jorgensen group. The volume V(G z5/,) of 3-orbifold for G 3/, is as follows:

V(Gyajo) = 3L(/3).

THEOREM 6 (The case of 0 =7/2). Let
11
4= (1)

ik —(k*+1
191e1=B1r/2,z'lc‘—‘—(Z (-+ ))

and

1 1k

and let Gy, = (A, By) be the group generated by A and By (k € R). Then the
following hold.

71



(1) In the case of k =0, Gy is a Kleinian group of the second kind, a Jorgensen
group and Q(Gy)/Gy is a union of two Riemann surfaces with signature (0; 2, 3, 00)
(The modular group).

(ii) In the case of 0 < k < 1/2, Gy is not a Kleinian group and not a Jorgensen
group for every k.

(i) In the case of k = 1/2, Gk is a Kleinian group of the first kind and a
Jorgensen group. The volume V(Gy/2) of 3-orbifold for Gy/2 is as follows:

V(Gij2) = TL(n/3)/2 — L(po + 7/6) + L(po — 7/6),
where ¢, is ¢ satisfying tan 8 = 2sin ¢.

(iv) In the case of 1/2 < k < +/2/2, Gy is not a Kleinian group and not a
Jorgensen group for every k.

(v) In the case of k = V/2/2, Gy is a Kleinian group of the first kind and a
Jorgensen group. The volume V(Gﬁ/z) of 3-orbifold for G 3/, 18 as follows:

V(Gyapa) = 2(2L(r/4) — L(57/12) — L(r/12)}.

(vi) In the case of v/2/2 < k < (1++/5)/4, Gi is not a Kleinian group and
not a Jgrgensen group for every k.

(vii) In the case of k = (1++/5)/4, Gy, is a Kleinian group of the first kind and a

Jorgensen group. The volume V(G(1 +vB) /4) of 3-orbifold for G, +vB)/a 18 as follows:

72

V(G 14v8)4) = 2L(m/10)+2L(27 /5)~ L(4n /15)— L{wo+2m /5)+L(m /15)+L(po—27/5),

where ¢, is @ satisfying tan 8 = 2sin .

(vili) In the case of (1++/5)/4 < k < +/3/2, Gi is not a Kleinian group and
not a Jgrgensen group for every k.

(ix) In the case of k = V/3/2, Gy is a Kleinian group of the first kind and a
Jorgensen group. The volume V(G z,,) of 3-orbifold for G j3/2 is as follows:

V(Gy3/5) = 5L(n/3).

Next we consider the case where k is fixed and @ moves, namely we consider
discreteness of G ¢ on horizontal lines.

Let A and By (k € R, 0 <8 < 7/2) be the following matrices :

11 ke ik2e¥ — je—10
A = ( 0 1 ) and Ba,ik = < --iew kew .



THEOREM 7. Let Ggg, = (A, Bgx) be the group generated by A and Bg. If
0<k<1/2 1/2<k<V32/2, V2/2 <k < (1+V5)/4or (1+V5)/4 <k <+3/2,
then Gou = (A, Bpsx) is not a Kleinian group and so not a Jorgensen group for
every 0 (0 <0 < 7/2).

THEOREM 8 (The case of k =0). Let

-(41)

0 i p—10
Bo = Bg’o = ( . i0 Zg )

e

and

and let Gg = (A, By) be the group generated by A and By (0 < 6 < m/2). Then the
following hold.

(i) In the case of 8 =0, Gy is a Kleinian group of the second kind, a Jgrgensen
group and Q(Gg)/Gy is a Riemann surface with signature (0; 2, 3, 00).

(ii) In the case of 0 < 8 < /6, Gy is not a Kleinian group and not a Jorgensen
group for every 6.

(iii) In the case of 6 = m/6, Gy is a Kleinian group of the first kind and a
Jorgensen group. The volume V(Grys) of 3-orbifold for Gns is as follows:

V(Gr/ss) = 3L(m/3).

(iv) In the case of 7/6 < 6 < w/4, G is not a Kleinian group and not a
Jargensen group for every 6.

(v) In the case of 8 = /4, Go is a Kleinian group of the second kind, a
Jorgensen group and Q(Gp)/Ge is a Riemann surface with signature (0; 2,3, 00).

(vi) In the case of m/4 < 6 < w/3, Gy 1is not a Kleinian group and not a
Jorgensen group for every 6.

(vii) In the case of 6 = /3, Gy is a Kleinian group of the first kind and a
Jorgensen group. The volume V(Gr/3) of 3-orbifold for Gy 3 is as follows:

V(Grys) = 3L(r/3).

(viti) In the case of 7/3 < 8 < m/2, Gy is not a Kleinian group and not a
Jorgensen group for every 6.
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(ix) In the case of 6 = /2, Gy is a Kleinian group of the second kind, a
Jorgensen group and Q(Gg)/Gs is a union of two Riemann surfaces with signature
(0;2,3,00). (The modular group).

THEOREM 9 (The case of k =1/2). Let

()

e?/2 i(e??/4 — e~
By := Bi/2,0 = ( __,L-éa ( {3,’9/2 ) )

and

and let Go = (A, By) be the group generated by A and By (0 < 0 < 7/2). Then the
following hold.

(i) In the case of 8 =0, Gy is a Kleinian group of the second kind, a Jorgensen
group and Q(Ge)/Ge is a Riemann surfaces with signature (0;2, 3, 00).

(ii) In the case of 0 < 8 < w/4, Gy is not a Kleinian group and not a Jorgensen
group for every 6.

(iii) In the case of 0 = w/4, Gy is a Kleinian group of the first kind and a
Jorgensen group. The volume V(Gr/4) of 3-orbifold for G4 is as follows:

V(Gaa) = 1/2{2L(r /4) — L(57/12) — L(n/12)}.

(iv) In the case of 7/4 < 6 < 7/2, Gy is not a Kleinian group and not a
Jorgensen group for every 0.

(v) In the case of 8 = n/2, Gy is a Kleinian group of the first kind and a
Jorgensen group (the Picard group). The volume V(Grj2) of 3-orbifold for Gy is
as follows:

V(Grj2) = TL(n/3)/2 — L{po + 7/6) + L(ipo — 7/6),

where (g is ¢ satisfying tan 8 = 2sin .

THEOREM 10 (The case of k = v/2/2). Let

= (31)
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B = B _ \/§ei0/2 2(610/2 . 6—129)
0 -— Poivaje — —sef \/561'0/2

and let Gg = (A, By) be the group generated by A and By (0 < 8 < m/2). Then the
following hold.

(i) In the case of 0 =0, Gy is a Kleinian group of the second kind, a Jorgensen
group and U(Gy)/Gy is a Riemann surface with signature (0;2,3,00).

(i) In the case of 0 < 0 < /2, Gy is not a Kleinian group and not a Jorgensen
group for every 0.

(iii) In the case of 8 = /2, Gy is a Kleinian group of the first kind and a
Jorgensen group. The volume V(Gy/2) of 3-orbifold for Gr /2 is as follows:

V(Gay2) = 2{2L(r/4) — L(57/12) — L(r/12)}.

THEOREM 11 (The case of k = (1 + /5)/4). Let

= (o 1)

074 4 /8 — e=i0) \
By = Ba,z’(1+\/§)/4 = ( a +_1/,1i396 /4 i@ —2-1\_/*_53/5)/;0/4 ) )

and

and let Gg = (A, Bg) be the group generated by A and By (0 <6 < 7w/2). Then the
following hold.

(i) In the case of 8 =0, Gy is a Kleinian group of the second kind, a Jorgensen
group and Q(Gg)/Gy is a Riemann surface with signature (0; 2,3, 00).

(ii) In the case of 0 < 8 < /2, Gy 1is not a Kleinian group and not a Jgrgensen
group for every 6.

(iii) In the case of @ = m/2, Gy is a Kleinian group of the first kind and a
Jorgensen group. The volume V(Gyrj2 of 3-orbifold for Gr/z 1s as follows:

V(Gr/2) = 2L(n/10)+2L(2n /5)— L(4x /15) — L(po+2 /5) + L(m/15) +L(po—27/5).

where g is @ satisfying tan 8 = 2sin .



THEOREM 12 (The case of k = v/3/2). Let

(i)

and

V3e /2 i(3et /4 — e=*)
By := By, 3/, = ( —jett V3ei? /2

and let Go = (A, By) be the group generated by A and By (0 < 6 < 7/2). Then the
following hold.

(i) In the case of @ =0, Gy is a Kleinian group of the second kind, a Jorgensen
group and Q(Gy)/Gy is a Riemann surface with signature (0;2, 3, 00).

(i) In the case of 0 < 0 < /6, Gy is not a Klezman group and not a Jorgensen
group for every 6.

(ii) In the case of 6 = 7/6, Gy is a Kleinian group of the first kind and a
Jorgensen group (the figure-eight knot group). The volume V(Gx/e) of 3-orbifold for
Gr/6 s as follows:

V(Gase) = 6L(r/3).

(iv) In the case of 7/6 < 0 < 7/3, Gy is not a Kleinian group and not a
Jorgensen group for every 6.

(v) In the case of 6 = n/3, G¢ is a Kleinian group of the first kind and a
Jorgensen group. The volume V(Gy/3) of 3-orbifold for Gr/s is as follows:

V(Gaya) = 3L(n/3).

(vi) In the case of 7/3 < 6 < w/2, Gy is not a Kleinian group and not a
Jorgensen group for every 6.

(vii) In the case of 0 = 7/2, Gy is a Kleinian group of‘the first kind and a
Jorgensen group. The volume V(Gy/2) of 3-orbifold for Gr/2 is as follows:

V(Grjz) = 5L(n/3).
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