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1. INTRODUCTION

Consider the Shrodinger operator

n

(1.1) P=Y"08?+R(z),

j=1

where
(z1,...,Tn): natural coordinate of R™ (or C"),

0 .
6,=aT (]=1,...,TL).

3

Problem: Study P with a commuting differential operator

(1.2) Q= Z 8202 + (lower order),
1<i<j<n

ie. PQ =QP.

We have the following interesting examples of such P.

Example 1.1. 1) Equations satisfied by zonal spherical functions.

an extension of the root multiplicity to a continuous parameters by J. Sekiguchi

(type 4, [Sj)),
Heckman-Opdam’s hypergeometric equations (type BC etc. [HO]).

2) (cf. [OP1}, [OP2]) Calogero-Moser, Sutherland systems (completely integrable

systems),

one dimensional (quantum) n-body problems,

completely integrable quantum systems — classical integrable systems.
3) Equations satisfied by a Whittaker vector.
4) Toda finite chains (associated to (extended) Dynkin diagrams).

In this note we will study
Problem. Classify P (and @ and higher order commuting operators)!.

Note that this problem is solved as follows when P is B,-invariant, i.e. R(z) is
symmetric with respect to the coordinate (zi,...,z,) and even for any coordinate

zifori=1,...,n.
Invariant case ([OOS], P is Bn-invariant.):
Case n > 3 (Ellip-B,, [0S]):

R(:L‘) = Z (u(a:,- + :L'j) + 'u(:z:i - SBJ)) + E'U(.’Bk),
k=1

1<i<jsn
u(t) = Csp(z) + Cs,
(1.3) o(t) = a polynomial of p with degree < 4
(9')?
4

= Z Cip(t +w;) + Cp if wy and wy are finite.

i=1
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Here p(z) is the Weierstrass elliptic function with fundamental periods 2w; and
2wz which may be infinite (cf. [WW]):

p(2) = p(2;2w1, 2wa) = ;12— +3 ((_z_iw)—z - %)
w#0

p(z;V/=IA"1r,00) = M sinh 2 Az + 2 A2,

(1.4) 3

p(z;00,00) = 272,

(¢')? = 40° — gap — g3 = 4(p — e1)(p — €2)(p — e€a),
e, = p(wy) for v =1,2,3, w3 = —w; — w2 and ws =0,
Case n = 2 ([00]): the answer is more complicated:
( The same solution as above (Ellip-Bs, 5 parameters),

Its dual (cf. Lemma 2.7, Ellip®-B,, 5 parameters),
A special self-dual solution (Ellip-B;-S, 4 parameters) :

(1.5) ‘ u(t) = AZM + A1p(t) + Ao,
o) =GP+ Cuplt) + o
{ p(t) —e3

2. TORIC COORDINATE
Introducing the coordinates
(2.1) tj=e @ %) (j=1,...,n~1), t,=e ",
we assume the following in this section.
Assumption 2.1. R(z) is locally defined and meromorphic at t = (¢1,...,t,) = 0.

Definition 2.2. If R(z) is holomorphic at t = 0, P is said to have a reqular
singularity at t = 0.

Remark 2.3. i) Heckman-Opdam’s hypergeometric system has a regular singular-
ity at every infinite point. In fact, this property characterizes Heckman-Opdam’s
system (cf. Theorem 2.6).

ii) The equations satisfied by a Whittaker vector have a regular singularity at
an infinite point.

The root system X = X(B,) of type B, is reslized in R™ by
2(An.—l)-‘— = {e.~ — €j; 1<i<j< n},

E(Dn)* = {eitej; 1 £i<j<n}
(2.2) E(Ba)? = {ex; 1 < k <n},
Y(B,)* = T(D,)t UZ(Bn)E,
Z(By) = {a, —o; a € L(B,)*}.
We will use the following notation.
(6ud)(z) = d_qbg:a_t-l_-_tl) 'm0 for v€eR",
(2.3) _ . _olaz)
wa(z) =z 2—(a,a)a’

W (B,) = the Weyl group of £(B,) generated by wa (a € I(By))-

Let F C ©(B,).
Wpr: The subgroup of W(B,) generated by w, (a € F).
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F := WrF, which we call the root system generated by F.

Lemma 2.4. R(z) = Z uq((a, ) with functions u, of one variable.
a€X(Bn)*
Put u_q(t) = ua(—t) for a € £(B,)* and define
A = {a € (Ba)*; ug # 0},
(2.4) A=A U---UApN (irreducible decomposition),
Aj = A_-,' naA.
Remark 2.5. C[0) + vi(21),...,0n + vn(Ts)] is commutative for any v;(t) (j =
1,...,n).

Theorem 2.6. Under Assumption 2.1 the potential function Z ua({a,z)) is a
a€lj
transformation (by a translation + by W(B,)) of one of the following functions.
A, is of Type By, Dy, or A1 with m > 3:
There ezist the following 5 + 1 cases.

(Trig-B,,): Trigonometric potential of type B,
Co Z (sinh =2 \(z; + =;) + sinh™2 \(z; — z;))

1<i<ji<m

m
+ Z(Cl sinh~2 2z + Cs sinh ™2 Azx+Cj3 cosh 2Azx + C4 cosh 4,\wk) ,
k=1

. C3 =C4 =0 = (Trig-Bp,-reg): Heckman-Opdam’s hypergeometric system

(Trig-Am—1-bry): Trigonometric potential of type A,_; with boundary
terms

> Cosinh™* (; — z;)

1<ig<j<m

m
+ Z(Cl e~ 2%k 4 Cpe 1A%k 4 Che?Aok 4 O etor ),
k=1

- C3 =C4 =0 = (Trig-Am—1-bry-reg):Trigonometric potential of type An,_1 with
boundary terms and with reqular singularity

- C1=C2=C3=C4 =0 = (Trig-Am-1):Trigonometric potential of type Am—1

(Todaa-B,(,i)-bry): Toda potential of type B with boundary terms
m-—1
CO z e—2k($,’—m(+1) + Coe—2x(=m_1+zm)+ole2>.z1 + C2e4/\$1
i=1
+C3sinh 2 Az + Cy sinh™2 2z,
-C3=C4=0 = (Toda-B,(,})):Toda potential of type BY
. C} = C2 =0 = (Toda-D,,-bry):Toda potential of type D,, with boundary terms

. C1 =Cy =C3=C4 =0 = (Toda-D,,):Toda potential of type Dp,
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(Toda-C{Y): Toda potential of type C\’

m—1
CO Z e—2z\(:::,-—a:i+1)+Cle2)‘z1 + 0264'\:“ +Cse—2)m:m + 046_4)‘1"‘,

=1

- Cy = Cy =0 = (Toda-BCy,):Toda potential of type BCy,
-C1=Cy=C3=Cy =0 = (Toda-A,,—1): Toda potential of type A1

(Toda—Ds,t)-bry): Toda potential of type D) with boundary terms

m-—1
CO Z (6—2/\(11—$¢+1) + e—2t\($m_1+:m) + eQA(ﬂ:]-F(CQ))

i=1

+Ci sinh™2 Az, + Cy sinh™2 2)z,, + C3sinh ™2 Az + Cysinh™2 2)z;,

-C1=0C=C3=Cy=0 = (Toda-Df,{)): Toda potential of type D)

(Toda-As,ll)_l): Toda potential of type As,l,)_l

m—1
Co Z 6—2)‘(1.-—3;.-.,.1) + 0062'\(2:1—3"').

i=1

A, is of Type Bj:

Lemma 2.7. (duality) Put (z,y) = (z1,2). If the potential function
R(z,y) =u*(z +y) +u (2 — y) +v(z) + w(y)

admits the commuting differential operator @, so is

RY(z,y) :=v(z +y) + w(z — y) + u*(2z) + v (2y).

(ut,u™,v,w) is a transformation of one of the followings or its dual:
Case 1: ut =u~, v=w and (ut;v) is in the following list.

(Trig-B2) ((sinh_2 2)t); (sinh™2 2)¢t, sinh ™2 (\t, cosh 2\t, cosh4At)),
(Trig-B2-S) ((sinh~2 At, sinh™22X), (sinh™22At, cosh4At)).
Case 2: ut =u~, (ut;v,w) is in the following list.

(Toda—Dél)-bry) ((cosh 2At); (sinh~2 At, sinh™2 2At), (sinh~2 At, sinh™2 2At)),

(Toda-D{"-S-bry) ({cosh At, cosh2At); (sinh™2 At), (sinh~2 At)),

(Toda-Bél)-bry) ((e™2M); (2, '), (sinh~2 At, sinh™2 2At)),

(Toda-B{"-S-bry) ((e™*t, e~2M); (e*), (sinh™2 At)).
Case-3: v=w, (ut,u";v) is in the following list.

(Trig-A;-bry) (0, (sinh™2Ag); (e72M, M, e2M M),

(Trig-A;-S-bry) (0, (sinh=2 At, sinh™22xt); (e7*}, e*M)).

Case 4: (ut,u™,v,w) is in the following list.
(Toda-C{V) 0, (6=, (M, &), (67X, =Py,
(TOda'Cél)-S) (0’ <e—At’ e—ZAt)’ <62'\t), (6—2'“)).
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Here, for ezample, (Trig-A;-bry) means

ut(t) =0, u(t) = C;sinh ™2 At + Cé,
v(t) = w(t) = Cae™ M 4 Cye M 4 Cyet + Cg)‘t + Cy.
Outline of the proof of Theorem 2.6: We reduce the equations satisfied by
R(z) to the functional equation of type A
(25)  (Ui(z) + Ua(y) + U;;(z))2 =F(z)+ Fo(y) + F3(2) forz+y+2z=0
and that of type B;

(26) V(@)(Ut@+y)+U (c-9))+WH (U (z+y)-U (z-v))
= Fi(z + y) + F2(z — y) + G1(z) + G2(y).
Remark 2.8. 1) The above functional equation of type A is solved by [BP], [BB].

It is quite easy to solve it under our assumption. The solution (U,Us,Us) is a
translation of

(C coth At, C coth At, C coth At) or (e**,e**,ee*t) with C € C, e=0or 1.

2) That of type B, is solved by [Oc] if at least two of u +,u”,v and w are
not entire functions on C. It is also proved by Ochiai that these functions are
meromorphically extended to C.

3) If ua(t) and ug(t) are (a sum of) exponential functions and lim;_, +.c0 |ua(t)] =
lug(t)| = oo, then (e, B) < 0. Hence the set of roots

{a; uq(t) is a (sum of) exponential function(s) and t_l}:}_l jua(t)| = oo}
o0

forms an (extended) Dynkin diagram.

3. HIERARCHY

Example 3.1. Suppose Re A > 0. Then

4
. 2AR i 1 —2 =4e™M
R llvr-{-loo e“* .sinh™* A(t+ R) = hm oo (€Xt — e~ At+2R) )2 de™

(Trig-An—1) = (Toda-An-1):

n—1
lim e*RC Z sinh 2 A((zi — iR) — (z; — jR)) = 4C Z e~ 2M@—zi41)

R—
+oo 1<i<j<n i=1

('I\'ig-An_ 1) — (Rat-An- 1 ):

1
. 2 z o —2 ) = ———
ll—x&)A sinh™ Ma: = ;) = 0 z (zi — x5)*’

1<i<j<n 1<i<j<n
(Ellip-An—1) — (Toda-A%),):

21,wz 23w2
nsz —_ ) = :
oim entiC Y~ po((z: ) — (x5 -
1<i<j<n

—); 2wy, 20)2)

n-—1

= 4A2C(2 e—2)((:c.'—1:.'+1) + e2A(:¢1—x"))_
i=1



Note that

oo 2 ,—4niw2
P(2; 2w, 2wy) = - + A2sinh™2 Az + Z L cosh 2n)z,
(3 1) w1 = 1-— e-—4‘n/\w2

m = {(w1; 2wi, 2w2), r=% and A=

s
w1 2v/~1w;
Fix wy with v—1w; < 0 and let wy € R with wg >0. Put

¢(wr; 2wy, 2w2)

(3.2) Po(z; 2w1, 2wz) = p(2; 2w1, 2w2) + o1
Then Re A > 0 and since
22— e— w2 e2hz
. —r)Awz _ .
(3.3) wll_r*nooe o= cosh2A(z + Twq) = 3 if r >0,
we have easily
(3.4) u,l-i-ﬂoo po(2; 2w, 2w2) = A2sinh™2 Az,
(3.5) l_1g|1_ Po(z + wi; 2wy, 2wsz) = —A% cosh™2 Az,
w2 o0
(3.6) lim €™ pg(z + rws; 2wy, 2wp) = 4X%e7 2 if0<r <1,
w2 —>00 :
3.7 wli_rp €222 50 (2 + wo; 2wy, 2we) = 8A2 cosh 2)z,
2—00
(3.8) lim 250 (5 4 rwy; 2wy, 2wy) = 4M%e?AF ifl<r < 2.
2 —00

In general, we get most known integrable systems as suitable limits from the
A, /Bp-invariant integrable system with the potential function expressed by the

elliptic functions. We will show how they are obtained in the following.

For example, “Ellip-A,_; — Toda-A%_,” means that (Toda-A2_,) is obtained
from (Ellip-A,,—;) by taking a suitable limit, which is explained in Example 3.1,
and “Irig-B, LR Trig-B,-reg” means that 2 parameters out of 5 in the potential
function (Trig-By,,) are specialized to get the potential function (Trig-Bn-reg). Here

we do not count the parameter corresponding to the periods of functions.
Note that we do not show all the relations in the following.

Hierarchy of Integrable Potentials with 5 parameters (n > 2)
Toda.-Ds.l)-bry - Toda-BS,l)—bry

a e
Ellip-B, —  TrgB, — Toda-Ci
{ N
Trig-A,,—1-bry Rat-B,

{
Rat-A,,—1-bry
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jerarchy of Elliptic-Trigonometric-Rational Integrable Potentials (n >

Ellip-D,,
I
" Rat-B, Trig-D,, — Rat-D,,
t f13:1
EllipB, —  TrigB, %  Trig-BCp-reg Ellip-An_1
{ {
Trig-An_1-bry 2 Trig-An_i-bry-reg & Trig-An_:
$ {
Rat-A,_1-bry 3 Rat-A,_;

Hierarchy of Toda Integrable Potentials (n > 3)
Trig-BCr-reg — Toda-Dy,-bry N Toda-D,,

fs:3 5:3 3.1
Trig-B,, — Toda-BV-bry % Toda-BY
e /
EllipB, — Toda-DP-bry ¥  Toda-DM
N N
Trig-B, — Toda-CY ¥ Toda-BC,
{31
Elip A,y — Toda-A, - Toda-An,
N ‘ /
Trig'An—l

Hierarchy of Normal Integrable Potentials of type B;

Trig-BCa-reg —  Toda-Da-bry
1 5:3 1 5:3

Trig-Bo - Toda-Bgl)-bry Y Todaa-Bél)
e e
Ellip-B, —  Toda-D{V-bry —  Rat-D{"-bry
N pV ‘
Trig-B, - Toda—Céx) % Toda-BC,
Ve A
Rat-Bj Trig-A;-bry R Trig-A;-bry-reg
{
Rat-A;-bry

Hierarchy of Special Integrable Potentials of type B
Trig{®?-By-S-reg  — Todal®-Dy-S-bry
a3 a3
Trig@-By-S - Toda@-B{-S-bry & Toda@-B{V-S

/
Ellip-B2-S — Todal®-D{V-S-bry — Rat@-D{"-S-bry
hV N
Trig@-Bo-S — Toda@-C{M-s &  Toda@-B,-S
vd !

Rat-B2-S Trig@-A;-bry-S % Trig®-A;-S-bry-reg
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Identity
(3.9) (Trig-BCy-reg) = (Trig?-Ba-S-reg),
(3.10) (Toda-D;-bry) = (Trig?-A;-S-bry-reg),
(3.11) (Trig-A;-bry-reg) = (Toda®- D2-S-bry),
(3.12) (Toda-BC3) = (Toda®-B,-S).

Remark 3.2. 1) The superfix ¢ means the dual in the above.
2) (1], [Ru] and [vD2] etc. considered hierarchies.

Conjecture 3.3. The above is the list of all the completely integrable system
without Assumption 2.1.

4. HIGHER ORDER INTEGRALS

Higher order integrals are generators of the commuting family whose highest
order terms are the W (A)-invariants of C[dy, .. .,0x).

Type A,,—1(|0S]): Elliptic-Trigonometric-Rational-(cyclic) Toda.

Py = E Z w(”ex—ez (2) - Veg—eq(T) "+

(4'1) 05.75(%] wEG,,/Z{ijXGk_gj
’ ve?i—l"eﬁ(x)8€2j+1 e aek) (k =1,... )n))

and
va(z) = —%ua((a, z)) for a € D(An_1)",
(4.2) P=P}-2P, = Zc’),f + Z Ue;—e; (Ti — Tj),
k=1 1<i<j<n
[P;,‘Pj] =0 forl<i<j<n
Type By([Oc]):

V@) Utz +y)+ U (z-9) + W)Ut (e +y) -U (- )
= Fi(z + y) + Fa(z — y) + G1(z) + G2(¥),

ut(t) = %U*(t), v(t) = ditV(t) and w(t) = -(%W(t),
w3 Ty =3(82-8) (Ve e+ +U -1) -G@),
P=082+8+ut(z+y)+u (z-y)+v(z) +w®)
Q= (a,a,, Uty —vi(z—y) )2 + w(y)B2 + v(z)d?

2
+ v(z)w(y) + T(z, ),

Type B,: Invariant elliptic case ([O]).
Define a differential operator

P(u,T)= Z Z : w(Q{l,....k}A%k+1,...,n})

k=0 w€S,/GkxSp_i
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NI Y ) e(w)w(u(z1 - o)

0<I<I§) weW (By)/ZixS; xS k_z;
u(z3 — ) - u(T2j-1 — T25)02j4102542 -Bk),

q1,...k} = Z Ty, - T,
LI, =(1,....k}

where

ge =1, gy = T{1y, a2y = Ty Tiey + T2y - -
Tua,kp) = W(T,.0k)  Bu,...kp) = wWAa,.k) for wes,,
1 ifwew(Dy),
() = { 1 ifw¢ W(D)
Put
- u(t) = Csp(t),

‘ C
o(t) = ) Ciplt +wy) — 5

J=1

Define P,(Cy) = P(u,T) by

4
To,.p = (<C (L0, (1) - Y CiTh,. g (ot +w3))),
Jj=1
T k(W) = > (=1)*"Yv - S, (%) -+~ 81, (¥),

LT, ={1,...k}
S,k (%) = Z w(w(-’fl)lp(fl - z2)p(z2 — Z3) -+ P(Th—1 — fb‘k))'
weW (By) :
Then
[P.(C), P.(C))] =0
for C, C' € C and
P'n. = P’n(o))

Pok=3_3 > >
i=k j=i WES,/6;XS;_iXSp_j L. I={1,...,i}
w((—Cs)i—,kznk (1) TIO,,(1)4{i+1,...,j}A%,-+1,,_,_,,))
for k=1,...,n—1, where g(i41,...,;} are defined by putting Cp = 0.
Remark 4.1. Replacing 8; by & for i = 1,...,n in the definition of Aq,...k} and

P(u,T), we define functions 5{1',_,,” and P(u,T) of (z,¢), respectively, and we
have classical completely integrable system.
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