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R N EFBE(A S TR DS

HEBRT - KERS TRER EHR
WRRILERYE - REGRBTEHER
%& &2 (Hiroyuki Ochiai)

Abstract: 3 RITCEZIRE LORF 1 BRE N U X OBBAEEE BT
EFEERT, ENOMOYFEREZ BENIIOBTEFEICEL S, BREOHTIL,
TEVICOBINIBRMBIOMBERRICOVWTOME L RS, HEHE
ELOFXFEMRICEIL, FHIIERRTELBE,

1 Introduction

1.1 HEReIEHK

HREREOB - I MO FERIBRLhBSMEKN THE L BbhLTWn5,
RBUAHE LI BRERIT. FEBSMERR (L ZEBBROTLT) O
FRFEEEE THE LW Z 4 FTOMHSFEREE-T L B8E W, LTy
Y FABEK, Ry AEBRERZDOXLS REFTH S, [—nV b7y
FEEAD L 57 p EREEHR OO ZOHEEIZALRVOT, 28D
BEORMBIIIALR, EFBUEEZDZL2BFELRVE, | 2hbi
BRMER (ARELEL) TRRTHIENTES, BEMEK, REK
L EDEEHLIIBHEE LS EEHTRELVWEF TH S, ELARLDOE L
T, REEOHEIIED  Heckmann-Opdam L WHABITRIFNA - LD
Z, V= PRICABE LS FRAZN DY, BSAMEKICH LTI (F
&) Gelfand DBEEBMATEE L VI KRELBREH S, HFRITHDHMAT, R
HBDFEIL G/K IR LD TH Y, BEMEBITS S <00, bbb
G/P 92 bDThd, REROICIT, BIFRXEEERHRBEO—BL., #®F
X GBIL) ERFIRBRICBTHLEARTILENTE B, REKS BRI
TRRTDHENINE AT, BEMEBEALBL Tbdho TRV EWND
XARTIX, G/K B72b DL G/IPWRHLODERRDTAZLTHY ., —BH
IRRBLTOERRE - FEHIBA L 1 TIIAY, ERIFEIIEI LOTHASS &
WOBRERHDIZBERL, TNHLEICELWVLOE S hIX T2 TS0,

() REBOMH F BN K OBRARKRBRINET LD THEH—
D K-type DRHICENEZEZ D L, <7 FEOWSY F A% (holonomic



system) B3 H LD, RERH - FHREHEEGRHOICE BIZEHETH D, ZDHE
IZE ¥ 57 B % 1T - T Cartan subalgebra DJEIE CEWV-Mor AR HEBE
RS FRA LT TRVWTHA I, V— FOEFEICHDHT A —
ZREFILT DI ENTE DD, BEMEE - AW 7 —(EOKRERIZ L 5T
ERONENE B LWEEICR R Y, BRI NEERNREELZ .,

SEIOFFEXZN LD LThEN, MBS 18 (0 EWsSHEN)
DEMF (R PVE) TEERAT A—IRBRIZADZLOEED, £L
T, ZOROBBHT U ZADOBEMERTH»TDZ L., $2bLHFEA (DM
B)LLTE ZHOLOOEMIIOMBTSIZLE2TT, ZOBRDEIIZ,
FRADORNTCHENRRS MMETH-TH (PRVRFHETDIZLIZE-
T BEFEOLDIT/mEINTLE S, FICHEMIRATHLITH LVEEE
EBRELTWRD, EWHZENEZAZ LIZEELREN,

1.2 FBAIMAPAFERR

In this article, we consider the following system of differential equations.

1-)dz4+22 a?2+4b%2
)16

r422fn(z)+4zf'(z)-< 1-2)? + 1_2

_ 2 2 2 , 9p23/2
4£wxa4uuhma-( Azt | @ +bz) (2) i

(1—-—2)"’+ 1—-2 (1-2)

We fix the parameters a > 0,b > 0, and A € R. The independent variable z
is considered to be 0 < z < 1, for the moment. The branches of the multi-
variable functions z'/2 and (1 — 2)%? are taken to be real for 0 < z < 1. The
derivation ' = £. We have three unknown functions (dependent variables)
f,g and h. As is discussed later, by the elimination of dependent variables,
this system is equivalent to some Fuchsian ordinary differential equation of
6th order with three (regular) singular points 0, 1, co.

\

Problem 1 Can we write the solutions (f, g, h) of this differential equations
in terms of Gauss hypergeometric functions ? If we can, then write down
explicitly.

1.3 A H 5 DB
WL BRATHEEROTHRROBEREELTBL, [5][6]

h(z) =0,

2a 2b23/2
4 R DR
4226"(2) + 429/ (2) - (o + T ) 900) - g () =0,

————ggf(z)=0
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3WIT ORI ZEREIL. BETAIIZ (H3, PSLy(C)) 2 €7V ETH L7
Riemann Z#k&ETH D, Z I TH? = PSLy(C)/PSU, ~ SO(3,1)/SO(3)
IIPE# 1 ®© Riemann MHREEOVE D TH 5, HREEOZER: 3 RTX
HZ R rigidity 280729, (BFEREETO) ERITFELLRY, Lz
NBoTELZDLDOBIXLIELIFEL T, AXILWED, T b2 ERH
2 (BROD) TORSTEDDOVEDDT AT 4TI AL rORFRMELZFFT
ZEThD, MEREIIT X —F RO 3T ON L E D 2 filiE % Bb
VETTHELNDIHFBEETNE T D, F—FOHLICHE D557 (F) 4%
BYEQ LIS, EAZ a> 08475, a=21 DL EIPHERBEDOLRVWBETH
D, a>2r DBPELADTEZD, RERESDAY T, BRESIL LD
r, RREGIIR oMY ¢, BEABESLELSAEL (0 mod a) & EE
ZWBD L, BRESOREY TO Riemann 3 &iX dr? + sinh? rdf + cosh? rd¢?
Li2d, REIZZ DX 5 2#E % ¥ - 7= Riemann B4Rk % FELIRE L T
5. FRESIIEAE (link) T72bbH ST OFRME O disjoint union 272 L,
& S A Z L ICEADHHE T I,

JEIZR - T, BAREED 3 RTTKEZIREDER 2 E 2 5, Hodgson-
Kerckhoff (3D~ TOEA D 2 UTOHEIC, EAZERE L7 FR/NE
BrakT a4 I/ roareEnP—HOHEBERL, AEZEETIEEHR
FELBRWI L ZR LT, EEO—EMHIIRENANE, e/ I—KRADK
FTOHBERETHFELRD DT, EAZMNMNIENIEIEEE—BENCE
ETHZ LN (BMAOFHEDOTT)RENTILILRZ, ZOakER—TV—
DOEWIT. FRESOEETOERIEL L 2B/~ FFO L2 %
RHEZLEIZE->TWS,

FHHIXZ O FERKX Av = 0 Z AW aBRICH T2 FEX
(A+4)T=0ICEL, ERD (r,¢,0) R TERSRET S Z L T, r BAEIZEH
T 57 MEOESE FRREE N, [ThEEHIZ 2 =tanh?’r OF
BCTEXELELOBEBOFBRATH D, | f, g, h IBEOREETED
AR (BKRT) 2EEL LTHE W XoRBUzEh EEETHD, A
FTA—H a, b IIEEBREDOBRREESA Y OBMILLRE S, BEMIZIE, ¥
BES (S' LEM)DRE%Z |, BEEEITIE-ToB—ALZL E DI DOHF
mast ThHdHELELE, nnmeZ % 0,¢6 77D Fourier mode & L7+ &
a=2r/a)n, b= (2r/)m+ (at)/l THZDOND, ELT, BHMEIN=-2
DBJEHBRMFXT FAFDOFEITH D,

Hodgson-Kerckhoff iXZ 0 FBRXDOEXKE RS Z L TarkEn V—ED
HBEZERA L., BN RERO—BHEZE e, ZOHFBXOEORKNRE
BCRRIBEON TV o7, I T, Zhd VT2 OBSAEE T
FI52L, BIUEORBEEZEEUNDLZLZTRLEY., ZThHDET
KA, KIBIREBRLZFORRE L LTOZBEEDORILOBETF. HBWVIitEA
B2r LT THELWIREBEBRA DR EITERISOZ L 2L TWVB,

1@ F — X2 DA T3k
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INHIEIMAERLETH D,

% . Laplacian OEES5HER & CRAAHAERED L S Tr—FOE
BEAPICHRTAIERBIED T A —Z2EGLRE. TONRTA—L%28E
REBICHET 5 = L A BEMBEENIICKEITH D, SDOBEIIA>TND
RTA—F 0 b AMTTT (BEREHE TR ERERTHY, L defa]
BMEREZEFEORTHAHAZEBELL,

2 Results
BEPRRBE EBHIZ, HTL AMSERFROROBEFEREBEDHNL

SPBENTEL, T2 TELEIRBFLLT, d=d/dz L L. 2 2E¥KLT
3 2D Fuchs B fEAFR

. —2 (P 1 d 2 !
P[p,q,r,s,t] =0 +(Z+Z_1)a+(z2(z—]_) +z(z—1)+z(z—1)2>

with parameters p,q,r,s,t €C &% %, ¥@L LT,

Lemma 2 (Conjugation by elementary power functions.) For A € C,

P[p’Qar')s’t]ZA = ZAP[P+2/\9Q;T"A(A+1’-1)w5+)‘(’\+p+vq_1)’t]a
P[p,q,r,s,t](z—l))‘ = (z—1)’\P[p,q+2)\;r,s+)\()\+p+q—1),t+)\()\+q—1)].

2.1 Splittings

The differential equations under consideration is of the form:
222(1 — 2)%2A,f = ag+ 2b2%/%h,
222(1 — 2)*/?Rag af,
2231 — 2)**Rih = b2/,

where
A, = P:I,O;az::l,bzzl,/\;ﬂ,
Ry = P_1,0;“2:1,§,>‘21],
R, = Pil,O;%,b2;1,L;]

Here we retain the notation in [4], so the numbering of the operators pre-
sented here may look funny.



Proposition 3 (Derivation of the single equation)
bf = 22Y2(1 - 2)*%Ryh,
abg = 2°%(1 — 2)°Ryh,

where

, b?
Ry i=27Y2(1 — 2)™32A,2/%(1 — 2)3/R, — zz_l(l —z)73

Let

2
X, = z_5/2(1 _ z)_3R325/2(1 — 2)3R2 - %z"‘(l - Z)—3R1-

(Xn is of 6th order.) Then
Xrh = 0.

If ab # 0, then the original differential equations for (f,g,h) is equivalent to
Xph =0.
We define the conjugated operators

- z p? 1
i, = P[2,3;9—, +15 A+

We introduce several differential operators, which will be used in the following
theorem. It is non-trivial to find these operators, and easy to check all the
relations exhibited in the theorem.

I a? B¥+1 A+1
= P|1,-1;— 2o
Pl -, ’4) 4 ’ 4 ]7
a?+2a b2+25 A+7
P2 - P.2147 4 ’ 4 ’ 4 ]7
i a?—2a-24 H¥»+121 A+23
P3 - P_6767 4 ] 4 9 4 :Ia
[ a?—4 ¥ +25 A+1
P4 - P-3’37 4 9 4 ) 4 ]7
_ [ 216 b2 4+121 A
B o= pl5 t 0 A 2B ytp2( -2,
] 4 4 4
[ a? B®+25 A+7T a
P = P 24"— = ———— —
10 -7 747 4 ’ 4 ] P2+222(1—Z)
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Theorem 4 (Factorization and splitting.)
(1) [4, Theorem 3.1.1](Factorization)
X = P3P2P1 = P3(—a)P2(—a)P1.

(1) [4, Theorem 3.1.2](Projection operators)

2-)

P1P4—P3P2=Z;2—(-I?‘z)—4

(1ii) (division by P;)

1 1
R“’sz—l(a_ﬂz—m>‘

(iv) (division by Py) [4, Lemma 4.1.1]

a2

Ry = PP, —

423(1 — 2)%’
or equivalently,
< a? 4 b22°
PoP, — AR = ———7——.
1041 114 P =2)

Corollary 5 Suppose X\ # 2. Then X,h = 0 if and only if

h=v+

5 )\22(1 — 2)*Py(wt +w7),

where Piv =0, Powt =0 and Py(—a)w™ = 0.

BEEOMBSITIZOVWTEBRLTRERZY, bELLEOEMNR, HDHWVIL6
BOFBR Xph=01bE/ FuI—2HETIZLIIERATRN, &0
5 P TE 72V, Theorem 4 (i) DL Hiz, T/ FrI—2 (bLoBHoHEX
BB, LESTHRL) AN THIALVWHIEELHELRNE DL,
SRT DI LEENBRICESTVWAEWI FIEEHLH V. 70 < ) BEH
IR TWAbiFTiIERY, E5iZ, Corollary D X 512, & LIRS BE
Mz NEZ EHLERETIERVWL, 2OSBE~OEREL 52 2545 F
XTFTT oL b—BRrbIRESNRY, BRE LTI, 2HEOBRTO 3
SOEMICOBETZZ ERb1E, bL, £/ FrI—03x0FEKXTHD
Do THIE (el & bIMBIIZIY) ZOEESRVIOIZ EBDLNDH,
FTOFBADEETITT/ Fri—idbhrdbil, L LAZO/REFAL

THHTE/ FrI—=08bDd,
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2.2 Another elimination

af = 22%(1— 2)*?Ray,

abh = 2%%(1 — 2)3R,g,
where

Ry:=2"21-2)"%24,2*(1 — 2)**R; — —(-l;z_l(l —2)73
Define

X, =271 - 2)73R2%%(1 — 2)*R, — %z‘l(l — 2)73R;,
then X,9 = 0.

Theorem 6 [4, Theorem 8.1.4] X, = 272 X,2/2,

This theorem is not necessary to prove any formula given here. However, it
plays the crucial role to find out the operators Pj, etc. See for detail [3].
Suppose we are given a short exact sequence of D-modules

0—-D/DQ — D/DQP — D/DP — 0

with some differential operators P and ). This sequence is split if and only if
there exists some operators A and B such that PA+ B@Q = 1. This equation
looks similar to something like PA+QB = 1, which is much easier to handle.
In general, it is not easy to find an intertwining operator between given two
(holonomic) D-modules. See [8] for the recent status. It is enough lucky that
the theorem above provides an operator belongs to Endp(D/DQP) which
turns to be non-scalar in our case. Using this operator, we can construct the
projection operator onto the factor module.

We introduce
- 2 2
P = P 2,_1;a -1 b_ A+1

] — 2—1/2P1;21/2,

4 44

i 2 _ — 2
P = P 4’4;a 9’48+2b\/ 1+b’)\+7 ’

i 4 4 4

[ 2 _ —
P = P 6,6;a 25,120+2b\/ 1’/\+23]’

| 4 4 4

2 1 2

P = PF7’8;a + 2bv/ 35’b +196,/\+43 ’

] 4 4 4

I 2 — — 2
P, = P 3.,S;a +2b\4/ 1 3,48+2b\4/ 1+b’)\-i‘-113]’

B = 2731 -2)""P3(1 - 2)4
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Theorem 7 (i) [{, Theorem 3.1.5]
Xg — P7P6P5 - P7(—b)P6(—b)P5

(i) [4, Theorem 3.1.6]

A—2
z

PiPy— PiPs = =

31 -2)"

2.3 Degenerate case

Due to the careful choice of our operators listed above, the corresponding
results for the case of degenerate parameters ab = 0 can be also obtained by
the specialization a = 0 or b = 0. Geometrically, this degeneration seems to
correspond to the cusps of the hyperbolic 3 manifold. We only list up the
operators. The splitting of the system of differential equations is similarly
stated as in the previous subsection.

(i) [4, §4.2] T5=° = 352:2(1 — 2)?,

(i) (6) = B= = P [1,03, %, 351] = 22(1 - 2P By=02-1/2(1 - 2)
(iii) [4, Theorem 3.2.1] R3=° = Py=°pg=0.

(iv) (13) = R®=°.

(v) [4, Theorem 3.3.1] R5=® = P=0p=0,

(vi) (16) = A3=P=0, (17) = R§=*=", (18) = R§y=*=".

3 Discussion

In the case A = 2, several statements above do not hold. We have no in-
trinsic explanation at the moment, but try to understand in terms of the
decomposition of differential operators.

Let us recall Theorem 4(ii): for A = 2, we have PPy = P;P,. In such a
case, the exponents at given as follows

Z=0 z=1 |z=oo
P llas+2,04+2|85+2,8,+2]| ¥3,7
P, ay, g B, Be 1,2

P3 g, O3 + 2 162, /83 + 2 73, Y4
P oy, 04 + 2 B, Ba+2 Y15 Y2
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with the condition

ayt+ar+bi+B+mn+7=1,
azt+as+ B3+ Bs+v+7=1,
a;+ (s +2)+ 61 +(Ba+2)+1n+v =1

The corresponding operators are of the form

P, = P[1-oa3—as,1— s — Bs;—asas,V3Vs, B304]
Py = P[l-a;—a31- 01— By —a1a2, 7172, 5152],
P; = Pll—a3—(az—2),1—- 83— (82 —2); —az(az — 2),7374,03(82 — 2)].
P, = P[l—a;—(as4+2),1-051—(8s+2); —ai(as +2), 7172, 51(8s +2)].

We will give a classification of such operators satisfying P, Py = P3P;.

Proposition 8 These operators satisfies P, P, = P3P, if and only if one of
the following (i) or (%) holds.

(3) vsva = (aa + Ba)(as + B3 — 1) and my2 = (o1 + B1)(az + B2 — 1).
(1) oy =az+1, By =P+ 1 and 7172 — 374 = 3(a1 + B1 + as + Bs).

3.1 The reducible case

We discuss each case separately. Let us consider the case (i) in this subsec-
tion. Since as+0; = ay+0Gs+4, we also have y374 = (az+ 02— 4)(az+03—1)
and v17, = (1+01)(@s+04+3). Hence we obtain the following factorization:

Pl = q[l - a371 - ﬁ3]q[—a4a _ﬁ4]7

P4 = Q[l — (g, 1- ﬁ?]Q[—al, _51]7
Py = g1 -o03,1-8slgl—02+2,—5;+2],
Py, = q[-1— a4, —1—B4g[—ay,—Bi],
where
g2y B
gla, 8] := 0+ ~ + 1

Note that, under the condition as + 82 = a4 + 54 + 4, we have

g[—04, —Pa)a[l — 02,1 — B5] = q[—a2 + 2, =5 + 2]g[—1 — a4, —1 — (4],

which assures the relation P,P; = P;P,.
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3.2 The case (ii)

The exponents are

R z2=0 | z=1 | z=o00 |
Plog+l,as+2{8i+1,6+2|n+372+3
P, Qay, 0y B1, B2 V15,72
Bl a+l,a Bi+1,8 |[m+3,72+3
P ay, a4 + 2 B, B4 +2 V1,72

with a; +as+ 31+ B2+~ +7 = 1 and az + B2 = a4+ B4 +4. The dimension
of the parameters is 6. The reason why the equality P, P, = P;P, does hold
has not yet been well understood.

The operators P,, Py, P3 and P, in §2 with A = 2 have exponents

a; = -1- (0/2), :61 = —3/2’ M= (5 + b\/'_—_l)/Z,
ay = =1+ (a/2), B2 = —1/2, 1 =(5-b/=1)/2,
Qg —2—(0/2), 53=—5/2, 73=(11+bv—1>/2,
a4=——2+(a/2), ﬁ4=—7/2, Y4 =(11—b\/_—_1)/2

These are a special case of the case (ii).
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