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A Machine Proof of the Proposition
”1Ideal C |, Primeldeal;, = Ideal C Primeldeal;”
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1 LIS

BERULEE L O ERARBOBIZIIREL, ST, Bl - BRMAFE2 M0 L L THEFEOH L
OGTCETEIFMENBATH S, FOLERAOV LD LT, HHEEAY A5 L OEBICRET 5558
LA STETWS, 20513, BRABCEBT 25TE0EYSL FEL 7=V, HHY AF LA THE
ERABROHBICBRAEY A7 LRFAL LI LW VDTH S, ZTORDITIIHR, REOEERE
SXHATEZ AL BEEIRAY AT L TR TEHI BN EL 25, —5R4E, BRIITHD BEML
L ZNILHL SV THAI L HRBAICLD, BEEERRPHEAXBEOV 7N =27V AF L2 HNT,
RAOHRNLBERZOLOLTEM ECRITOMRELEEM»SHBD TS, KIFTIE, ZoFaH
Lo—gpe LT, BRADRLDYADOBBETH - L FRBOMEDOEAL L STEE LT OIAD HKIC 21T
BT 5.

HRABOERILDRARIL, TR L O» OB IBELEARE L O ETHALRBEND B, S IHA
H22bDTha. F. Kammuller £ L. C. Paulson I&, Isabelle [8, 7] Z IV T, ¥ ZoREARNLRMELE
KftL, Sylow DEBEOIFIICKIIL Twb, %£/= C. Ballarin 1313 D Tsabelle # AWVT, B —&H
ZIENOWEEL AL, RBAFSEROEROMAZIT-> TS [2). YR, ZhsoftHicid, &R
- AFPLBIOBEREZY 0BERLLE TN TV 5, %, B¥oRtosad s L TE4
72 Mizar [6] Tb, HRAKOELIIITOh TS, HlZXIE, P. Rudnicki HI3BHCE/BEAT 7V, HR
ERAT TNV, 4AF7NVOWE, Noether B2 Y OERALE TIT2-> T3 [9).

AETIE, Rao7aY =7 ogiIBEIc BT sRKORAA, b, aRARICBT 2EEARS0ESR
RPEAEBERDIADOHRALII BT, FRAMNERIC Isabelle O TT- 2 kR HET 5. SO KESY
BHELEINTES T, TEFIERZZ—HRL T3, ERILOXSRIE, MF. Atiyah & 1.G. MacDonald
KX DA HRBOHEE (1) ONBLFEML L T3, ChETIKE—HEONBTHIRE AT TNVOER
A2 E D Isabelle TOELRMSETL T b, KBETIE, Th b 0REKIES L Isabelle DB N 21T
v, TOHRTERCICET 2FMRERELITY. BRI, RAT7NVICHTIONEMRMETHS, £
WRL e OFERRZ & L TRY.
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2 BARICETAHEKIES

ZIT, HMOMBMNLBERTLBEL R2EAMSLHAL L. AL, RITHEM ok S LAHIRY
L, ¥/, BI7—NVEL7T 5.

BR R T, AL RO ZIREAY2 €% T 5. RITINKICEL TREMEBEL, £/, R|EICEL TS,
HBieEaH, SRA, HEABIOHEAENATE TS, B ROAT 7V HIINKCBET 28808 T,
RxICIt¥5. B8R R/IX, ROWMKL FEkx ARICHEAT 5.

RROWMP/ESIC L > TEBRINE AT TNV, ZTOWHEALECRNOAFTNTHD, AT 7N
DFn L+ L BXUH LLZZFhTh, I Ul BIUES {:z:y | zehi&ye Iz} WL TEREh S A
TTINVEERT B. '

RROERzIZO0T, zy=1(1I3R ROBN TR ET) 2ET yc RVFEET DL &, zI3HRxT
HHLW). KEIE, 1#£0THY, 0 CRVERIL2THETTHILIRBROZ L. ROERDICzIZD
W, BIRAT PN (z) i3 {ax |a€R}. AF7NVIM{BL I#R) IOV, ayel=>zell|lyel
AR Y L% SV TIZFR/AT 7V (prime) THB. 477N m (AL m # R) 2 ECHERDAF 7N 148
&7 mB» RICHEL WL E, mIIBKAFT 7NV (maximal) TH 5. Jacobson #RE (Jacobson radical) &
X, 2TCOBRKAT7NVOIEELETH 5.

3 Isabelle/HOL &(&

Isabelle IXIMFEROAMARHL AT LTHY, HEORBEL Y R-bLTV5E. ZOVLOTH5 Is-
abelle/HOL 1%, Church ®¥#® [4] ICES < HOL ¥ A5 L [5) 2 Hi&L b DT, EPERER (higher order
logic) # #3KLT 5. FHAILZ D Isabelle/HOL # AW THFMELER(LTEZ L & L 1=,

Isabelle TOIEHIIEEIT backward proof TH B, 2%V, FIABRETHAAIRELI-LEESL,
Z DA —)VITHL tactics(resulution, assumption, elimnation-resolution, destruct-resolution %) % tacti-
cal(tactics DA EH ) R simplification 2 AL, KICTEFTREY T - A BT T D, &Y
T=VISHL FERROBIEL RV RL, T —NHEL AR o LR A CREFIZSE T 3 5. Isabelle 1213, FER
D BB D7 HITHIC induction, classical tableau reasoning S AEEN TV S,

4 ROERIL

ERbiL, BRI S > TRLBHBOESLSHBD, BBIOAT PN RESE S, BOBIT Isabelle
@ RECORD ¥ fV TEH T 5. Isabelle ® RECORD I3 tuple # —A{LL 72 b DT, RADOBWAELET 5.
(7 — RNV oEL B .

record ’a groupSig =
carrier :: "’a set"
add :: "[’a, 'a] = ’a"
inverse :: "’a = ’a"
Zero HHELEE S




"AGroup G ==
add G € carrier G — carrier G — carrier G &
inverse G € carrier G — carrier G & zero G € carrier G &
(Vx € carrier G. Vy € carrier G. Vz € carrier G.
(add G (inverse G x) x = zero G) & (add G (zero G) x = x) &
(add Gxy=add Gyx) &

(add G (add G x y) z = add G x (add G y z)) )"

8L, A5 BliX A»S BAOBBORELRT.
PEORANZHELIAL TBLENS S, i, BoM—HIRD L HICiET 5.

"[| AGroup G; a € carrier G; x € carrier G; add G x a = a []= x = zero G";
p

{fHL, x € carrier Gl¥ x € ¢ #&BKL, x :
@ carrier DPHEEL L TEHT 5.

carrier G X AHAL TH &\, FIC BHBRH IR G

"Subgroup G H ==H C carrier G & zero GEH &

(Vx €H. Vy €H. (add G x y € H) & (inverse G x € H) )"

B, MEREEMAL TROMRE L CRHET S, T O (record) & EHIIKE BY.

record ’a ringSig = ’a groupSig +
mul :: "[’a, ’a] = ’a"
one :: "’a"

"Ring R ==
AGroup R &

one R € carrier R & mul R € carrier R — carrier R — carrier R

(Vx € carrier R. Vy € carrier R.

Vz € carrier R.

(mul R (mul R x y) z
(mul R (add Rxy) z
(mul R x (add R y 2)

(mul R (one R) x =x) & (mul R x (one R) = x) &
(mul Rxy=mlRyx))"

mul R x (mul Ry z)) &
add R (mul R x 2) (ml Ry z)) &
add R (mul R x y) (mul R x 2)) &

oEE LY, BAIEKICEL T2 25 ("Ring R = AGroup R") Z 7% Isabelle TIEBARIHETH 1,
ZORER, MEFHCETATRTOERESBRICHL TOARL 25, ¥, EHLVEANRMEE D M &

ha, ezl

"[l Ring R; x € carrier R {]= mul R x (zero R) = zero R";

AF PN OWBOHRICBNT nBD BEROM & MMBBLELR2BEH, ThHIKRD & D ITTHRNIE

#7T5.

primrec
nsum0.0

“ngumO R £ 0 = £ O"
nsum0_suc "nsum0 R f (Suc n) = add R (f (Suc n)) (nsum0 R (f n))"

primrec
nmul0_0

"nmul0 R £ 0 = £ O"
nmul0_suc "nmul0 R f (Suc n) = mul R (f (Suc n)) (mmul0 R (f n))"
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HDH0EDDERIIONT, BEENNA 7=HORF (AN T —£F) LT HLEIFHE (N EFE) K4 nscale
& npow TRL, RDOLBYEHTS.

primrec
nscale 0 "nscale R x 0 = zero R"
nscalesuc "nscale R x (Suc n) = add R x (nscale R x

n) "

primrec
npow0 "npow R x 0 = one R"

npow_suc "npow R x (Suc n) = mul R x (npow R x n)"

(—z)" =2z | —z™ R (zy)" = z"y" 2 ¥ OFENLREEITBHEIC & VAN EHE., IsIcThbs AW
T(e+y)" =0, (Niymi WS EARERLEFIN S,

R R

"!!n. [|Ring R; x € carrier R; y € carrier R 1=
npow R (add R x y) n =

nsum0 R (i.nscale R (mul R (npow R x (n-i)) (mpow R y i))

(n choose i)) n ";

25 Ry N ¥RBIER f:

"RingHomo R; Rz f ==

Ring Ry & Ring Ry & (f € carrier R; — carrier Rp) &

(Vx € carrier R;.Vy € carrier R;.
(f (add Ry x y) = add Ry, (f x) (£ y)) &
(f (mul Ry xy) =mul Ry (f x) (£ y))) &
(f (one R;) = one Ry )"

LAEX Y, RERBIIFITBAL, £/2¥5C (inverse) i1t~ L BT Z &A% Isabelle CHEAA A HE.
FEEF KA :

"ZeroDivisor R ==
{ x. Ring R & x € carrier R &
(3y € carrier R.(y # zero R) & (ml Rxy =

zero R)) } "

"IntegralDomain R ==

Ring R & (one R # zero R) & (Vx € ZeroDivisor R. x = zero R) "

nilpotent B (??7) I LOREFROEHL HWT, RO BY Lk :

"Nilpotent R x == x € carrier R & (3n. npow R x n =

zero R) "

R o Bt £k

id

"Unit R ==

{ x. Ring R & x € carrier R & (Jy € carrier R. ml1 Rxy =one R) } "

"Field R ==
Ring R & (one R # zero R) &
(Vx € carrier R. (x # zero R) — (x € Unit R)) "




5 ATF7ILOERA
AFF7IV IIE2HTHAL 22 BY. BT 5L :

"Ideal R I ==

Ring R & Subgroup RJ] & (Vx € carrier R. Vy € . mml1 Rxye I) "

BIEAT 7V

"Principalldeal x R == mul R x ¢ carrier R "

T3 X Isabelle Ti, BIMZEAICHAL BE2EB%T B, RAT TNV

"Primeldeal R I ==
Ideal R I & (I # carrier R) &

(Vx € carrier R. Vy € carrier R. (mul Rxy € I) — (xel |yeD) "

BAKATFT7IV

"MaximalIdeal R I ==
Ideal RI & (I C carrier R) &
—(3A. (Ideal RA) & (J/ C A & A C carrier R)) "

VBT, TBEIROM, #D carrier DESDOERTH 5 coset ¥ EHT 5.

"coset GHx=={ z. Jy€eH. z=addGxy }"

coset ICEHT AMHEZ WL O HET 5.

o | "[| AGroup G; Subgroup G H; x € carrier G; coset GHx =H [J= x € H ";

e | "[l AGroup G; Subgroup G H; x € H |]== coset GHx =H ";
o | "[| AGroup G; Subgroup G H []=> coset G H (zero G) = H ";
coset DIFEITRD L BV,
E "cosetAdd G A B == z. Ix €A. 3y € B. z=add Gxy }"

Wy | "cosetInverse G A == { y. Ix € A. y = inverse G x }"

i "cosetMul R H A B ==

{z. 3x € A. 3y € B. 320 € H. z = add R (mul R x y) 20 }"

ZhoEAOT iR 2RO record & L TERT 5.

"QRing R H == (|
carrier = cosetset R H, add = cosetAdd R,
inverse = cosetInverse R, zero = coset R H (zero
mul = cosetMul R H, one = coset R H (one R) |)"

R),

ZOBERRTHDHZ L
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"Ideal R I => Ring (QRing R I)"

RO, B R OEHREZXMIET S coset ICFE T B cosetMap VIRERBITH 5 Z L MFAATE 5,

-

"Ideal R I — RingHomo R (QRing R I) (cosetMap R I)";

E 51T, cosetMap iZBTHMEL WL OPEEHATHZ &IC &Y, UFOESELIFHARHE.

"PrimeIdeal R I — IntegralDomain (QRing R I) '";

"[l Ideal R I; IntegralDomain (QRing R I) [l= Primeldeal R I ";

"Maximalldeal R I = Field (QRing R I)";

"[l Ideal R I; Field (QRing R I) |]=—> MaximalIldeal R I";

Zorn D& (Isabelle TIEEMIFE L) Z Ahid, BRAT 7UNHELET 52 & 2 Y ATHE.

"[lRing R; —(ZeroRing R) |]=— 3JI. Maximalldeal R I";

B

"[lRing R; Ideal R I; I # carrier R |1=— 3J. I C J & Maximalldeal R J ";

"[lRing R; x € carrier R; x ¢ (Unit R) |J== 3JI. (x € I & Maximalldeal R I) ";

N EFER I (nilradical) 13, nilpotent BREAHDES :

“Nilradical R == { x. Nilpotent R x } "

RNEFMRENAT T NTHDZ &1L, HHLFRE2ET 50 Isabelle THILAFR[E.

"Ring R —> Ideal R (Nilradical R) ";

REBERENTRTCOBATTNOLBELSTH DL VHEHE

"[lRing R; —(ZeroRing R) [1= Nilradical R = () { I. Primeldeal R I } ";

b, PR OFREET LGRS ARE. EHIIRD 2 2OBRENS 2 5.

1. REXZREOEZTOER s EH OB ARATTIVICEENS. RS, s lIRNSBREOEHRELD
T, HHEH KL zn =02 729, ZOREFITRTCOBRATTNIZETENEN, BEAF TNV
DOHEPOEREFTRL 2 ZDLDONBFAT TIVICEETNhRITNER S 0,

2. NEFRIMTEENROER 21U T, s 2 BERNRAT TNV I BRTHEET S, ATT7NLD
& {I. Ideal RT & (Vn. (npow Rxn) gI) } | x5, Zorn DALY ZDESD
BABRCHEAT TNV MBELETBH, TO MIBSRATTNTHLILHEHTES. Jih, x
=npow Rx 1 g M.

Jacobson radical 128§ 54 A2 ME (7118 D EFED Proposition 1.9) & EFERFE A,

"[IRing R; x € carrier R 1=
(x € { I. Maximalldeal R [ b .
= (Vy € carrier R. (add R (one R) (inverse R (mul R x y))) € Unit R)";
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6 AT F7IDREA

20DAT T NOILBEELAF L TH S,

"[lIdeal R I;; Ideal R I, [1= Ideal R (; NL) ";

BHEIC—RILT 5 L

"[l IndSet # {}; Ai. i € IndSet => Ideal R (f i) []
—> Ideal R (niEIndSet' (f 1)) ";

FEATERSNZATTVER, AZELATTNVOIGBELSTH B,

"IdealGenerated R A == () { I. Ideal RI & AC I } "

"[IRing R; A C carrier R []=> Ideal R (IdealGenerated R A)";

2DDATFTTIVOMETEEROLBY EHT 5.

"IdealSum R I} I, == IdealGenerated R (L UL)"

"IdealProd R I; I, == IdealGenerated R { z. JIx €1I,. dy €. z=ml Rxy }"

INOMATTIVITRDZ LIE, Isabelle THEY L HHIRT I LMTE S, B, FIOERIIZAT 7
NVOBEOFITH S,

"[lIdeal R I;; Ideal R I, |[]
= IdealSum R I b = { z. Ix €. 3y €l,. z=add Rx y JRF

"IdealSum R I1 I = IdealSum R I, I; ";

"[l Tdeal R I; Ideal R I; Ideal R I3 1]
= IdealSum R (IdealSum R I} I) I3 = IdealSum R I; (IdealSum R I, I3)";

ﬁwowa,ﬂmfﬁé%ﬁmbﬁﬁ,ﬂaébﬁtﬁmﬁm%ﬁmbﬂéztbmwwefﬁﬂmﬁ
32 L AYEHE. modular BlIZ

"[l Ideal R I;; Ideal R Iy; Ideal R I3; I, CI, [1—
I N (IdealSum R I, I3) = IdealSum R (I; N1I,) (LnIz";

AF 7 MAEUNC F (coprime) & 13

"IdealCoprime R I} I == (IdealSum R I; I, = carrier R ) "

HWIFRR 2200 4F 7V OIBESITEICEL V.,

"[l Ideal R I,; Ideal R I,; IdealCoprime R I} I, 1= I NI, = IdealProd R I, I, *;
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7T ‘AT T7IVOMESICEET A5
INETOHRMIETE, WINnEIEBHOMEYER (LA ZET S, Qb

Proposition 1 Let Py,---, P, be prime ideals and I be an ideal contained in |J, P;, then
I C P; for some 1.

FEIS O ER £ U, Isabelle TR T AL RD L ST 5.

"A(n :: nat). Ideal R ] —
VP. (Vi<n. (Primeldeal R (P i)) & ~(J] C (P i)) — (-~ C Upnp P %

SEFIE n ICBAL 2EWHAIC £ B, 7 n = 0 DBAITEIAT Isabelle T BEIHNICEERLTEE. Kic, £
DEEN n OEAICKYIULTUE n+ 1 DHBAIC BRI & 2RT. HEHOEAR, UMy P OERT
B2 I OEREVCPIZROT I THE. ZDLIRER 2 €1 (2 ¢ Uy B) MROPNIEFIIHFA
RIZHFL Y, SRABEOMBELTFELERAL TEERAL L CEAL -8R, BWE TR I TTRd
WD EIITEKREh 5.

"Ana P.
[l Ideal R I;
V. (Vi. i < na — Primeldeal R (f i) & ~(J C (f 1)))
— (3x€l. Vi. i < na — x ¢ (f i));
Vi. i < (Suc na) — Primeldeal R (P i) & ~(J C (P 1)) ]
= 3Ix €J. Vi. i € (Suc na) — x & (P i)"

HRRHD 2 2DFMH 6, simplification 1T & Y B#, ROKMAZ iz TER ¢ OFENBLN B,
"x €I; Vi. i <na — x g (P i); "

D xh ¢ P(na+l) 2o, O x® 22 LTET. 5T

- i
S’(J)={] o

j+1 otherwise
&V OB E AERTHIZ,
"Vi <na. 3x €. V j < na. x ¢ (P (S j)) "
EVIEEMNHHIN S, ZhiY, KREh 5.
"Wi. i <na — (Ix €l.Vj. j < (Sucna) — j#i-—x¢g (P "
BRABEY, BREDS [ ~NOBMMNEEL, K85,
"Jy. V (4 :: nat) < pa. (yi) €I & (Vj < (Sucmna). j# i — (yi) & (P j) )"

bLOTIDD y; (=y 1) WP (i <na) &b, ZD g 2 22 LT5T. ST, 2= %+ v
ET%. 2€ I T2 2 Uy P, THBZ LI, Isabelle THRBUTRT Z A TE S, ZOFEHTHD
/= induction, induction IZBSE Y 2 PAMREE, R, EHLSEICET 5 HMcOWTL 3] 23R,
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AR T, REICET EFELAEFAOECLOFEOBIEZ BN, ZDHEklT [sabelle # FiVTEE S
hTwb, 5%, readability 2 1A L& €501, TEBRETEL Isabelle/Isar [10] ~& BATL, HFET,
REaXh2AMTELICESHTFETHS. 25752 Li2kY, FFa AV MRS theory @
KEEBIRO 7 5 7 RTRE OV —VOFIENTEEE 25, ¥, S5ICEY S OREOBRLL ERHO
FELED B LT, BENEED LY ROEELL SR AB{Lo ORI 2D 5 FETH 5.
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