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A simple proof of the Holder and the Minkowski inequality
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[The core of the paper is the following lemma: For 1 < p < and any a,b>0 we have

inf %‘”""“*("%)‘”””]””""'”’ and jinf, 117727 + (1 =)' 70| =@ + b)".

Two proofs are given. The first one is based on elementary caluculas. In the second one the
Jensen inequality and the convexity of the functions exp () and u? are used. The Holder
and Minkowski inequalities are immediate consequences. It is known that the inequality
x®—ax+a-1=0 holdsfor 0 <a< 1, x>0, and equality holds if and only if x=1. This

is a consequence of an easy application of the calculus. Putting a=1/p and x=a(bt)"' we
obtain the first formula above.]
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2. BB m & M,

KTLUTORSEVRTS :

D :adomainin R",S :areal linear space with dual S*,S,C S

® :asubsetof S suchthat (@x, -, @x,)ED forall x,, -, x,ES, and pE P

(@) =¢(s) (PED,sES),S={5:5E S}
COEE S B¥MFRBIEEMEDL S, RCUTOL322008B mM:D—>R %
EZD:

(1) m(x,, -, &), M(%,, -, %,) ES forall x,, -, x,ES,.

(2) m(L&,, -+, L&,) < L((m(R,, =+, £,)) , M(LR,, +-+, L&) 2 L(M(Z, -+, £,))
forall x,, -, x,ES, and all order-preserving linear functionals L from S into R such
that (L%, -+, L%,)ED forall x,, -+, x,ES,.

Definition. We say that the above function m (M) belongs to a class
(m)=(m;D,S, S, P) (resp. M)=M;D,S,S,, D))

Remark 1. Let a,, ---, @, € R. Then the following function on D belongs to both (m)
and (M) : .
fla,, -, a,)=aa, + - +o,a, ((a,a,) €ED)



This is a trivial case but it gives to us an impotant suggestion for a construction of functions
which belong to the class (m) or (M).

BERRBFIICHE VRICKRDI LD BK. 95X (M) & M) ICBRTSIEEBALAEHG
ZiBIFLS :

D=R*xR',S=R%,S,=R" xR*

® = {@,, ,}, where @ is the i-th coordinate function
Then (@x,,x;)) €ED forall x,,x, €S, and @ € ®. In this case,’

(i) M(a, b) =(/a + VB)’, M(a, b) =Vab € (M).

(ii) m(a, b)=va?+b* ,m(a,b)=a*/b € (m).

Remark 2. Let L be an order preserving linear functional on § such that (L%,, L%,) € D
forall x,,x,€S,. Let a=L(1,0» and f=L(0, 1) andset x,=(a,b) and
x,=(c,d) € S,.

(i) Let Q={1,2}, (1) = a, u(2) =B, | f()|=1a, | f2)|=VE,|g(1)|=c and
|(2)|=vd. Then

M(LS, Lt = (M2, £) < | 1, + |8, 2] | 7|+ |2]], when M(a.b)=(:a+vB)’
and
M(L2,, L%,) = L(M(%,, £)) <> | f|, 18], 2| 2|, when M(a,b)=Vab.
(i) Let @={1,2}, u()=a, u2) =B, | f()|=a% | f@)|=b|e())|=¢* and
|g(2)|=d2, Then

m(L,, L2, s L((m(%,, 2)) < | f],, + 2], s||f| + |g||m when m(a, b) =va?+ b .

Alsolet 2={1,2}, u(1)=a, u(2) =B, | f(1)|=a% | FD)| =" |s(D)|= 4. |82 | = .
Then
m(L%,, L%,) s L((m(%, £)) < | f|..|¢|., | /2|, when m(a,b)=a?/b.

3. (m) ¥7=l2 M) [CBTSBED 1 DDOWAE,

Let T be aset and suppose that a,, ***, @,, B, *, B,: T = R satisfy the following
properties:

(1) For each (a,, **,a,) €D, m(a,, ---,a,)= §l61? a,(fa,+ -+ a,(t)a, ER and
M(a,, ---,a,) = }g; BiHa,+ - +B,()a,ER.

) m(z,, -+, ) ES and M(%,, -+, %)ES foreach x,, -, x,ES,.

In this case, we have the following

Lemma l. m belongs to the class (m) and M belongs to the class (M) .

Proof. Let x;, -, x, €S, and L an order-preserving linear functional from S into
R suchthat (LX,, -, LX) ED forall x,, -, x,ES,. Note that
a, (DX, + - + a, ()X, sm(%, -+, &) and B(NX, + - + B, (X, 2 M(%,, -+, £,)

forall t€T. Then

o,(DLE, + - + a (L%, = L(a,()X, + - + a,(DX,) s Lim(R,, -+, %,))
and

B(OLE, + -+ + B, (DL, = L(B,()X, + --- + B,(OR,) =2 LM(%,, ---, £,))
fordll t €T . Therefore

m(L%,, +-+, L%,) s L(m(%,, ---, £,)) and M(LX,, -, L®,) = L(M(%,, --+, &,)),



so that m belongs to the class (m) and M belongs to the calss (M). Q. E. D.

Remark 3. If T consists of a single point, then the above result becomes to the trivial
case.

Remark 4. We can consider the case that L is a sub-affine or super-affine map. It seems
that this case is more natural than the linear case.

L OWAGEICHT B BENEHEBITS,

3-1. Holder function.
D=R*x--- xR*, S : areal linear space with dual S*,S,CS,
® :asubsetof S° suchthat (@x, -, @x,) ED forall x,,-+,x,ES, and pE D,
5(@)=fs) (PED,sES),S={5:sES},p+ -+ +p,=1,
Hor(a,, -, a,) = [T ap (@, +,a,) € D), HOK(%,, -, £) €S forall x,, -, %, ES,.

In this case, we have the following

Lemma 2. (i) Ifall p; are positive, then the function Hor belongs to the class (M).

(ii) I the only one of {p,, -+, p,} is positive, then the function Hor belongs to the class
(m).

Proof. Let T=R"*x --- x R*. )
(i) Suppose that all p; are positive and let (a,, **,a,) € D. For each
t=(t,,t,)ET, wehave

‘g‘ pia; = I]:Il (ta)”
and hence |
,;, (P,-t.-)I;II t;Pi)a,. 2 ZII a?i =Hor(a,, -, a,) .
Set

B = pltle_:Il 170 e, B0 = P.’nd:Il ;% and h@t, ay, ---,a,)=B(a, + --- + B,(a,

foreach t=(t,, -, t,) €T . Then we have
‘igg h(t,a,, ---, a,) = Hor(a,, ---, a,) .

Also since h(t.,a,, ---, a,) =Hor(a,, -=-,a,) for t.=(a;', -, a;')ET, itfollows that
'igg h(t, a,, -+, a,) = Hor(a,, ---, a,). Therefore the desired result follows from Lemma 1.

(ii) Suppose that the only one of {p,, ***, p,} is positive and let (a,, -**,a,) €ED. For
each t=(¢t,, -+, t,) ET, we have ,2‘ pla; = H (ta;)”. Then the desired result follows
from the similar argument in (i). Q. E. D.

3-2. Minkowski type function.
D=R"x--xR*, f: R*— R : aconcave (convex) function with inverse, p: R* - R,

Jla,, -, a,) =f(§l f"(p(a,-))) ((a.. ~,a,)E D),

-1 -1 )
f+(t) = 3inf §f(f—(f(‘—))) (0<7<1) (resp. f;(z) = Isup ;ALW) O<z<l))

T={t=(t), -, t):t,+ - +t,=1, ¢, -, 1,>0},
al(t) = fw‘(tl)9 cnty an(t) = f¢‘(tn) (t e T) (resp' ﬂl(t) = f;).(tl)’ "%y ﬁn(tn) = f;lr.(t) (t e T)’
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hH:TxD—R : ht,a,,-,a,)=a,)a, + - +a da,,
H(t,a,, -, a,)=B(a, + -+ +B,(a,.

In this case, we have the following
Lemma 3. (i) If f isconcave, then sg;r) h(t, a,, -+, a,) =< f(a,, -, a,)) foreach
14

(ay, +,a,)ED.
(i) If f isconvex,then inf H(t,ay, -, a,) = f(ay,-+,a,) foreach (a,,,a,)ED.

Proof. (i) Let (a,, --,a,) €ED. Foreach t=(t, -,t,) ET, we have

é tf(b) s f(lg tibl) by, ,b))ED),
and hence by putting b, = f~'(p(a))) / t,, -+, b, = f'(p(a,)) / t, in the above inequality,

by tJ(LLf(—‘fﬁ) <13 1 totan).

-1
“Note also that .‘?1 fdt)a; s ‘g tJ(ftL‘a'))) for each t=(t,, -+, t,) ET. Then we have

2 ft)ay= f(}"-‘, f ‘(p(a,)))

foreach t=(t,, *--,t,) ET. Then we have desired result.
(ii) Similarly to the concave case. Q. E. D.

Definition. We say that f, is of Minkowski type if
flay, -a,)= sup h(t,a,, ---,a,) (when f isconcave)
= 'uelg H(@,a,, -+, a,) (when f is convex)

for each (a,, ---,a,)ED.

In particular,let p=0 andset f(f)=¢?, p(f)=t (t>0). Then

flay, -, a)= (a;/p . +a;/p)’

is a Minkowski type functionon D.

Let D=R"x - x R*, S : areal linear space with dual ', 5CS,

® :asubsetof S° suchthat (gx, -, @x)ED forall x,, -+, x,ES, and pE D,
(@)= @(s) (pED®,sES),S={5:sES} and f(&,, -, £)ES forall x, -, x,ES,.

Then we have from Lemma 1 that

Lemma4. (i) If f isconcave,then f, belongs to the class (m).
@) If f isconvex,then f, belongs to the class (M).

4. mmo ’
LTOERAMSHEULEMERET S &ITKY., generalized Holder's inequality :

@) flf.l"' |4 ”"dNS(flﬂdu) e (f jf,du).
if all p, are positiveand p, + - +p,=1,
(i) [l ﬁ’"duZ(flf.ldu)'--- (f j:du)"
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if the only one of {p,, -, p,} is positive and p, + - +p,=1,
B U generalized Minkowski's inequality :

(.iii) f(‘ﬁ|w+...+ ﬁu”’)pduZ((flﬁldu)w’f"'+U
(f|ﬁ|du)”p+...+(f

(iv) f('f,l”".a-...-p ””)pdus
if p>1 or p<0 £BBEMTES,

5. H&.

5

J

5-1. Define a Holder type function.

5-2. Find a resonable new Minkowski type function.



