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1. INTRODUCTION

In this note, we show the method of visualizing the set of all orbits of fractal
geometric dynamical systems. It is well known that a fractal geometric dynamical
system defined on R? can be exactly characterized by a system of contractive affine
transformations on R? and by a production rule which represents the sequential
evolution of orbits. It is quite natural that if we exchange another production
rule for the previously given rule without changing the previously given system
of contractive affine transformations, we can construct another fractal geometric
dynamical system.

In general, for a given fractal geometric dynamical system, a certain fractal geo-
metric dynamical system is called the enveloping dynamical system, if the set of all
orbits corresponding to this system, on condition that the contractive affine trans-
formation system is the same one as previously given, and the previously given
system can be topologically embedded into this system. Especially, if the envelop-
ing dynamical system is exactly equal to the previously given system, then this
system is said to be saturated. Moreover, if a fractal geometric dynamical system
can be represented as a disjoint union of several saturated fractal geometric subdy-
namical systems, then this system is said to be decomposable and these saturated
subdynamical systems are called the components of this system. It is easy to prove
that decomposable fractal geometric dynamical systems are nonsaturated, but as
we see later, not all nonsaturated fractal geometric dynamical systems are decom-
posable. It is well known that the topological structure of saturated systems are
more simple than that of nonsaturated ones.

Let k be a positive integer and let My be the set of all positive integers which
are less than kK + 1. fi,...,fr denote contraction mappings whose contraction
coefficients are r1, ..., Tk, respectively. Then, it is known that there uniquely exists
a compact subset K of X satisfying

K = fi(K)U--- U fi(K).

Here, we assume that the intersection of f;(K) and f;(K) is empty if ¢ # j holds.
Let ¢9 be the mapping on K with values in My defined as

T e f¢0(x)(K), z € K.



For any positive integer n, let ¢,, be the mapping on K with values in My defined
as

€ fona) (Fonos@) (- Foo@(K)...)), z€K,

inductively. Then, the address mapping ® on K with values in MY is defined as
O(z) = {¢n(@)}nzo, TEK.

Here, ®(x) is called the address of z and it is clear that ® is injective. Since K is
a subset of X, K can be equipped with the relative topology induced by (X,d). It
is clear that the relative topology over K is equal to Tychonoft’s product topology
over MY. Let D be a compact subset of K and let T be a mapping on D with values
in D. Then (D,T) is called a fractal geometric dynamical system if T satisfies the
following condition:

bn+1(z) = ¢n(Tz), z€D,neN.

2. EXAMPLES

In this section, we present two types of examples showing graphical relations
between a fractal geometric dynamical system and the corresponding enveloping
dynamical system. More exactly speaking, the first example shows a nonsaturated
fractal geometric dynamical system which is not decomposable. The second exam-
ple shows a decomposable fractal geometric dynamical system satisfying that the
total number of all corresponding components is equal to two.

Example 1. Let fi, f2, f3, f4 and f5 be the five affine transformations on R? with
values in R? which are defined as

wln] — w3y 2] [
wlm) = os[s 0[]+ [ 2]
wn] = w3 ][] [32]
S RIEN
w[5] — o[ fz] (2]

respectively, and let D25, Dass, D3ys and Dy15 be the compact subsets which are
defined as

Di2s = f1(D12s) U f2(D12s) U fs(D12s),
Dass = fa(Da3s) U f3(Dass) U fs(Dass),
D3sys = f3(D3a5) U fa(D3as) U f5(Dsas),
Dys = fa(Das)U f1(Dais) U f5(Dais),

respectively. Then, the set of all orbits of the fractal geometric dynamical system

constructed from the above production rule, which is denoted by D195 U Dgzs U
D345 U Dyys, can be illustrated with FIGURE 1.
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Let Ki2345 be the compact subsets which is defined as

Ki2345 = fi(Ki2345) U fa(K12345) U f3(K12345) U fa(K12345) U f5(K12345)-

Then the set of all orbits of the fractal geometric dynamical system constructed
from the above production rule, which is equal to K345, can be illustrated with
FIGURE 2.
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FIGURE 2

Here K12345 is equal to the enveloping dynamical system of Djq5 U DggsU D3ysU
Dy15. The total number of all components of K5345 is equal to one.



Example 2. Let g1,92,93,94,95 and gg be the six affine transformations on R?
with values in R? which are defined as

sl n] = osls V]2 ] 3]
wo| ] e [o V5] Lok ]
o [2] = ouf3 1][2)-5]
o] =l a2 [8)
95::2: — 0'45;—01 -?1IZ:+:—%.?)5]’
o [3] — el (R[]

respectively, and let E23 and E456 be the compact subsets which are defined as

Ei23 = g1(E123) U g2(E123) U g3(Er23),
Esse = 94(Esse) U gs(Euse) U ge(Euse),

respectively. Then the sets of all orbits of the fractal geometric dynamical system
constructed from the above production rule, which is denoted by FEj23 U Eys6, can
be illustrated with FIGURE 3. Since Fj33 and F456 are saturated and Ey23 N Eys6
is empty, F123 U Ey56 is decomposable.
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Let hy, hg, hs, hg, hs and hg be the six affine transformations on R? with values
in R? which are defined as

weln] el R ][RV
e[ 0] = oo TR [05):
o[ n] = e lo P27
weln] =l SR ][T)
o | n] =0 AR ][5
hez-:;;- — O.2r_01 _01- :; +-_8'8-,

respectively, and let Fio3 and Fys¢ be the compact subsets which are defined as
Fia3 = hy(Fi23) U ha(Fi23) U hg(Fias3),
Fyse = ha(Fuse) U hs(Fyse) U he(Fase),

respectively. Then the sets of all orbits of the fractal geometric dynamical system
constructed from the above production rule, which is denoted by Fjg3 U Fys6, can
be illustrated with FIGURE 4. Since Fjo3 U Fy56 is homeomorphic to Ej23 U Eyse,
Fi53 U Fy56 is also decomposable.

]

1

1

' \
BN
:l\ N\
NN
:I [ W

Y-~ 1-vv--t1a-L——AAL L)

AN AN
AU N

FIGURE 4

Let Lq23456 be the compact subsets which is defined as

6
L123456 = U hi(L123456)-
i=1
Then, the set of all orbits of the fractal geometric dynamical system constructed
from the above production rule, which is equal to Lj2345¢, can be illustrated with
FIGURE 5.
Here Lj23456 is equal to the enveloping dynamical system of Fia3 U Fys¢. The
total number of all components of Fjo3 U Fys6 is equal to two.
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FIGURE 5
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