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On Relative Difference Sets In Non-Abelian
Groups of Order p*

Dominic T. Elvira*

1 Introduction

A k-element subset R of a group G of order mu is called an (m,u,k, ))
relative difference set (RDS) relative to a normal subgroup U of order u if
the number of ordered pairs (ry,r2) € R x R with rir;! = g for every g € G,
g#1lisAifge G—Uand 0if g € U. The subgroup U is often called
the forbidden subgroup as its non-identity elements cannot be written in the
above form. If G is cyclic, abelian, and so on, its respective property is
attached to the RDS R in G.

In the study of RDS’s, a subset X of a group G is often identified with
the group ring element X = 3" .z € Z[G] and we write X®) =3 . o,
With this notation, R is an (m,u,k,A) RDS if and only if

RRY =k 4+ MG - D). (1.1)

If £ = u), R is called semi-regular and by (1.1), its parameters are
(uA,u,uA, A). Also, in this case, R is a complete set of coset representa-
tives of G/U. If u =1, R is called a trivial semi-regular RDS. Any group G
is itself a trivial semi-regular RDS.

Many extensive studies have been done on relative difference sets, partic-
ularly the semi-regular case, in both abelian and non-abelian groups because
of their close connection to other areas of combinatories (see [1], [3], [4],
[7], [12]). Readers may refer to Pott’s book [10] or his survey [11] for more
background information on RDS’s.

Let R, and R; be RDS’s in a group G relative to normal subgroups U,
and Uj, respectively. If there exists § € Aut(G), the full automorphism
group of G such that 8(R;,) = R; and 6(U;) = U,, then R, and R, are
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said to be equivalent. In our study, we only consider non-trivial and non-
equivalent semi-regular RDS’s. We also denote a prime number by p and
L,={0,1,...,p—1}.

In this paper, we review the results on semi-regular RDS’s in non-abelian
groups of order p* with p > 3 and continue our study in [2].

2 Results on RDS’s in p-Groups of Order < p*

A group G of order p can contain only a trivial RDS. If G is of order p?
then we have the following result contained in [6].

Result 2.1 Let G be a group of order p? containing a (p,p,p,1) RDS. Then
(i) G~ Zy if and only if p =2, and
(ii) G ~Z, x Zy, if and only if p 2 3.

In (i) above, R = {1,z} is a (2,2,2,1) RDS in Z4 = (z) relative to U = (z?).
In (ii) with G = (a,bd), the set R = {a”bi)i € I} is an RDS relative to
U = (a). We note that there is only one equivalence class of RDS’s in (ii) and
all can be transformed into R by an appropriate translate or automorphism
(see [6]). In fact, there exists a (p”,p",p",1) RDS for every p 2 2, n 2 1 (see
[10], pp. 46-47).

A non-trivial RDS in a group G of order p® has parameters (p?, p, p*, p).
If G is abelian then G = Z,2 x Z, or Z, X Zp X Zy by Result 1.2 in [2].
The group Z,2 x Z, contains non-trivial RDS’s and these are characterized
as follows:

Result 2.2 (Ma-Pott, [6]) Let R be a (p?,p,p*,p) RDS in G = Ly X Z,
relative to U with p > 3. Let Hy, ..., H,_1 denote p— 1 subgroups of G with
|Hi| = p, H; # U, and G/H; ~ Zy. Let N be the subgroup of G with
N ~ Z, x Z,. Then there is a subgroup Ho # H; for i #0 of N, Ho # U,
and p — 1 group elements h; with {1,hy,...,hp_1}, @ complete set of coset
representatives of N such that R = Ho U UP_Lh;H; for some translate R’
of R. Conversely, any subset similar to R’ is a (p%,p,p*,p) RDS in G.

The group G = Z, X Zy X L, = (z,y,2) contains non-trivial RDS’s. The
sets Ry = {z'y’2"]i,j € [} and R; = {z'yiz"*7"|i,j € I,} are RDS’s in G
relative to U = (z). More general constructions on RDS’s in p-groups were
obtained by Davis [1] and Pott [9].

When G is a non-abelian group of order p?, we have:
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Result 2.3 (Elvira-Hiramine, [3] and [4]) A non-abelian group G of or-
der p* contains a (p*,p,p?,p) RDS relative to a normal subgroup U unless
G = Ds, the dihedral group of order 8.

As a consequence of Results 2.2, 2.3 and the contructions of RDS’s in the
elementary abelian group, we have:

Remark 2.4 Every non-cyclic group G of order p* with p > 3 contains a
(p*,p,p*,p) RDS.

Problem: Classify the non-abelian (p*, p,p%,p) RDS’s and those in the ele-
mentary abelian group.

The parameters of a non-trivial semi-regular RDS in a group G of order
* is either (p?,p?, p%, 1) or (p%,p, %, p?).
p 1s exther (p*, p*, p~, p,p,p,p

Case: Abelian (p*, p?,p%, 1) RDS’s

Result 2.5 (Ma-Pott, [6]) If an abelian group G contains a (p?,p?,p?,1)
RDS with p > 3 then G is elementary abelian.

A (4,4,4,1) RDS in an abelian group of order 16 exists only when G ~
Ly X gy, U > Zy X Z (see [10]) and so abelian groups of order p* containing
a (p?,p?,p% 1) RDS are determined.

Case: Abelian (p°, p, p®,p*) RDS’s

By Result 1.2 in [2], the only abelian groups of order p* that can possibly
contain a (p°, p, p*, p?) RDS are Z,2 X Zy2, Z 2 X Ly % L, and (Z,). I p > 3 it
was shown by Ma and Schmidt [7] that each of these abelian groups contains
a (p°, p, p°, p*) RDS relative to any subgroup U except possibly in Ziy2 X L2

[8].
Question: Does Z,2 X Z,2 contain a (p°,p,p*,p*) RDS, p > 5%

If G ~ Zg x Zg, there exists no (27,3,27,3) RDS in G as mentioned in
[8]. When p = 2, an abelian group G contains an (8,2,8,4) RDS relative
to U if and only if its exponent ezp(G) < 8 and U is contained in a cyclic
subgroup of G of order 4 (see [7]). We extend these results by considering
semi-regular RDS’s in non-abelian groups of order p*.

Case: G is non-abelian of order p*

A classification of groups of order p*, p > 3 can be found in Huppert’s
book (see [5], pp. 346-347) or in Suzuki’s book (see [13], pp. 85-100). As
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listed in [2], we denote by G(;p), 1 < < 15 the non-isomorphic groups of
order p*. The first five are the abelian groups while the remaining denote
the non-abelian groups. We note that the number of isomorphism classes of
non-abelian groups of order p* with p > 5 is 10 only while that of order 81
is 11 with G(163) as an additional group. Refer to [2] for the definitions and
properties of these groups.

Let H, and H, be subsets of a group G. If there exists # € Aut(G) such
that §(H,) = H, then H; and H, are called equivalent. In [2] and [4], we
have determined all possible normal subgroups U of order p and p* in Gip),
i=6,..,15 p >3 and G(sez) up to equivalence for the forbidden subgroups
and these computations are summarized in Table 1.

Group Type U] =p’ Ul =
G(G,P) (xp>v ($p27y>7 (‘pr> (xp )
G(7,P) (xp’yp>, <CL‘> (J"p>7 <yp>
G(Sﬂ <a1m>a <a11a3>’ (.’E> (xp>
Gog) (y,2") (2P)
G(10,) (y,2") (2P)
Gip) (a3, z), (a1,a3) (a3), (z)
Gaip) (a1,as) (a1)
G13,) (a1, a2) (z?)
G14,) (27, a3), (), (z?, a2) (z?), (a3)
G(15,P) (alaa2)u <a2aa3> (a1>’ <a2>7 (a1a2>
G16,3) (az,a}) (a})

Table 1: The non-equivalent normal subgroups U of order p and p? in Giip),
6 <1 <15, p>3 and Ge3)-

3 Results on Non-Abelian (p?, p?,p?, 1) RDS’s

When p = 2, by simple computations and computer search we have the
following:

Theorem 3.1 There exists no (4,4,4,1) RDS in a non-abelian group of or-
der 16 relative to a normal subgroup U ezcept in the following:

(i) G = My(2) = (z,ylz® =y =1, y~lzy = 2%), U = (z,y) = Z(G),
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(i) G = Qg x Zz where Qs = (z,ylz®? = y* =m, m? =1, y~lay = z7!)
and Zy = (z), U = (2%, 2) = Z(G).

In (i), the set R = {1, 2%y, 2%y, 2%y} is an RDS (K. Akiyama) and in (ii), the
set R = {1,z2,y,zy} is an RDS.
For p > 3, we now enumerate all our results.

Result 3.2 (Elvira-Hiramine, [4]) There ezists no (p%,p?, p?,1) RDS in
the group G(ep) relative to any normal subgroup of order p*.

Result 3.3 ([2]) There exists no (p?,p?,p?,1) RDS in G(1,) relative to any
normal subgroup.

Result 3.4 ([2]) There ezists a (p?, p?,p*,1) RDS in G(11,), p > 3 relative
to (as, z).
An example of an RDS in Result 3.4 is the set

R={ddlasF =5+ i je L}

where s = o € GF(p), a € GF(p?). We ask the following:

Question: Do (p?,p?,p?, 1) RDS’s exist in G(;p), 8 < @ < 15 withp > 3
aside from the RDS’s in Result 3.47

4 Results on Non-Abelian (p3,p, p?,p?) RDS’s

When p = 2, we have the following:

Result 4.1 (Elvira-Hiramine, [4]) A non-abelian group of order 16 con-
taining a mazimal cyclic subgroup of order 8 does not contain an (8,2,8,4)

RDS except Q6.

An example in Q6 = (z,y|z* = y? =m, m? =1, y~lzy = z7!) relative
to (z*) = Z(Que) is R = (1 + 2°)(1 + y)(1 + zy).

We now consider (p, p, p*, p?) RDS’s in non-abelian groups when p > 3.
, g

Result 4.2 ([2]) Let G be a group of order p*, p > 3. If G contains non-
cylic subgroups Gy and G4 of order p* and p?, respectively, satisfying G =
G1G, and Gy NGy = U ~ Z, < G, then G contains a (p°, p,p®,p*) RDS
relative to U.
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Group Type U G, Gy =7y X Ly
G(g,p) (xp) (az, :C) ~ Zp X sz <a1, a3>
Go.p) (2°) | (y,2) 2 Zp X Ly (z,27)
G(lo,p) <zp> <y7 Z> = ZP X sz <$, Zp)
G(”»P) (a’3> <a1aa2’a3> ~ P <a3,.’l,'>

($> (al,ag,:c) ~ (Zp)3 <0,2,$L'>
G(lgyp) ((l1> <a1,ag,$> ~ P (al,a3)
Gp) (z?) (az,z) ~ Ms(p) (a1,a3)
G14,p) {zP) (as, ) = Zp X L2 (a1, a2)
(as) (a3, ) ~ Zp X L2 (aq, as)
(a1) (ag,z) ~ Zp X L2 (a1, as)
G(15,0) (az) (az,z) ~ Zp X Lp2 {(as, as)
(a1a2> (alag,x) ~ Zp X ZPQ <a1a2, 03)

Table 2: Eristence of a (p°,p,p>,p?) RDS in G(ip), 8 <1 <15, p > 3 relative
to a normal subgroup U.

In the groups G(ip), 8 < 1 < 15, p > 3, we can find examples of sub-
groups G; and G, satisfying the conditions of Result 4.2. Thus there exist
(p%, p, p%,p*) RDS’s in these groups relative to the forbidden subgroups U
given in Table 1. We summarize these results in Table 2.

Remark 4.3 By using Table 2, we conclude that there ezists a (p,p,p°,p?)
RDS in non-abelian groups of order p*, p > 3 exzcept possibly in the following:

(i) G(‘?’P) with U = (zP), p 2 5,
(i1) Grp) with U = (z?) or (y*), p 2 3 and

We note that each group G not covered by Remark 4.3 has 01(G) = {g €
G|gP =1} ~Z,xZ, Also,a (27,3,27,9) RDS does not exist in G(g3) by
a computer search done in [4]. We ask the following:

Question: Do (p?,p,p3,p?) RDS’s ezist in the groups given in Remark 4.37

If we consider groups G containing a normal subgroup N C U such that
G/N =~ Z,» x Z,. Then by Result 2.2 in [2], we can obtain a simpler form
for an RDS R in G. The groups satisfying this condition are:

(1) G(G.p)a U= <:L'p2,y>, (xpy>’ N = <$p2>
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(2) Gy U= (a?,y?),(z), N = (zP), and
(3) Gaspy, U = (a1,a2), (a2, a3), N = (az).

At present, only case (3) remains open.
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