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Submetacompactness in countable products

KREEAXSE HH F5L (Hidenori Tanaka)
Osaka Kyoiku University

1 Introduction

A space X is said to be metacompact if every open cover of X has a point finite open
refinement and X is said to be submetacompact if for every open cover U of X, there is a
sequence (Vn),.¢,, of open refinements of 2/ such that for each x € X, there is an n € w with
Ord(z,Vy,) < w. Here, forz € X and n € w, let V,, = {V € Vp, : £ € V} and Ord(z,V,) =
[Vn.|. We call this sequence (Vp),¢,, a 0-sequence of open refinemenets of U/. Clearly, every
paracompact space is metacompact and every metacompact space is submetacompact. It is
well known that if X is countably compact and submetacompact, then X is compact.

Since the notion of C-scattered spaces was introduced by R. Telgarsky [Tel], C-scattered
spaces play the fundamental role in the study of covering properties of products. A space X
is said to be scattered if every nonempty subset A of X has an isolated point in A, and X
is said to be C-scattered if for every nonempty closed subset A of X, there is a point £ € A
which has a compact neighborhood in A. Scattered spaces and locally compact spaces are
C-scattered. R. Telgarsky [Tel] proved that if X is a C-scattered paracompact (Lindelof)
space, then X x Y is paracompact (Lindeldf) for every paracompact (Lindelof) space Y.

R. Telgarsky [Te2] also introduced the notion of DC-like spaces, using topological games.
The class of DC-like spaces includes all spaces with a o-closure-preserving closed cover by
compact subsets and all paracompact C-scattered spaces. R. Telgarsky proved that if X is
a paracompact (Lindeléf) DC-like space, then X x Y is paracompact (Lindelof) for every
paracompact (Lindelof) space Y. Furthermore, G. Gruenhage and Y. Yajima [GY] proved
that if X is a metacompact (submetacompact) DC-like space, then X x Y is metacompact
(submetacompact) for every metacompact (submetacompact) space Y and that if X is a
C-scattered metacompact (submetacompact) space, then X x Y is metacompact (submeta-
compact) for every metacompact (submetacompact) space Y. For covering properties of
countable products, the author proved the following.

(A) ([T1]) If Y is a perfect paracompact (hereditarily Lindelof) space and {X,, : n € w}isa
countable collection of paracompact (Lindeldf) DC-like spaces, then the product Y x[].c, Xn
is paracompact (Lindeldf).

(B) ([T2, T3)) If { X, : » € w} is a countable collection of metacompact (submetacompact)
DC-like spaces, then the product [], o, Xn is metacompact (submetacompact).

(C) ([T2]) If {Xn : n € w} is a countable collection of C-scattered metacompact spaces,
then the product [],c, X» is metacompact.

The author [T3] asked whether the product ], ., X, is submetacompact whenever X,
is a C-scattered submetacompact space for each n € w.
Our purpose of this paper is to give an affirmative answer to this problem.
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All spaces are assumed to be regular Tj. Let w denote the set of natural numbers and |A]
denote the cardinality of a set A. Undefined terminology can be found in R. Engelking [E].

2 Submetacompactness

Let X be a space. For a closed éubset Aof X, let
A* = {z € A: z has no compact neighborhood in A}.

Let A® = 4, Al@t) = (4@)" and A@ = Ny, AP for a limit ordinal o. Note that
every A(® is a closed subset of X and if A and B are closed subsets of X such that A C B,
then A(® c B® for each ordinal . Furthermore, X is C-scattered if and only if X(®) = ¢
for some ordinal a. Let X be a C-scattered space and A C X. Put A\(X) = inf{c : X(®) = ¢}
and A\(4) = inf{a: AN X©® =} < A\(X).

It is clear that if A, B are subsets of X such that A C B, then A(A) < A(B). A subset
A of X is said to be topped if there is an ordinal a(A) such that AN X((4) is a nonempty
compact subset of X and A N X(®4)+1) = ¢, Thus A(A4) = a(A) + 1. For each z € X, there
is a unique ordinal « such that z € X(® — X(e+1) which is denoted by rank(z) = . There
is a neighborhood base B, of = in X, consisting of open subsets of X, such that for each B €
Bz, clB is topped in X and a(clB) = rank(z). If A is a topped subset of X and B is a subsets
of A such that BN (AN X(«(4)) = B X(a(4) = ¢, then A(B) < a(4) < A(4) = a(4) + 1.

The following plays the fundamental role in the study of submetacompactness.

LEMMA 2.1. (G. Gruenhage and Y. Yajima [GY]) There is a filter F on w satisfying: For
every submetacompact space X and every open cover U of X, there is a sequence (V) ¢, of
open refinements of U such that for each z € X,

{n € w:Ord(z, V) <w} € F.

By Lemma 2.1, let #™*! denote the filter on w"t! generated by sets of the form
[Ti<n Fi, where F; € F for each i < n.

Put
Dy = [[;<p ™! for each n € w and & = U{®y, : n € w}.

For p = (19,71, y7n) € ®p,n € w withn > 1, let p_ = (79,71, yTn-1) € Bp—1. If
T € B, let _ =0. Foreach 7 € w2 let u® T = (10,71, yTn,T) € Ppy1. Let U,V be
collections of subsets of a space X. Pt UAV={UNV:U el and V € V}.

THEOREM 2.2. If {X, : n € w} is a countable collection of C-scattered submetacompact
spaces, then the product [],., Xn is submetacompact.

PROOF. We may assume the following (cf. [A1l, Theorem]):

(1) X is a C-scattered submetacompact space and for each n € w, X, = X,
(2) X is topped and there is a point a € X such that X((X)) = {a}.

We shall show that X“ is submetacompact. Let B be the base of X“, consisting of all
basic open subsets of X“, that is B = [],,c, Bn € B if there is an n € w such that for
t < n, B; is an open subset of X and for : > n,B; = X. Let
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n(B) =inf{i: Bj = X for j >i}.

We call n(B) the length of B. Let O be an open cover of X“, which is closed under finite
unions and O’ = {B € B: B C O for some O € O}.

Take a B = [];c, Bi € B and let N(B) = {i < n(B) : clB; is topped in X}. Take an
i < n(B) with 7 ¢ N(B). In case ot that A(clB;) is an isolated ordinal. Then there is an
ordinal v such that A(clB;) = v+ 1 and ¢/B; N X() is nonempty and locally compact. For
each z € cIB; N X(7), there is an open neighborhood B of z in X such that cIB; is topped
in X, cl(B; N X() is compact and a(clB;) = rank(x). For each z € clB; — X(7), take an
open neighborhood B of z in X such that c/B; is topped in X,clB; N (cIB; N X)) = @
and a(clB;) = rank(z). Then every c/B; N clB; is topped in X and a(c!B; NclB;) =
a(clB;). Next, let i = n(B). Since X(*(X)) = {q}, take a proper open neighborhood B,
of a in X, and for each z € X — {a}, take an open neighborhood B; of z in X such that
a ¢ clB;,clB, is topped in X and a(clB;) = rank(z). In case of that A(c!B;) is a limit
ordinal. For each z € clB;, there is an open neighborhood By of z in X such that cIB; is
topped in X and a(c/B;) = rank(z). Since B;(B) = {B; : £ € cIB;} is an open cover of
clB; and X is submetacompact, there is a 6-sequence (V,’B,i)jew of open (in X) refinements
of B,-(B),V,jg’,- ={Vz:€€ Eg,i},j € w, such that for each j € w, UV%,,- = B; and for each
z € B;,{j € w: Ord(z, V,’_;,,,-) < w} € F, where F is the filter on w described in Lemma 2.1.
For each j € w and £ € £}, take an z(€) € clB; such that Vg C Byg). Foreachi € N'(B) and
j Ew,let EJB,:' = {&73,;} and v%,i = {VEJB ..} = {B‘l} For eaChﬂ = (jﬂajla oo ‘1jn(B)) € wn(B)+1’
put Epy = [Ticn(s) Ef 4 For each & = (£(3)) € Epy, let V() = [Ticnm) Vew x X x -+
and V,(B) = {'szg : £ € Zpy}. Then every V,(B) is an open cover of B. Take a ¢ =
(€(3)) € Epy and let M(€) = {i < n(B) : clVy;) is topped in X}. Then N (B) C M(§).

Put K(£) = [T pge) (Ve N X @YD) X T ey igmne) Vets) X {a} X -+ = [lig,, Ke.i and
K(B,n) = {K(£) : £ € Ep,y}. We consider the following condition for K ().
(*) There is an open set B’ € O’ such that K(§) C B'.

If K(¢) satisfies (*), define n(¢) = inf{n(0) : K(¢) C O and O € O'}. Put r(§) =
max{n(B),n(£€)}. Then there is an O() = [];c,, O¢; € O’ such that: '

(3) K(&) C O(¥),
(4) (&) =n(0(¢))-
Take an H(£) = [1;c, Hei € O' such that:

(5) (a) IMicn(e) Hes x X x--- C O(§),

(b) for i with n(£) < i < n(B) or i < n(B) with i ¢ M(£), let He; = O,

(c) for i < n(€) with i € M(€), let He; be an open subset of X such that K¢; =
Ve N X@@%ed)) ¢ He; € dHg; C O,

(d) for ¢ with n(B) < i < n(£), let He ; be an open subset of X such that K;; = {a} €
Hy; C clHg; C O,

(e) if r(¢) = n(B), let H¢; = X for each ¢ > n(B), and if r(§) = n(£) > n(B), let
He; = X for i > n(§).
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Then we have K(§) C H(¢). Let P(B) = {P : P C {0,1,--- ,n(B)}} and P € P(B).
Define

G(€) = ITicw Ge,i and B(€, P) = [1;c,, Be,p;i
as follows:

(6) (a) In case of that r(¢) = n(B). For each i < n(B), let Ge,i = V(i) N Og,; and for each
i >n(B), let G¢; = X.
(b) In case of that r(§) = n(§) > n(B). For each i € w, let G¢; = 0.
(c) In either case, for each i < n(B), if i € P, let Bg,p; = Vg(;) — clHg; and if i ¢ P,
let Be,p;i = Vg3) N Og,i. For each i > n(B), let B¢ p; = X.

Clearly, if 7(¢) = n(B), then B(£,0) = G(§). Notice that for each i € w, B¢ p; C B; and
if B(§,P) # 0, then n(B(&,P)) = n(B)+ 1. Let i < n(B). If i € P and i ¢ M(£), then
Bf’P’i = 0'

Let

By(B) = {B(¢, P) : P € P(B) — {0}} if r(§) = n(B),
Byg(B) = {B(¢, P) : P € P(B)} if r(¢) = n(£) > n(B),

CLAIM 1. Let K(§) satisfies the condition (*), P € P(B) and B(¢,P) € By¢(B) with
B(&,P) #0. If r(€) = n(B), then there is an i < n(€) with i € P.

Now, assume tha;t K (&) does not satisfy the condition (*). Let G(€§) = 0. Take a P € P(B)
and define B(¢, P) as follows: If P = @, let B(¢, P) = V(&). If P # 0, let B(¢, P) = 0. Put
Bac(B) = {B(, P) : P € P(B)} = {V(£)}.

Then, in each case, we have V' (¢) = G(£) U (UB,¢(B)).

CLAIM 2. Leti < n(B), = (¢(3)) € Epny K(€) = [luey Kexs P € P(B) and B(E, P) =
[lic. Be,pt with Bep;i # 0.

(a) Ifi € P, then K(&) satisfies (*), i € M(£) and A(clBg,psi) < A(clB;).

(b) Leti ¢ P.

(i) If i € M(€), then clBg,p; is topped in X such that A(clBg p;) = MclVg)) and
Kei = Vi) N XA%0) = B p; N X(@(@Beri)). Furthermore, if i € N(B),
then clBg p; is topped in X such that A(clBg p;) = AclB;) and K¢; = clB; N
X (e(elBy)) — clBg,piN X (e(clBe,ps))

(ii) If i ¢ M(), then A(clBg,p;) < A(clB;).

For each n € w™B)+! put
Gn(B) = {G¢ : £ € Epy} and
By(B) = U{B,¢(B) : £ € Egy}-
Then we have

(7) (a) every element of G,(B) is contained in some member of O,
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(b) G,(B) U By(B) is a cover of B,
(c) the length of nonempty element of B, (B) is n(B) + 1.

(8) For each z € B,{n € w™B+1: Ord(z, V) <w} e Fr(B)+1
(9) For each z € B, {n € w™B*!; Ord(z, Gn(B) U By(B)) < w} € Fr(B)+1

For each m € w and 7 € ®,, let us define G, and B, of elements of B. For each
m € ®g = w, let G, = G (X¥) and By, = By (X¥). Assume that for m € w and p € P, we
have already obtained G, and B,. Let 7 € &4 and 7 = u ® 7, where u = 7_ € &, and
n € w™2. Let B € B,. If B # 0, then we denote G,(B) and By(B) by G,(B) and B,(B)
respectively. If B = 0, let G.(B) = B,(B) = {0}. Let G, = G, U (U{G,(B) : B € B,}) and
B, = U{B,(B) : B € B,}. Then every nonempty element of B, has the length m + 2.

CLAIM 3. {G, U (B, AO'): 7 € B} is a 0-sequence of open refinements of O'.

PROOF OF CLAIM 3. By (7) (a) and induction, for each 7 € ®,G, U (B, A ') is an
open refinement of (/. Take an z = (z;) € X“. By (9), take a 7(0) = m(0) € w such that
Ord(z,Gr(0) U Br(g)) < w. Then 7(0) € ®o. If B;(g), = 0, then we are done. So, assume tha
By(0). # 0. By (7) (c), every nonempty element of B(g) has the length 1. By (9) again, we
can take an (1) € w? such that

n(1) € N{{n € w? : Ord(z,Gn(B) UBy(B)) < w}: z € B € B,(g)} € F>.

Let 7(1) = (n(0),n(1)) € 1. Then we have Ord(z,G,1) U B-(1)) < w. Assume also that
B.(;), # 0. Continuing in this manner, we can choose a 7(t) = (n(0),n(1),--- ,n(t)) € ®¢
such that for each t € w, Ord(z, G,(;) U Brp)) < w and By # 0. Since By # 0 and finite
for each t € w, it follows from Konig’s lemma (cf. K. Kunen [K]) that there are sequences
{ét : t € wH{N(@®) : t € W}, {M@®) : t € W}HL{K({®) : t € w},{P(}) : t € w},{B(t) =
B(&(t), P(t)) : t € w}, B(&(t), P(t)) = [1;c. Bty of elements of B satisfying: for each ¢ € w,

(10) (8) = € B(t) = [licw B®): € Byey(B(t— 1) and n(B(t)) = t+1, where B(~1) = X*,
(b) & € Ep(t-1)m(t) '
(c) N(t) = N(B(t—-1)),
(d) M(t) = M(&),
(e) K(t) = K(&) = [Liew K(t): € K(B(t —1),n(2)),
(f) P@t) e P({0,1,--- ,n(B(t—1))})

(g) if K(t) satisfies the condition (*) and r(§;) = n(B(t—1)), then there is an i < n(&)
with 7 € P(t),
(h) If i € P(t), then A(c!B(t);) < AMclB(t —1);),
(i) For ¢ ¢ P(t),
(1) ifi € M(t), then K(t); C clB(t—1);,i € N(t+1) and furthermore, if i € N(2),
then K (t); = clB(t — 1); N X(@(dBt-1):)) = K(t + 1); = clB(t) N X (a(dB(®):))
and hence \(c!B(t — 1);) = A B(t);),
(2) if i ¢ M(2), then MclB(2);) < N(cB(t - 1)s).
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Let 1 € w. By (10)(a), let ¢ > 1 such that n(B(t)) > i. By (10)(h), if i € P(m)
for m > t, AM(c!B(m);) < A(clB(m — 1);). Since there does not exist an infinite decreasing
sequence of ordinals, there is an t; > 1 such that for each t > t;,i ¢ P(t). By (10) (i) (2),
there is an m; such that m; > t; and for each t > m;,7 € M(t). Then, by (10) (i) (1), for
each t > m;, clB(t +1); is topped and clB(t + 1); N X (@(cBE+1:) = K (t +1); = K(m; +1);.
Let K = [[;c, K(m; + 1);. Then K is a compact subset of X“. Since O is an open cover of
XY, which is closed under finite unions, there is an O = [[.. O; € O’ such that K C O. By
(10) (a), take an s > 1 such that:

(11) (a) n(0) < n(B(s - 1)), A
(b) for each i < n(0),m; +1 < s.

t€w

For each ¢ < n(0), by (11) (b), K(s); = K(m; + 1); C O;. Then K(s) C O and hence,
K (s) satisfies the conditon (*). Since n(&;) < n(0), (&) = n(B(s —1)). By (10)(g), there is
an i < n(&,) with ¢ € P(s), which contradicts the way of taking s.

The proof is completed.
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