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Geometric Crystals, Schubert Varieties and Crystal Bases

P& &K (NAKASHIMA Toshiki)

EERERTHMEER
(Sophia University)
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1 Introduction

RZUZSIVOB@®IT. 1] ICKDERINZEIN, TO%, [7),[16] IKBNT
tropical R matrix & DRBHRIZDVWTOWMETEDOHFAMMNBHD SN, T DRBTIL.
[15] D crystal bases & DBRIZDONTOMR LTS, ZZTHEOES. LEIL [15)
KHSIDDLT 3,

2 Geometric Crystals and Unipotent Crystals

G (resp. g) % symmetrizable GCM A = (a;;);jes IC associate L 7= Kac-Moody
# (resp. fi¥) &L . G D> B* > U* > T #%hEH Borel subgroup, unipotent
subgroup, maximal torus &9 %. (Kac-Moody group IZDW T, [10],[12),[17] 2%
B, ) A:={a€etla#0, g, # (0)} % root system, Q = Y i Za; % root lattice &
T2 Qi =320, Ay :=ANQy EBL. Weyl B = (s5]i € I) (s; 1 simple
relfection) I W = Ng(T)/T &72%, i € I1ZXL T, homomorphism ¢; : SLy(C) - G

NH-o>T
o; (((1) i )) = expte;, ¢; (( : ?)) =exptf; (t € C).

ZZT. €, f,‘ ‘i g a)étﬁgi‘:o
weWIZHLT
R(w) == {(i1, 82, -+ i) € I'|w = 5,84, 83},
EBL<, TTT. [ length of w.

Hom(T,C*) (resp. Hom(C*,T)) ®5t% T @ character (resp. co-character) &I
e simple co-root o € Hom(C*,T) (i € I) % o(t) := T; TEHT 3 & pairing
(a}’,aj) = a5 E?‘Eféo
Definition 2.1. (i) X & C £E® ind-varicty, v: X 5 T, ¢; : C* x X = X (i € I);
ef :C*xX — X

(e, ) = ef(x),
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% rational morphisms &9 %, 3 Dl x = (X, v, {ei}icr) 7% geometric pre-crystal
Eldel(x) =z D

v(ef(x)) = o ()y(x), (2.1)

EAETIE

(i) (X, vx, {€ }ier), (Y, {€) }icr) & geometric pre-crystal &9 %, rational mor-
phism f : X — Y 5% moprhism of geometric pre-crystals L3 f MREHAIZT
o i

foef=elof, gx=mof

2. morphism f A% ind-varcities @ birational isomorphism TH» 5 & & f I
isomorphism of geometric pre-crystals £ \Y D,

x = (X, 7, {ei}iec1) & geometric pre-crystal &3 %, word i = (iy,1p,+ -+ ,4) € R(w)
(we W) IZHL T al =, a1 =5, (,_,), -+, D) i= 55 -85, (,) EBL< T
ZT. word i = (41,149, - ,4;) € R(w) IZXL Trational morphism ¢; : Tx X — X %,
RTEHLET S,

(t7) > el(a) 1= X0 20 ()
? g\ .

K1 12

Definition 2.2. (i) ED&&E T geometric pre-crystal x A% geometric crystal 1. F
BOweW,i&ieRw)IIHLT

Ci = €. (2.2)

MRIALT R &,
(i) (X,7x, {ex},GI) B (Y, 1y, {€) }ier) & geometric crystal &9 %, rational mor-
phism f : X — Y % of geometric crystals @ morphism (resp. isomorphism) &I

geometric pre—cryst.als @ morphism (resp. an isomorphism) ThH5HZ &.
RKOFHEHNRDILD :
Lemma 2.3. (2.2) IXROBE & [F il

eqe;? = eC2€Cl if ((!2/101') = 0,

ecle;'lcze:’2 = e ecncz ] ’ if ((Y}l,ﬂj) = ((y;./,(y,i> = —1,

€ eciczef;”e;: 2— € ec“’e;'c’ef' e if (o, q5) = =2, (o), ) = -1,
efte; el e teft et = et I i (o o) = =3, () = -1,

Remark. (o ,c5)(af,05) >4 DEE ¢; & ¢; ODWNTIIBFRZL .
HUTU* 2 U £#<. KIZ Kac-Moody groups IZ3L T unipotent crystals (see (1])
EERT .
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Definition 2.4. X Z C £® ind-variety, « : U x X - X % {e} x X LTE&RX
N3 U-action &%, TDEZE, pair X = (X,a) N U-variety £1&. U-varieties
X =(X,ax) &Y = (Y,ay) IZXL T rational morphism f : X — Y M U-morphism
&1E U-action &R[MfE725 T &,

ZZT. B~ =U"T IZ U-variety structure 2 A%, B~ I& G @ ind-subgroup T
HYV. £z GIZHT S multiplication map I open embedding; B~ xU — G % induce
9 %D T birational isomorphismn T&H 0. £ inverse birational isomorphism %

9:G— B~ xU.

&9%, TIT. rational morphisms 7~ : G — B~ &n:G > U % 7~ :=projg-og
& m:= projy o g TEHRL B~ D rational U-action ag- %
ap-:=n"om:Ux B~ — B,
EEFT B & (m multiplication map in G), U-variety B~ = (B~,ap-) 218 5.
Definition 2.5. (i) X = (X, «a) & U-varicty, f : X — B~ % U-morphism &3 3,
ZD&EZE, pair (X, f) & unipotent G-crystal EIER,
(i) (X, fx) BT (Y, fy) % unipotent crystals &9 %, U-morphism g : X — Y 7t
morphism of unipotent crystals £1d fx = fyrog ERBIETHD. #IZ g A ind-

variety O birational isomorphism Td % & & isomorphism of unipotent crystals
EWn3,

unipotent crystal O K Z 728U crystal base EBRDENVWEBENAZZ L TH
BN TIIHEBET 5. XEkid [1],[15) 2B, |

Z ZEXTERZL /2 unipotent crystal & geometric crystal IZIZEATF O & 57z BEHS
H>B,

1€ TIITHUTUF :=U*n5U%5 ", UL = U305 &EB<. FiL UF = Uy,
FiE

U— = U—n,- : Ul_,
& D canonical projection §; : U™ = U_,, 2185, TNEHAVWTU- LMK
Xi =y 0&:U” — U_q, — C

EEHEL . 51T xi(u-t) == xi(u) (weU, teT) LD B~ LOBKICHEET 3.
unipotent G-crystal (X, fx) IZXL THE o, :=p¥ : X 5 C %

@i = \io fx,
CT. X7z ratinal morphism vy : X\ - T %

Yx = projpo fx : X - B~ = T, (2.3)



TEHT S (projp 1d canonical projection). 4. B ¢; I3 X ETIHEFMIZ 0 TAW
9%, ZOEE, morphisme; :C* x X - X %

es(x) = (;;3) (7). (2.4)

ETBE, KBRS

Theorem 2.6 ([1]). (X, fx) & unipotent G-crystal EF 5. EBD i € IITHLTT
RS ; 13 X ETHEEMNIZ 0 TRhNWET S, TDEE, rational morphisms yx : X - T
Ee:CxX > X 2LEDEDIEEBTDE (X, vx, {ei}ier) 1 geometric G-crystal
DHBEERFD.

3 Crystal structure on Schubert varieties

B f & FHRIC G 13 Kac-Moody group, B¥ = U*T (resp. U%) iZ Borel (resp.
unipotent) subgroups, 1V & Weyl group &9 %, K@ Bruhat/Birkhoff decomnposition
3H%H:

Proposition 3.1 ([9],[12],[17]). We have
G= U Bt*wB* = U UtwB* (Bruhat decomposition), (3.1)
wewW wely :
G= U B~wB* = U U-wB*t (Birkhoff decomposition). (3.2)
weWw wew |

J CTIZHLU T W, = (si]i € J) ZFIET S 11 D subgroup £ 3. Py := BYW;B*
EBEJ C TIZHBEL 7= G D (standard) parabolic subgroup EMER, W & W/W,
@ minimal coset representative DEEFE TS, D& E parabolic Bruhat/Birkhoff
decompositions %85 :

Proposition 3.2 ([9],[12],[17)). Jc izl TW, & W/ 2 LD HDETDHE,
G= |J vtar,= |J UirPs
wr e/ wreW

ET. A € P, (P, : dominant integral weight O &) 12X L T L(A) % highest
weight A O integral highest weight simple module &L . £® projective space %
P(A) := (L(A) \ {0})/C* &M<, vy € P(A) % L(\) O highest weight vector Z &0
line £L X (A) := G- vy C P(A) (flag variety) EB<. Jy = {i € I|(hi, A) =0} £F
&, Py, i vy D stabilizer 2D T K%E1%5
Proposition 3.3 ([12],(17]).

p: G[Psy = Uyewsn U0 Ps,[ P, — X(A)
9Py, = g-Up

189



190

Definition 3.4. £®D p(UtwP,,/P,,) (resp. p(U"wP;,/P;,)) % X (A),, (resp. X(A)¥)
EINE finite (resp. co-finite) Schubert cell WX, £ D Zariski closure & X(A), &
FEL (resp. X(A)¥) finite (resp. co-finite) Schubert variety &IE3,

KD closure relations YRV ILD :

XM= || X X =[] Xx@p (3.3)

y<w,yew’/a y2w,yeW’/A

Z ZT X(A)y I unipotent crystal D¥iEZEZ AN D, X(A), DEFKELD Schubert cell

X (A)y 1& U-variety TH %,
RIZ U-morphism X(A), — B~ ZHKT 2 :w = s;,8;,- -5, € W % reduced
expression &L U, =UNnaoU- o, U*=UnaolUw' £B<,

ﬂl =y, ,BZ = 31'.(“13_))1 Tt /}k = S S0 'Sik_l((\!ik),
Pl B W
Uy :=Up, -Us,---Up, 2 U, x U, X -+ X Us, ~C*

%5 (17). 7R U =U, - U* 5. R%E2185:

Lemma 3.5. EBD uelU EweWIZHLTWeU, -w & velUMN—BICEEL
Tuw =u'v 2HT,

ZD5#&% #F > T, KD rational morphisms #1583 :

Pw: U-w — U, -
!

wW — u
pv U — U
uw — v

512 Uy, - w ND U-action &

UxUg,-w0 — U, -

(x,uw) — (uw) = py(ruw) = zuw - p* (zud) ™!

ETBHE

Lemma 3.6. z€ U & uw € Up,w IZDWNWT
ap-(x, 77 () = 77 (@ (uw)).

MDD,



Z® Lemma &£V
C: X(A)w—Upin (we W/ AePy).

E WS AT U-morphism. & Z T. rational morphism f,, : X(A)y = B~ & f, =
7ol &EBLLE

Theorem 3.7. A€ Py, we W/ IZHML T f,: X(A)w - B~ ZLTERLZHDL
F5&. pair (X(A)w, fu) 1 unipotent G-crystal.

X(A)w — X(A)y & open embedding & T birational isomorphism T® 2. w :
X(A)y — X(A), % inverse birational isomorphism &9 2% & fuo = foow: X(A)w —
B~ I U-morphism &7& 0

Corollary 3.8. pair (X (A)w, fu) I& unipotent G-crystal.

Remark. w < w' IZXL T closed embedding X(A)y < X(A)w ([17]). E5I
isomoprhism

X(A) = lim X(A)w-
wew’A

MNEETS. LML . —RITZ D direct limit ZANTH X(A) EIZ unipotent crystal
structure Z AN BT &IZTERW, BERS . y < w IZXL T rational morphism
Fu:X(A)w— B 12 X(A), LTREBTEZRLNSTH S,

XT. Schubert cell (resp. variety) X(A), (resp. X(A)y) ?% unipotent crystal O
&% HoIDT LDMHEREK D geometric crystal DHEEANDZZENTED,

weWIZMLUTw=s;s;,- s, % reduced expression &L

I(w) = {'il,'i-z,' . ,ik}

EBL, (Zhid. reduced cxpressi()h &SN, §5&. KMNAKDILD :
i€ I(w) 751, B @, : X(A), — C AT 0 TR,
Theorem 2.6 12X D

Theorem 3.9. w € W IZXML T I = I(w) &3 2 &. Schubert cell X(A)y (resp.
variety X(A)w ) EIZRD & 312U T geometric G-crystal structure ANSN S (see
(2.3) and (2.4))
: - ” . = ¢ c—1
Yw = Projr 0 fy (resp.7, := projy o fu), €i(x) =2 @) (z),
ZZT. projp: B~ =UT->T.

Z ® induced geometric crystal 2 (X (A)w, Y, {€i}icr) (resp. (X(N)w» Fu» {€i}ier))
EEBLZEETBE, (X(MNus Y {€i}icr) I BRDEKRT B~ OPTEHINS ¢
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Proposition 3.10. w=s; ---s;, IZXL T,

, 1 1 x

B; = {)/w(cl,' .. ,Ck) = yil((—'l-)(}‘ ( ) J“( k) lk((lk) S B~ |( e C }

EBE. U-actions &

w(Yu(er, oo yer)) i=m7(u-Yylen, o ya)) (wel).
TEEITDE. X(A)w & By 1 fITKY birationally equivalent £720 . X 51T unipo-
tent crystal/ induced geometric crystal L THRIB L2 3,
Example 3.11. G = SL,,,(C) DBEICRKFIZRTRES. 1={1,2,---,n} &L
=882+ 8, EWIZHULTI=1I() MKDIILS

_ _ 1 1 1
7 (z1(c1)8172(c2)32 - - - Ta(cn)3n) = Jl( Jer) (f'l).lz( I{CYEE Un(‘p—)”‘y\:((’n)'

€y C2 n

&7260 ZCZT. Ci = Ay - T%%}o :l/i((L)zl,l+(iEi+1i &-‘B(c‘:

S o \

1 (5]

fa(X(A)z) = { u(a) := - ;a; € C* %

ay
\ \ 1 al"l'an ) /
CCTya=(ay - ,0n41), Mag---ayyy =1 TH3. L, gi(u(a)) = % TH5
DT ‘

e (u(a)) = zi(ai(c — 1)) - u(a) - zi(aip (¢! = 1)) = u((zl; ceecai, ¢ lagyy, e Q1)
5T, kE1B5:

Yo (T1(e1)Fix2(e2)32 - - - wn(en)3n) = af (1) (e2) - - ) (cn).

4 Tropicalization of Crystals

geometric crystals £ ®D positive structure & ultra-disc ritization/ troplcaluatlons Iz
DWTHEHRT S, ([1]).

T % algebraic torus/C, X*(T) (resp. X.(T)) % latttice of characters (resp. co-
characters) &9 %. R :=C[[d][c""], L(T) := {¢ € Hom(Os, R)} (Or: ring of regular
functions on T) &B <, discrete valuation

v:  R\{0} — zZ
Y ouseoo @™ —min{n € Zla, # 0}.



LD, EED ¢ € L(T) I2DNWT degp(d) :=vod|x-) £T % fi,fa € R\ {0} IZ
LT o(fifo) = v(f1) + v(f2), THBDT degy(9) 13 X (T) = Hom(X*(T),Z) DT
ERAIN., £oT. degp iddegy : L(T) = N(T) &EH3E 5. {EED A € X.(T)
IZHL T Lyw(T) = deg_‘()\\’) C L(T) &E&HT 3 & degy' (W) 13 irreducible pro-C
variety structure 25 L(T) = |yvex. () Lav(T) 72 DT irreducible component D&
& 1o(L(T)) = {La (T € ‘\ (T)} 1 X.(T) e A—Ban 5.

HIFTL. BAEMICWSE T = (C) ELTLT) & (R ZRA—HAT 2L

M) = (™, c™, - ,c™) ITXHL T (my; € Z),
Ly (T) = { (b,c“"“ + Z ™, o he™™ Z a,,(:") tby, e, b # 0} .
n>-m) n>-m;

f:T > T % 2D algebraic tori @O rational morphism &F 35 &, f &
rational morphism f : L(T) = L(T") & map mo(f) : m(L(T)) = mo(L(T")), %
induce 3 %,

rational function f(c) € C(c) (f # 0) H% positive £1Z f #3 2 DD ERBKEZHADHE
ELThHobEhdI &,

fi, f2 € Clc)(C R) %% positive 72 51X

w(fifa) = v(f1) + v(fa), (4.1)
(ﬁ—) = o(f1) = o(fa), (4.2)
v(fi + f2) = max(v(fi),v(f2))- (4.3)

MDD, ZhE, —BIELIZDBOAK :

Definition 4.1 ([1]). 2 D® algebraic tori O rational morphism f : T — T" A%
positive £, KINAHT-ENDH I &,

(i) FE&ED co-character AV : C< — T IZDWT AY @ image A% dom(f) ICA D,
(ii) fEE®D co-character \Y : C* — T EALED character p @ T' — C* IZDWT
pro f o)V B positive rational function T3 3.

T. % object A% algebraic torus, arrow 2% positive rational morphism Td % category
+ J g ! 1 g

Ed3&. RD functor 2155 :

Uun: T — Set
T — X.(T)
(f:T->T) — (deg(f): X.(T)— X.(T"))

Definition 4.2 ([1]). x = (X, 7, {¢i}ie1) % geometric pre-crystal £EL. T % alge-
braic torus 8 : T — X % birational isomorphism &9 %, 0 A% x LD positive structure

s REALT L
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(i) the rational morphism yo0 8 : T' — T I3 positive.
(ii) FEB®D i € T IZXL T rational morphism e; 5 : C* x T' — T"

eip(c,t) :=07" oefod(t)
I3 positive.

functor UD % positive rational morphism e, : C* X T' - T & v00:T' - T I
BALTAS L

€ = L{D(e,-.g) 1 Z x ‘\’,(T) - ‘\’,(T)
§ = UD(y00): X.(T') = X.(T).

%2155,

geometric pre-crystal x = (X, 7, {ei}icr) LIZHZ S5 7= positive structure 6 : T —
X IZHU T triplet (X,(T"), 4, {€}icr) 13 pre-crystal structure (sce [1, 2.2]) 28D .
EMHALGNTNVWS, RO D :

Theorem 4.3. geometric crystal x = (X, 7, {ei}ic;) & positive structure 0 : T' — X
IZDWT pre-crystal UDp,r+(x) = (Xo(T'), 7, {€:}ics) V3 free W-crystal (see [1, 2.2])
TH 5.

C ® functor UD % “wltra-discritization” EIEER, T (1) IZBNT “tropicaliza-
tion” EXENTVHDTH S, TITIE. “tropicalization” 13 [1] I2351F 3 inverse
tropicalization Z &K T 2HDET 3, F#L <ES&. object B in et I25L T crystal
ELTUD(T) =B &1z B object T in T, MEFETHEET % B D tropicalization &
W,

Z Z°T geometric crystal By EIZ. &% positive strucuture 2 A4 (I = I(w), and w €
WIr) ZhHh % Kashiwara’s crystal @ (Langlands dual) @ tropncallzatlon THdZ
LZRTHLKD,

T, crystal B ITOWTHEETD:i € I ITMLU T, B I ERTEBEIN S (sce e.g.[6])

B; = {(x)i|x € Z},
éi(z)i = (z + 1), f-,~(.'1:),< =(z ~1); é;(z); = f,(’c), =0 (i # j)
wt(z); = zoy, €4(T); = —x, pi(x); =, €j(2); = pj(z)i = —00 (i # j).
ST w=8;8, "8 €W &i=(i,iy -,ix) € Rlw) IZ14UT morphism 6; :
(C) > B, %

0;((3],(72, cte a(.k) =Y (%)”x ((.l) v .'/u(;l—)”:: (ck) (44)

TEET D, ROERIT reductive case I DWW T [1, Theorem 2.11] THASH TN
%, ZZ Tl Kac-Moody case HEES,



Proposition 4.4. (i) fE&® i € R(w) (w € W) & morphism 6; & geometric crystal
B; E® positive structure.

(i) Geometric crystal By VX positive structure 0i(cy, ca, - -+, ¢x) ICBL T crystal B;, ®
B;, ® ---® B;, ® Langlands dual O tropicalization.

Proof. 6; 7 birational IZBASMN T, F7z, ratinal morphism y: By —» T

. (yi,(é)ax (@) ul)m) — oY (1) -, (cx),

IZDWT yo6; A positive HEBA, e, : C x T' = T' ¥ positive W S72HIT ef D
Yw(cla e ,Ck) -t’\@Ef*E"]fctﬂgﬁﬁ’&ﬁé t

ef(Yw(ch e )Ck)) =T (‘p:(};‘;((;]_l - (fk))) (Yw((:la te )Ck))) = )”w(cl, e ack)y

ZCT

¢ 1
Z Fipd | Rtime + Z Bipi |, ptim=1

1<m<j im=i ¢1 e ‘'m-1 Cm

‘-1 ‘m j<m<kim=i 1
c 1
Z igi (.ai,,,_l,i + Z Qi caim—l"
1Sm<gyim=i "1 m=1 Tm j<m<kyim=i 1 m-1  =m
/8%, TNLD. ey 1 positive. (i) X ATz,
(i) KicéE DB, ®---® By, ~DIEAEBDE b = (b)), ® - ® ()i, (i =
(31, ,ik), bj € Z) ITXHL T

Cj = Cj

&) = (K1), ® -+ ® (Ar)iws

y
(o
e

\

B; = bj + max max (c— b,}, - Z biai;), max (=b, — Z bia; ;)

1<m<j, I<m j<m<k, i<m
im=t im=1
—max | max (c—bn, — E baiz), max (=bn, — E biai ) (4.6)
1<m<y, l<m j<m<k, I<m
im=i im=i

ZZT. (4.5) & (4.6) I3 tropicalization/ultra-discritzation operations THIEL TW»
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5T ENDMB
ultra—discritization
Cj — Bi
tropicalization
Cj < b;
T Y - -+ Y
Z o —
” -1 —
T+ Y- — max(z, y)
i Langlands dual I
(ii) ® OK. a

(4.5), (4.6) & FHEOARIT [2,5.2] THEASNTNS,
Kid Proposition 4.4 & Lemma 2.3 M5 O BRI TH D crystal DILFMN S DEE
BRI DWW T [6),[13] 2B &,

Corollary 4.5. crystal B;, ® --- Q@ By, £ T e, 00 € Zyo IZHU TRBEDILD :

5Ci 562 — 5C23C1 ; Vo —
€; &7 = €€ if (o), ;) =0,
sC1zc1+c2 502 sc1+c2 5 H v N — V oo\ -
€] T el = ey e} if (o, ;) = (o], 04) = -1,
~c1 32c1+c2 zc1+c2 362 __ €2 zc1+C2 ~2C1 +c2 5c1 : Y, N — vV o\
€;'€; €' TE; = €7 €' ¢ &' if (of, ;) = -1, (o], ) = =2,
éfl é’?cl +c2 éfcl+cz 51;61 +2c2 é:!l teag ;‘2
. sezzea1+c2 3314202 3y +ea s2¢ e 0 V N — V] N —
= ejel T e e eE T el i (o, ) = =1, (o), q) = =3.

Remark. Example 3.11 T Z.?tﬁ”i.tc‘.’.‘i%f&% positive structure Tdh b, DX
D, c;=aa2--a; £ET3&

6: (C) — B;
(ala"' ’an) = Jl( )QI ((l) Jn(?l""){YX((:n)a
I3 positive structure. £k, e; DIEAIL

CS(YH‘,(Cl, ot ’(711)) = ),u')((’ly G G, CCH Ciggy scn)y

ei,é(c’ ((l], e aanaan+l)) = ((I'la Y € D) (:—]a’i+l) crc Ay, an+l),

285, (a1 app = 1.). T positive structure § IZB83 3 geometric crystal By O
ultra-discritization (&RD &K D175 : B := {(x), -+ ,Tny1) € Z" 2+ - -+ Tny1 = 0}
EL. z:=(x1,"  ,Tnp) € BITXLT

e(x) = (@, i+ ek — ¢ ) (€ € L),

fr=¢gc LEHBTDL, UD; e (B, 7, {ei}) 1 crystal B @ Langlands dual 2 @E &
2%, ZD crystal B 13 “symmetric tensor ZIR” D crystal base DdH S EOIEIR & &
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5 Tropical Braid-type isomorphisms

B #%I1Z tropicalization /ultra-discritzation DA &L T [14] @ braid-type isomor-
phism DL WIEBAZ 5 X %, £D7/HIZ" tropical braid-type isomorphism” 252 %,

Proposition 5.1. XOERXNKDILD :

(7) Type Ay:
1 1 1
yi(c—l)a:'/(cl)’yj(:)QY(C2)yi(:)(12’((f:;) (5.1)
_ oV aegte, 1 o, act ey, Q10
= y]((, Ca _+_(,2) ( o )yl((?lff:;)ai (eres)y;( 1 Q; 01Ca + C

(”) Type B, ((ai 7aj> = -2, (a_;'lvai) = _1)"
()Y () (@)oY (@) e

= () () )a (e )y (o)l (),

o C (11 =4+ Py ((13 + :‘f) ) (lz =cicq4 t+C3 + - (52)
’ -2
1
d3 = 1 7, (l4 = e 1 (53)
St (a+) atata
(#41) Type G2 ((of, ;) = =3, (o , ;) = —1) :

(e (s )aV(o)u,(f)n“(nml‘) Y((:.l)g/i(cé)aV(cs)yj(i)av(cs)

=yj(dll)ay(dl)y,( IO (o) () () ) (i )o (ehal )ew do)

(5.4)
ZCT.
1 Co 3 1 Cyq 3 2('4 3(:4 3C5 . 363(,'5
d=5|la+—) +—|e+—] +—+—+—+ + ¢, (5.5)
Ch (4] Cq 3 Cy 13 Ci Co
3 3
c C 8Ye , 340 2000 2¢.
d2=—'(cs+—') +—'-§(m+—2> 4 S T S ees + 205,
Cq C3 £ Cy v Cy Cy C3
(5.6)
1
ds = - - , (5.7)
1 1 g 4 | 3 3¢ 3 2
a(a(“5+5§) +%?_3+ﬁ) tatantaataata
. 1 (2040 C1C3C:
Cdg = dy = 204 b’ = 1C3C5 (5.8)

(12(16
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Proof. EBAIZIZ. L <HISN=ROBEFEREHWS, 0
Lemma 5.2. (i) Type Ay :
Yi(a)y;(b) = Yai+a, (ab)y;(0)yi(a). (5.9)
(i) Type B> ({af, ;) = =2, (o], q) = 1) :
Yi(a)Y5(0) = Yaa,+; (4*D)Ya,+a, (ab)y; (b)yi(a), (5.10)
Yi(@)Ya;+a; (D) = Y2a; 40, (2aD)Ya;+q; (D)vi(a). (5.11)

(#i5) Type G2 ((o, a;) = =3, (o], qu) = ~1) :

yi(a):l/j (b) = -?/30;+2n,~ ((13[)2)?/3(l,+rt_,' ((”:‘1))!/2(!,+ll_, (("2’))yrr5+{tj ((Lb)yj(b)y,‘((l), (512)

Yai+a; (a)y20i+ﬁj (b) = Y3ai+2aq; (3("1))y2(l.‘+ﬂj (b)yn&a,- (a), (513)
y] (a)y3ni+aj (b) = y:lﬂ.‘-f-?(!j (_(lb)'!}:m,--m, (1')!/1(“) v (514)

Proposition 5.1 IZLX D & d; 13 ¢; 72 B D positive rational function TH 2 Z &M
nd., $5HE,

1 1
(C],C‘), v ') = yj(m)n;(dl)yl(a)a:’(d2) e

& By, £ positive structures 25X TND I ENON B (wo 1E Ay, By, Gy D Weyl
group @ longest element). 3% & Z @ positive strucutre @ ultra-discritization A% ¥y
HW 3 braid-type isomorphism([14]) 5 X 5 :
Proposition 5.3 ([14]). (3) If (o, ) = (o], ;) =0,
(/55;)) : B,‘ X B"—~)Bj (03] B,‘
()i ® () = (¥); ® (2):.
() If (@), o) = (o] , ;) = —1,

¢E,I-) :B;®B;® B;~—B; ® B; ® Bj,

(21)i ® (22); ® (23)i = (max(z3, 22 — 21)); ® (21 + 23); ® (—max(—z;, 23 - 22))j

(5.15)
(#4) If (o, a5) = =1, (o, v;) = =2,
¢} :B;®B;®B;® B;~B;® B;® B; ® B;,
(21)i ® (22); ® (23)i ® (24); = (21); ® (Z2)i ® (Z3); ® (24):
Z) = max(zy, 29 — 221,223 — z,)
Zy = max(z) + 24, 23, 51 — 220 + 2z3) (5.16)

Z3y = —max(—2,, —24 — 22y, =22y + 223 — 24)
Zy = —max(—z3 + 2y, — 21, 23 — 2)
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(Z'U) If <a;/7aj> = _1: <a;‘/7ai> = —3,
¢ :B;®B;®B;®B;®B;®B;~—B,®Bi®B;®B;®B;® B

(21); ® (22); ® (23)i ® (24); ® (25)i ® (26);
= (21); ® (22)i ® (Z3); ® (Z4): ® (Z5); ® (Zo)s,

Z, = max(zg, 325 — 24, —323 + 224, =225 + 323, =321 + 22)
Zy = max(z) + 26,21 — 24 + 325,21 — 323 + 224,21 — 2z2 + 323, —2; + 23)
Z3=22+Z4+26—Z1 Zs,

{ Zo=21+23+ 25— 2o — Zs, | - (5.17)
Zs = —max(—z4 + 26, —324 + 625 — 26, —623 + 324 — 26,
~329 + 323 — 26, —321 — 2g)
Z¢ = —max(—z1, —22 + 23, —24 + 225, —223 + 24, —25 + Z5)

\

(k) (k=0,1,2,3) % braid-type isomorphism LIP3,
Proof. ST, (5.1) ITBNWT —l‘dg—h, 103, 722D ultra-discritizations &

v(a8te) = max(v(e) + v(es), v(ey)) _ 'u(cl) = max(v(c3), v(c2) — v(e1)),
v(cyc3) = v(¢y) + v(e3),
v(742-) = v(a)+v(e) — max(v(e) + v(e3), v(ez)) = —max(v(e;) — v(cz), —v(e1))

TEZLND, TIT. v(e) & 2 £T5H&E (5.15) 2155

FI#IZ LT, (5.2) and (5.3) ICBWT d; D ultra-discritization Z2EX 5 & (5.16) &
183, Proposition 5.3 (iii) IZBNT (o), ;) = -1, (), ;) = -2 LL T2, Ih
I3 Proposition 5.1 (ii) @ Langlands dual T %,

BT Go-case TH DN, ZOBBITIVLEBENLETHS. (5.17) ITBWTH
ZWE v(d)) 1

v(d) = max(—2z; + 3z3, =321 + 22,325 — 24, =323 + 224, 26,
Za— 29,24 — 21 — 23, %5 — 21, 23 + 25 — 22)  (v(cj) = 25),

EhrAM, ZhIE (5.17) IXBT B Z, ERENINELD, LML, ROZLITER
T, FZ—HL TWBHIENbn5:

my, - M ERE G+ +te=1%HT t), -, €Ryo ITHLT

A.
max (ml, cee My, E tjmj) = max(my,- -, M)
=1

EE., (5.18) IZBNT
24—22=%A1 +‘%A4, 2y —21— 23 1|+ 42+ Ay,
25 — 2 = %Al + %-42 + 3 A3+ %-’1-1, Z.x +25— 22 = 'Al + %A:x + %A4,

ZZT Al = —'222 + 32.'3, AQ = =3z + 2y, A;; = 335 — 24, A.| = —323 + 224 T%éo
EoT: Zi=v(d) £EBD. OLOHLAKNERIILVESN S, 0

(5.18)
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