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KANTOROVICH TYPE OPERATOR INEQUALITIES
VIA THE SPECHT RATIO 1I

KRBEREMBEZRESKS  WEHK (Yuki SEO)
Tennoji Branch, Senior Highschool, Osaka Kyoiku University

ABSTRACT. Yamazaki [14] showed new order preserving operator inequalities on the
usual order and the chaotic order by estimating the lower bound of the difference. Mond
and Shisha (7, 8] gave an estimate of the difference of the arithmetic mean to the geo-
metric one, as a converse of the arithmetic-gebmetric mean inequality. In this report,
we shall present other order preserving operator inequalities on the usual order and the
chaotic one via the Mond-Shisha difference. Among othets, as an application of the
Furuta inequality, we show that if 4 and B are positive operators on a Hilbert space H
and k > B > 1/k for some k > 1, then for a given ¢ & [0,1], A* > B? implies

AP 4+ 2kP~ 2 L(1, kP~ %) log Mya{p — 6)I > B? holds for all p > 24,
where the case § = 0 means the chaotic order and the Specht ratio My (r) is defined for
each r > 0 as
(k™ ~ 1)k*=T

Mi(r) = relogk

(k>0,k#1) and Mi(r)=1.

1. INTROPUCTION

We shall consider a bounded linear operator on a complex Hilbert space H. An operator
A is said to be positive ( in symbol: A > 0) if (Az,z) > 0 for all z € H. The Lowner-
Heinz theorem asserts that A > B > 0 ensures A? > B? for all p € [0,1]. However A > B
dees not always ensure AP > B for p > 1 in general. Yamazaki [13] showed that 2 is
order preserving in the following sense:

)2
1) A>B>0 and M>B>m>0 imply A2+(~44—Zl’2)_1232.

Moreover, he showed the following order preserving operator inequality as an extension
of (1):

Theorem A . Let A and B be positive operators on a Hilbert space H satisfying M >
B>m>0. IfA> B>, then

AP+ M(MPY —mP )T > AP+ CO(m,M,p)] > B°  forallp>1,

where

C(m,M,p) =

P _ P P _ P \ 551
mM?P - Mm +(p—1) ( MP -m )
M-m p(M —m)
For positive invertible operators A and B on a Hilbert space H, the order defined by

log A > log B is called the chaotic order. Since logt is an operator monotone function,
the chaotic order is weaker than the usual one A > B. J.I.Fujii and the author [1} showed
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the following order preserving operator inequalities on the chaotic order which is parallel
to Theorem A.

Theorem B . Let A and B be positive invertible operators on a Hilbert space H satisfying
M>B>m>0. IflogA >log B, then

A+ ZMP —m?)] 2 AP+ —Cm, M,p+ )2 B forall p 20,

In fact, log A > log B does not always ensure A > B in general. However, by Theorem
B, it follows that
M — m)?
logA>logB and M >B>m>0 imply A+(——#n—)—
On the other hand, Specht [9] estimated the upper bound of the arithmetic mean by
the geometric one for positive numbers: For z,,-- ,z, € [m, M] with M > m >0,

.'L'1+---+$n

ML) /a gy > R > oz g,

n

where b = #(> 1) is a generalized condition number in the sense of Turing [12] and the
Specht ratio M (1) is defined for A > 1 as

(h — 1)hF=T
elogh

Yamazaki [14] showed a new characterization of chaotic order as follows:

I>B.

(2) M,(1) = (h>1) and M(1)=1.

Theorem C . Let A and B be positive invertible operators on a Hilbert space H satisfying
M >B>m>0. Thenlog A > log B is equivalent to

A? + L(mP, MP)log My(p)I > B? holds for all p > 0,

M-m

Tog M—logm and a generalized Specht

where h = ¥ > 1, the logarithmic mean L(m, M) =
ratio My (p) is defined as
AP — 1)h ™=

®) Mp) = o

(h>0,h#1) and M(p)=1.

What is the meaning of the constant L(m?, M?)log M,(p) in Theorem C ? Mond
and Shisha [7, 8] made an estimate of the difference between the arithmetic mean and the
geometric one: For z;,--- ,z, € [m, M] with M > m >0,

‘ﬁ/xl e T + D(m’ M) Z w’

. n
where b = (> 1) and

D(m, M) = 6M + (1 — 8)m — M°m'~? and 6= log (’l’o;;) E_;_h

which we call the Mond-Shisha difference. As a matter of fact, J.I.Fujii and the author [1]
showed that the Mond-Shisha difference exactly coincides with the constant in Theorem
C via the Specht ratio: If M > m > 0, then

D(m?, M?) = L(m?, M?)log M(p)



102

M
where h = =

Comparing Theorem A with Theorem B, we observe the difference between p and p—1
in the power of the constant. Hence one might expect that the following result holds
under the usual order as a parallel result to Theorem C via the Mond-Shisha difference:
Let A and B be positive invertible operators satisfying M > B > m > 0. Then

A> B implies AP +mL(mP™', M*  )log My(p—1)I > B* for all p > 2,

where h = % > 1. However, we have a counterexample to this conjecture. Put

3 1 2 0

then A > B > 0 and 2] > B > LI. Then we have mL(m!, M*)log M (1) = 0.126638. On

the other hand, A% + oI > B? holds if and only if a > “—35—'%@ = 0.409415. Therefore
A%+ mL(m',M*")log My(1)I # B2.

We collect the difference between the usual order and the chaotic one in the following
table.

TABLE 1. The difference between the usual order and the chaotic order

A>B log A >log B

AP+ M(MP ' —mP NI > BP forp>1| AP+M(MP—mP)I>B? forp>0

AP+ C(m,M,p)I > B> forp>1 AP+ LC(m,M,p+1)I > B? forp>0

AP + LC(m" ,M",1 + B8] > BP| AP+

LC(m",M",1 + E)I > B? for

forp,r2m1 p,‘r>0m
' (Mp—l —_ mp—1)2 (MP —_ m")2
» > BP > p M7 T 1S pgr
AP + =" I>B? forp>2 | AP+ ype- I>B? forp>0
77 AP + L(mP, M?)log My(p)I > B? for

p>0

In this report, we shall present order preserving operator inequalities on the usual
order and the chaotic one in terms of the Mond-Shisha difference. As an application of
the Furuta inequality, we show that if A and B are positive operators and k > B > 1/k
for some k > 1, then for a given § € [0,1] A® > B? implies

AP 4 2kP~2 [(1,k*~*%)log My2(p — §)I > B holds for all p > 24.
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2. MAIN RESULTS

First of all, we present other characterizations of the chaotic order via the Mond-Shisha
difference.

Theorem 1. Let A and B be positive invertible operators on a Hilbert space H satisfying
k>B> % for some k > 1. Then the following are mutually equivalent:
(i) logA>logB

(i) (AzBPAz) + gk"L(1,k
holds forp>0,t>0,82>0,q>1 with(t+r)g> (p+t)s+r.

!E.Hq!air)log Mk((P'I' i)S +T')I > Blptt)s+r

(i) (ATBPAS)® 4 2k+)e-2 [ (1 k2e+)s=2t)log M, (2(p + t)s — 2t)] > Bl+)e
holds forp>0,t >0, s > 0 with (p+ t)s > 2t.

(iv) AP+ 2kPL(1,k%)log Mi(2p)I > B? holds for p > 0,

where M(r) is defined as (3).

Let A and B be positive invertible operators on a Hilbert space H. We consider an
order A% > B’ for § € (0,1] which interpolates the usual order A > B and the chaotic
one log A > log B continuously, where the case of § = 0 means the chaotic order. By

virtue of the Furuta inequality, we show the following order preserving operator inequality
associated with the Mond-Shisha difference.

Theorem 2. Let A and B be positive tnvertible operators on a Hilbert space H satisfying
k>B>31>0. If A > B® for some § € [0,1], then

AP 4+ 2kP~ B (1, k%) log My2(p — 8)I > BP  holds for all p > 26,
where My(r) is defined as (3). '
If we put 6 = 1 in Theorem 2, then we have a usual order version via the Mond-Shisha
difference.

Theorem 3. Let A and B be positive invertible operators on a Hilbert space H satisfying
k>B>1>0.IfA> B, then

AP + 2kP~2L(1,k* %) log My2(p — 1)I > B holds for all p > 2,
where Mi(r) is defined as (3). |

Remark 4. Theorem 2 interpolates Theorems 1 ( iv) and Theorem 3 by means of the
Mond-Shisha diffrence. Let A and B be positive invertible operators on a Hilbert space H
satisfying k > B > 1 > 0. Then the following assertions hold:

(i) A > B implies AP +2kP~2L(1,k* %) log My2(p — 1) > B? for all p > 2.

(ii) A®> B® implies AP + 2kP~% [(1,k%~%)log My2(p — )1 > BP for all p > 26.
(iii )- log A > log B implies A? + 2k?L(1, k%) log My2(p)I > B? for all p > 0.

It follows that the Mond-Shisha difference of ( ii ) interpolates the scalars of (i) and
(iii ) continuously. In fact, if we put § =1 in (i1 ), then we have (i), also if we put
§ = 0in (ii), then we have ( iii ).
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TABLE 2. Kantorovich constant

A>Band M >B>m logA>logBand M >B>m

2 32
2+(_]M4—m)[ZB'~’ A+W__n7'_)_123

A m

TABLE 3. Mond-Shisha difference

A>Bandk>B>1/k logA>logBand k> B> 1/k

A? + L(1,k?) log Mya(1)21 > B? A+ kL(1,k?)log Mia(1)*1 > B

3. PROOF OF RESULTS
To prove our results, we collect several properties of the Specht ratio, see [11, 15]:

Lemma 5. (i) Mi(r) = My (1) for k>0 andr > 0.
(ii) & = My(1) is increasing for k > 1 and decreasing for 1 > k > 0.
(iii) Mk(1) = Myg-1(1) for k > 0.
(iv) For k> 1, My(p)'/* =+ 1 asp — 0.

Lemma 6. Let A and B be positive operators on a Hilbert space H satisfyingk > B > 1
for some k > 1. If AP > BP for some p € (0,1], then

A+ ;—’L(l,k) log Mi(1)I > B,

where My(1) is defined as (2).

Proof. The following reverse inequality of Young’s one is shown in {11]: For a positive
operator A satisfying k > A >  for some k > 1,

(4) AP + L(1,k)log Mi(1)I > pA+ (1 — p)I
holds for all 1 > p > 0. Then we have
L(1,k)logMi(1)] + pA+ (1 — p)I
> L(1,k)log M(1)I + AP by the Young inequality and 1 > p > 0
> L(1,k)log Mi(1)I + B> by A? > B? ’
>pB+(1-p)I by (4) and k> B> 1/k > 0.
O

The following order preserving operator inequality is our key lemma in this report.
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Lemma 7. Let A and B be positive operators on a Hilbert space H satisfying k > B >
%> 0 for some k> 1. If A> B, then

AP + pL(1,kP)log Mi(p)I > B? forallp > 1,
where My(1) is defined as (2).

Proof. Since (AP)/? > (BP)!/? for 0 < :7 <1 and k? > BP > k7P, it follows from Lemma
6 that

AP + pL(1,kP)log Mix(p)I > B for all p > 1.

To prove Theorem 1, we need the following result [3, Proposition 7]:

Theorem D . Let A and B be positive invertible operators on a Hilbert space H. If
log A > log B, then

{B5 (Bi A7B3)’ B3}3 > B™™

holds for p,t,s,7 >0 and gq>1 with (t+r)g>(p+t)s+r.

Proof of Theorem 1.
(i) = (ii): By Theorem D, (i) ensures

t)s4r

(%) {B? (BiA*B%)" Bi}s > B ¢

holds for p,t,s,r > 0 and ¢ > 1 with

(6) (t+r)g=>(p+it)s+r

Put A, = A9 and B, = (A% (A3 BrA$)" A5)1/4, then A, > B, by (5) and k > A >
1/k > 0 assures k e > A B > k™ e By applying Lemma 7 to A; and Bi,
we have

Al + qL(1, P+ log Myernaar (1)1 > B,

Multipying B~7 on both sides, we have (ii).

(i) = (iii): Put r = (p+1t)s — 2t > 0 and ¢ = 2 in (ii). Then the condition (6) is
satisfied and (p + t)s > 2t, so we have (iii).

(iii) => (iv): If we put ¢ =0 and s = 1 in (iii), then we have (iv).

(iv) = (i): If we put p — 0 in (iv), then we have (i) by (iv) of Lemma 5. O

Related to the extension of the Lowner-Heinz theorem, Furuta [4] established the fol-
lowing ingenious order preserving inequality which is now called the Furuta inequality.
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Theorem F (Furuta inequality)

If A> B >0, then for each r > 0 \
@) (B§APB§)E > (B§BPB§)3 \\\\\\\\\
and \\\\\

(ii) (AFAPAE)" > (AFBrAF)*
hold for p > 0 and ¢ > 1 with S
(I+r)g=p+r.

“

N

/A\\\\\\\

Alternative proofs of Theorem F have been given in [2], [6], and one-page proof in [5].
The domain drawn for p, ¢ and r in Figure is the best possible one [10] for Theorem F.

(07 —r)

Figure

To prove Theorem 2, we need the following Furuta inequality:

Theorem F’ . Let A and B be positive invertible operators on a Hilbert space H and
d € [0,1]. Then the following properties are mutually equivalent:
(i) A° > B¢

S4r
(ii) (BEAPBE)™ > B*™  forp>6andr 0.

Proof of Theorem 2.
Suppose that A% > B’ for some § € [0,1]. By the Furuta inequlity, we have

r r ﬁi
(BiA”BE) Pt > BT forp>Sand r > 0.

and k%t > Bt > k57,
By Lemma 7 and g%f— > 1, it follows that

p+r
d+r

BiAPBS + L(1,k**") log My(p + r)I > BP*".

Hence we have
ptr
d+r

for p> 46 and r > 0. Put r = p— 26(> 0), then

A7 + BT TR 11, kP4r) log Mi(p + 1)1 > BP

AP 4+ 2kP" P L(1,k*~ %) log My(2p — 26)I > B®
for all p > 26. (]
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