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Let T be a bounded linear operator on a complex Hilbert space H. T is called
algebraically paranormal if there exists a nonconstant polynomial g(z) such that
q(T) is paranormal, i.e., ||g(T)z|?> < ||g(T)?z||||z| for z € H. In this paper, we
prove that Weyl’s theorem holds for algebraically paranormal operators and spec-
tral mapping theorem hdlds for the Weyl spectrum of algebraically paranormal
operators.

1 Introduction

BNV NER H EOFRBREERFELEL B(H) LBL. fEAFE T € B(H) »8
algebraically paranormal &, T TRWEIEK q(z) BFEL T ¢(T) »% paranormal
WZRBHT k. DEY,

-

lg(T)z)? < lg(T)2x||||z]l, ze€™H

idZlEVI,

YER% T OfES% R(T), null space Z N(T) &<, YEFAFE T % Fredholm & i,
1% R(T) 2% closed T, dim N(T) < co,dim N(T*) =dim R(T)! <00 &72B L E &
W, Z0kE, indT =dimN(T) —dimR(T)t % T @ index £\ D, #iZ ind T =0
DEE T % Weyl L\ 5, T O essential spectrum o.(T), Weyl spectrum o,,(T) %

0o(T) ={\€C : T — X\ is not Fredholm },
0u(T)={)e€C :T -\ is not Weyl }.

LEDD, —RIZ 0 # 0.(T) C 0,(T) Co(T) BRI T D, EREFRROBEFEE moo(T)
L, Weyl DFEMN T IZOWTRMYT S &i1T

o(T)\ ou(T) = moo(T)
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LBl EEVWH, H Weyl [20] i self-adjoint operator ? compact perturbation % i
T = OIS self-adjoint operator IZDWTHKIMTAZ L% RLTE, Z0H, bo |
LIEWY 5 RADOERBIZONT S Weyl DFEBBHILT S Z L BEL DHEEIZL-T
REANT-, #1%iT L.A. Coburn [4] ¥ hyponormal operator, M. Cho, M. Ito, S. Oshiro
[2] i p-hyponormal operator, M. Cho, K. Tanahashi [3] {3 log-hyponormal operator, A.
Uchiyama [19] % paranormal operator, L.H. Jeon, B.P. Duggal [12] i3 class A operator,
Y.M. Han, J.I. Lee, D. Wang [10] % w-hyponormal operator, Y.M. Han, W.Y. Lee [9] i

algebraically hyponormal operator {(Z2W TR LTZ,
T 2Tt Weyl OEHD algebraically paranormal operator (Z-OVVTHI T 25 2 L%

Y, :

2 [fER]

TOHED Key Lemma T&H 5,
[#8#8 1) T € B(H) i paranormal TA € o(T) ZEFELTH, 22T

A A -
T=(O B), H=NT-XN@R(T-N

YETY N(B-)) ={0} Thd, EHIZA£0 7RSI AB=IA T, {EEOBT~Y
kv ze R(T—A)*iZxtLT

| Azl + || Bz||* < || B*z||
N ILD, LT T — A finite ascent ThH B,

[E¥] /EAR T € B(H) #* finite ascent & X N(T™) = N(T™) L2 2 BRE m »
TETH L& %S, F/- finite descent & X R(T™) = R(T™) L2 2 BRE m 1 F
ETDLEERNI,

[{% 2] T € B(H) 2% paranormal 72 HIZEBDOERB A e C I/ LT
N(T = A) = N(T = \)?)

R D 3L,

[BE83] N((T — A\)?) € N(T - )) ZREELL,
A=0 DFBEFTT. Tx=072b

I Tzl < |T*z]l||z]| = 0

ThHbdH, o TTz=0Thd,
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A#0 DBEEETY, bLAXT OBFEFETRWR2L, NT-X)={0} TH22H
N(T-X\?)={0} 243, AT 0OBHEL T2, @ eEN(T-N?) E+2LM
B1hn

A A _
T=(OB) N(T -\ ®RT - N

LOfETED, THL
sfuy (0 A 0 A u
m= ()= 526 %) ()
_ (0 AB-2)A\ (u) _ 0 {0
“\o B-MN?)\v) \@B-N) \oO
LY (B=A2=0Thd, ZZTNB-N={0}2DT(B-ANv=0, £»Tv=0

LB, €T
U 0 A U 0
()= 5% () - )

[EZ 3] T € B(H) #' algebraically paranormal 72 51X T — A (A € C) i3 finite ascent
THD,

[REBA] IRZE L » ¢(T) % paranormal & 72% non-constant polynomial g(2) BFEY 2,
T

TH D,

g(z) — ¢(A) = a(z = A)" G, (2 — Aj),a#0,1<m, A # A
LT DL
g(T) — g(A) = a(T = )" (T — Aj)
ThH D,
N(T-N™") c N(T - X))

FREE L,
z€ N(T-N™) 45

(@) = gz = a(T = NI, (T = A+ A= A)a

=alll_; (A = X)(T — N)"=.

THHNH
((T) — g(N)’z = d®II_ (A — X;)2(T = \)*"z =0



Liph, FoTEHEZ XY

z € N((a(T) — a(A)*) = N(q(T) — q(A))

Thd, 2T |
(@(T) — g(A\)zx = all}_; (A = M) (T - A)"z =0
ThHhiHIND
z e N(T -N™)
&2%,

[fE® 4] T € B(H) 7' algebraically paranormal T o(T) = {A\} 66X T — XA &
nilpotent T#H 3%,

[IE8A] {RE L ¥ q(T) %5 paranormal & 72% non-constant polynomial g(2) BfFHET 5.
g(z) — g(A) = a(z — A" (z = Aj),a # 0,1 <m, A # A

LT DHE

g(T) = g(A) = a(T = A"y (T — Aj)
i3, ZZTo(qT)) = q(a(T)) = {g(A\)} 72D T q(T) — g() X quasinilpotent T&H
5. ko< (11 &Y |

0=q(T) - g(A) = a(T — NI} (T - \;)
Ligh, LT (T-N"=0Thd,

[ 5] Weyl DEEEA algebraically paranormal operator (22N THILT Do

[8EBA] T € B(H) i algebraically paranormal TA € o(T)\ 0,(T) £T5%. T
T — ) X Weyl T not invertible T %,

A o(T) DRERD, A€ G C o(T)\ 0u(T) L72% open set G BFET S, Lo
T dimN(T — p) > 0,Vu € G £720 [7, Theorem 9] 75 T X single valued extension
property &b 7-72\, LA L [13] £V T #° finite ascent 72 5 single valued extensinon
property # b ODTINIEIFETHD, £oT A o(T) DERRELTIN, 5 ¢
[5, Theorem XI 6.8] 235 X i o(T) PIMIURIZRD, £2T A€ m(T) THA,

W € moo(T) £ T3, Ex % A D Reisz idempotent &35 & 0 <dimN(T-A) < oo
ThbH, TIZT

T =T|E\K&T|(I — E)\)H,

o(T|ExH) = {A}, o(T|(I — ExyH) = o(T) \ {A}
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LSET 5, IRE LY ¢(T) 75 paranormal & 72% nonconstant polynomial q(z) 25fFfE
T5, ZZT
q(T) = ¢(T)|ExH ® ¢(T)|({ — EA)H
& 72505 q(T)|ExH = ¢(T|ExH) X paranormal T %, > TT|ExH b algebraically
paranormal L 723N HEE4A LY (TIE\H — \)™ =0 LR2EDEBE m BFET D,
Lo T
dim EyH < dim N((T|ExH — \)™)
<dimN((T - \)™)
< mdim N(T - A) < oo

<d 5D, - T E, i finite rank T [5, Proposition XI 6.9] £ ¥ A € o(T)\ 0u,(T) T
HD,

[fE® 6] T € B(H) ' algebraically paranormal T f(z) #% o(T) ZBURRET
analytic 72 51 0o (f(T)) = f(ow(T)) &7 5.

[KEEA] [8, Theorem 2(b)] &V 04, (f(T)) C f(0w(T)) HRENTVHDTHEZFEILL
VY, f i% nonconstant & LTEVY, I T AL o,(f(T)) &L T

f(2) = X = g(2)Tj1 (2 — X))
LT D, 122U X €G,9(2) #£0V2eG THD, THL

f(T) = X = gD (T - A)
7258 A ¢ ouw(f(T)),0.(f(T)) C ou(f(T)) DT A& 0o(f(T)) = f(0e(T)) TH S,
#o>TT — \j iX Fredholm (j =1,---,n) THD, £oT

0=ind (f(T) — A) = ind (¢(T)) + »_ind (T — };)

j=1
=) ind (T = %)
3=1
LB, ZZTind (T—)\) €0 %77%, b L T—\ 2 finite descent 72 5 [17, Theorem
V6.2 5 ind (T — ;) =0 Chb, £/, T — ); A3 finite descent TRVR2H T
nind (T — );) = dim N(T — \))" — dim R((T — X;)")*" = —oo

LYind (T - \) <0 Th3.
#oTind (T-X)=0,G=1,---,n) ThB, £2T T~ X Weyl T & 0u(T)
L5, EoT AL f(0u(T)) Th5,
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[ 7] Algebraically paranormal operatror {3 isoloid TH %, 2% Y. o(T) DML
RIZEEETH D,

[BEBA] T € B(H) i algebraically paranormal & 9%, A i o(T) DMK E L, Ey %
X @ Riesz idempotent & 9%, ZZ T

T =T|ExH®T|(I — E\H

LT B L
o(T|ExH) = {A}, o(T|(I - EX)H) = o(T) \ {A}

T#hb, &T T|EyH b algebraically paranormal 2D T (T|ExH - \)™ =0 &2 8%
Bom BFET D, £oT

E\H C N((T|ExH — A\)™) C N((T — \)™)

LB, BoT N(T—-N™) # {0} ROTNT —X) #{0} THB, £oTART OHE
FETH B,

[E# 8] T € B(H) % algebraically paranormal T f(z) #* o(T) 2 8LHEAT
analytic 72 51X Weyl OEBH f(T) IZ2OWTHILT B,

[REBA] EF7 XY T it isoloid TH B, £oT [14] &V
f(a(T) \ moo(T)) = o (£(T)) \ moo(£(T))
L%, £z, E#E 5,6 £V
f(e(T) \ 700(T)) = f(0w(T)) = 0u(f(T))
L72B, #E-T Weyl DFEN f(T) IZ2WTHRILT %,
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