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The product of like-indexed terms in binary
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Abstract

In recent work by Hajdu and Szalay, Diophantine equations of the form (a* — 1)(* — 1) = z? were
completely solved for a few pairs (a,b). In this paper, a general finiteness theorem for equations of the
form uzvy = z™ is described, where ux and v are terms in certain types of binary recurrence sequences.
Also, a unified computational approach for solving equations of the type (a* — 1)(b* — 1) = z? is de-
scribed, and this approach was used to completely solve such equations for almost all (a,b) in the range
1 < a < b <100. In the final section of this paper, it is shown that the abe conjecture implies much
stronger results on these types of Diophantine problems. The interested reader can see more details in
the full paper [9].
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1 Introduction

There is a wealth of literature pertaining to the study of the arithmetical properties of terms in binary
linear recurrences. In this paper, we attempt to consider the question of comparative results among pairs
of such sequences. This type of question was raised in recent work of Szalay [19], and Hajdu and Szalay
(8], wherein Diophantine equations such as

(a* —1)(b* - 1) = 2,

for fixed integers (a,b), were completely solved. In particular, all solutions (k,z) were determined for
the particular values (a,b) € {(2,3),(2,5), (2,6)}. Although the methods in these papers are relatively
elementary, the results lead one to believe that there is a general theory lurking, as the arithmetic nature
of terms in distinct sequences seem to behave in somewhat of an independent manner.

It is the purpose of this paper to describe a general finiteness theorem along these lines, and also to
exhibit specific procedures for solving equations exactly of the type described above. Moreover, we hope
to raise several outstanding questions in such a way as to motivate further research on these problems.

The paper is divided into three parts. In the first part of this paper, we describe a general finiteness
theorem for the product of like-indexed terms in two binary recurrences to be a power of an integer. In
the second part of the paper, we describe a method to completely solve Diophantine equations of the
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form (ak —1)(b* —1) = z2. We conclude with some discussion on open problems, and connections of this
topic to the abc conjecture.

Throughout this paper, we use C1, Cy, ... to denote effectively computable positive constants, which
are either absolute, or depend only on some given parameters which will be specified.

2 A Finiteness Theorem
Let ay, by, ¢y, dy, ag, by, ¢y, dy denote non-zero integers. Define two sequences {u} and {vx} by
u = craf + dib¥, vg = cpak + dabk.

To avoid degenerate cases, we assume that ja;| > |b;| for i =1 and 2.

Theorem 2.1 Let e be a non-zero integer and let a;, b, c;, di denote non-zero integers for i =1,2. We
assume that |a;| > |b;| holds for i = 1,2. Then, the equation

(2.1) URVE = €T

with k, = and n integers, k > 0, |z| > 1, and n > 1 implies n < Cy, where Cy 1s an effectively computable
constant depending only on a;, bi, ci, di, and e. Moreover, for any n fized in the interval 3 < n < Cy,
equation (2.1) has only finitely many integer solutions (k,z) withk > 0. Whenn =2, then equation (2.1)
has also only finitely many integer solutions (k,z) with k > 0, ezcept in one of the following two cases:

1. aqbl = a,1b2 and ng]_ = C]_dz.

2. aghy = —a1by and cydy = teyds.

An immediate consequence of Theorem 2.1 is the following special case, which provided the motivation
for much of this work.

Corollary 2.1 Let a > 1 and b > 1 denote distinct integers. Then the equation
(aF —1)(B* —1) =2

has finitely many solutions in integers (k,x,n) withn > 1.

The proof of Theorem 2.1 uses an effective result of Shorey and Stewart [18] together with an ineffective
result of Corvaja and Zannier [5] concerning polynomial values in linearly recurrence sequences with
positive integer roots. We remark that the ineffective result is based on the subspace theorem, thereby
rendering our result ineffective. We begin by recalling the notation and the result from [5] which is
relevant for our purposes.

Let A be the set of all functions f : N — Q such that either f = 0 identically, or there exist r > 1
distinct positive integers oy > as ... > ar > 0, and non-zero rational numbers A1, B3, . . ., Br, such that

(22) )= B,
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for all positive integers n. For a given non-zero f € A of the form (2.2), r is the rank of f, and we denote
it by rank(f). The integers o; (i = 1,2,...,7) are the roots of f. The rational numbers 8; (i =1,2,...,7)
are the coefficients of f.

For a non-zero f € A its rank, roots and coefficients are uniquely determined. Also, A is a subring of
the ring of all the rational valued functions defined on N. A consists of all sequences of rational numbers
which satisfy some linear recurrence with integer coefficients, and whose characteristic polynomial has
distinct roots which are positive integers. The proof of Theorem 2.1 makes use of the following result
from (5] (Corollary 1, page 320).

Lemma 2.1 Let f be a non-zero element in A and let n > 2 be a fized integer. If there exists a rational
number e such that the diophantine eguation

F(k) = ea”

has infinitely many integer solutions (k,z) with k > 0, then there erists j € {0,1,...,n — 1}, and an
element h € A, such that if one denotes by g the element of A given by

(2:2) g(k) := f(kn+35), (k€ N)
then g = eh™. »

Remark. Recently, Fuchs and Tichy [7] proved that if n > 2 and e # 0 are fixed integers, and f € A,
f # 0, are such that the diophantine equation

f(k) = ex™

has only finitely many integer solutions (k, z) with k > 0, then the number of such solutions is bounded
by an effectively computable constant C, which depends only of n, e and f. Combining this result with
our Theorem 2.1, it follows that the number of integer solutions (k, z,n) with n > 3 of equation (2.1} is
bounded by an effectively computable constant Cs depending only on a;, b;, ¢, d; for ¢+ = 1,2, end e, and
that even the number of integer solutions (k, z) of equation (2.1) with k > 0 and n = 2 is also bounded
by an effectively computable constant Cs (depending, again, on a;,b;, ci,d; for i = 1,2, and e) unless
a;, b;, c;, d; satisfy one of the conditions 1 or 2 from the statement of the Theorem 2.1, and e is determined
in terms of a;, b;, c;, d; (and can take at least one and at most two values) in which case equation (2.1)
does have infinitely many integer solutions (k, z) with k& > 0.

3 Computing all solutions of (a* — 1)(b¥ — 1) = 2?

Although for fixed n > 2, the result of the previous section is ineffective, being based on the ineffective
result of Corvaja and Zannier, there are subclasses of those sequences in Theorem 2.1 for which all
solutions can be determined for the particular case n = 2. In particular, for a fixed pair of positive
integers (a,b), and under certain mild hypotheses, it was demonstrated in [9] how one can determine all
integer solutions (k,z) with k > 0 to the Diophantine equation

(a¥ — 1)(B* 1) = 2%

We demonstrated our method by computing all solutions for almost all pairs (a, b) satisfying 2 < b < a <
100. Difficulty arose primarily in the case that (a — 1)(b — 1) is a square. :
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Theorem 3.1 Let 2 < b < a < 100 be integers, and assume that (a,b) is not in one of the following
three sets:
2. { (a,b); (a—1)(b~1)isasquare, a=b (mod 2), and (a,b) # (9,3), (64,8)}.

a—1)

3. {{(a,b); ( (b—1)is asquare, a+ b= 1 (mod 2), and ab =0 (mod 4)}.
If
(3.1) (a* —1)(BF — 1) = 22,

then k = 2, except only for the pair (a,b) = (4,2), in which case the only solution to (3.1) occurs at k = 3.

Of the 4851 pairs (a, b) satisfying 2 < b < a < 100, Theorem 3.1 is able to deal with all but 70 of them.
This is an improvement upon previous work of Szalay [19], wherein the particular case (a,b) = (3,2) was
solved, and on work by Hajdu and Szalay [8], wherein the case (a,b) = (6,2) was solved.

The proof of Theorem 3.1 is accomplished in stages. Some general solvability results rule out many of
the 4781 pairs that are solved. For the remaining pairs, a computational sieving method rules out the
possibility of solutions for odd values of k. The proof is completed by using a result of Cohn [3], a deep
theorem of Darmon and Merel [6], and properties of solutions to Pell equations (see [11]) to rule out
solutions for even values of k.

4 Connections with the ABC conjecture

It is certainly the case that the results of this paper represent a small step towards the truth on the
solvability of Diophantine equations of the type being considered. Not surprisingly, the abc conjecture
shows that much stronger statements hold. In this section, we attempt to exhibit how far the above
results are from the truth by describing a very strong Diophantine result under the hypothesis of the abc
conjecture. For more on the abc conjecture and its consequences, the reader may wish to refer to the
paper of Nitaj [14], that of Browkin [1], or that of Ribenboim [17].

The abc conjecture Given any € > 0, there exists C = C(e) > 0, depending only on ¢, with the property
that for all triples of positive integers a, b, c satisfying (a, b,c) = 1 and c = a + b, the inequality

c< C-N(a,b,c)'te

holds, where N{a, b, c) denotes the product of distinct primes dividing abc.

Theorem 4.1 Let a,b,c,d, e be nonzero integers. Then the abc conjecture implies that the equation
(4.1) (az™ + b)(cy™ + d) = e2?
has only finitely many solutions (z,y,z,m,n) satisfying zyz # 0, daz™ # bey™ and min(m, n) > 5.

In particular, the abc conjecture shows that there are only finitely many positive integers (z,y, z,m, n),
with z > 0, 2™ # y", and min(m, n) > 5, such that

(4.2) (z™ - 1)y" - 1) = 22
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If the exponent 2 in (4.1) is replaced by an integer k > 2, a much stronger statement can be derived from
the abc conjecture. We will forego this endeavour, and content ourselves with Theorem 4.1.

It would be of interest to determine a heuristic argument which would indicate the Diophantine nature
of the above problem in the case that min(m, n) < 5. Even for the particular equation

@ -1 -1) =2 (z #y)

we do not have any reason to believe that there should be only finitely many integer solutions, nor do
we have an argument which suggests that there are infinitely many integer solutions. Fritz Beukers has
shown that for any nonsquare d > 1, the equation —d2? = (z® — 1)(y® — 1) has infinitely many solutions

(m’ Y, z)‘
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