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Approximation of Expectation of Diffusion Processes
based on Lie Algebra and Malliavin Calculus

Shigeo KUSUOKA
Graduate School of Mathematical Sciences
The University of Tokyo

In the present paper, we refine the idea in [1] by using notions in [5]. We use
the notation in (5] for free Lie algebra. Let (92, F, P) be a probability space and let
{(B'(¢t),...,B%t); t € [0,00)} be a d-dimensional Brownian motion. Let B(t) = t,
t € [0,00). Let Vo, V4,...,Va € C°(RY;RY). Here C°(RV;R") denotes the space of
R"-valued smooth functions defined in R¥ whose devivatives of any order are bounded.
We regard elements in C°(RN; R¥) as vector fields on RV,

Now let X(t,z), t € [0,00), z € R¥, be the solution to the Stratonovich stochastic
integral equation

d
X(to) =2+ [ V(X (s, 2)) 0 dBY(s). 1)
i=0
Then there is a unique solution to this equation. Moreover we may assume that with
probability one X(¢, z) is continuous in ¢ and smooth in z.

Let A = Aq = {vg,v1,...,va}, be an alphabet, a set of letters, and A* be the set of
words consisting of A including the empty word which is denoted by 1. Foru=u! .- u* €
A W € A j=1,...,k k > 0, we denote by ni(w), i = 0,...,d, the cardinal of
{ie{l,...,k}; v = v}. Let [u| = no(u) +...+ na(u), alength of u, || u || = [u| + no(u),
and #(u) denotes the cardinal of {i € {0,...,d};n:(u) > 1} for u € A*. Let R(A)
be the R-algebra of noncommutative polynomials on A, R({A)) be the R-algebra of
noncommutative formal series on A, £(A) be the free Lie algebra over R on the set A,
and L((A)) be the R Lie algebra of free Lie series on the set A.

Let ¢ denotes the left normed bracketing operator, i.e.,

L('Uil L "U,'n) = [ .. [‘U.“l,’l),'z], v ,’U,'n].

Let p : R{(A) — R[zo,...,z, denotes a natural homomorphism from the algebra of

noncommutative polynomials to the the algebra of commutative polynomials such that
= pho(®)  na(u) *

p(u) = x4 zM, u € A*

Vector fields Vo, V4, ..., V; can be regarded as first differential operators over RV. Let
DO(RY) denotes the set of smooth differential operators over R¥. Then DO(RY) is a
noncommutative algebra over R. Let ® : R(A) — DF(R") be a homomorphism given
by ‘

®(1) = Identity, Qv ovy,) =V Vi, n>1 4,...,i,=01,...,d.



Also, note that
D(e(vyy - vin)) = [+ Vi, Vil - -+, Vil n>2 4,...,i,=01,...,d.
Let B(t;u), t € [0,00), u € A*, be inductively defined by
B(t;1) = 1, B(t;v;) = B'(t), i =0,1,...,d,

and

t .
B(t; uy;) = /0 B(s;u)odB'(s) wue€Ad’ i=0,...,d.
Also we define B(t;w) t € [0,00), w € R(A) by
B(t; Z ayu) = Z a,B(t; u),

ucA* uc€A*
and we denote B(1;w) by B(w) for w € R(A).

Let A7, = {u € A% || v [l=m}, m > 0, and let R(A)m = T,ea:, Ru, and R{A)<m
= Yo R(A)x, m > 0. Let jm : R((A)) — R(A)<m be a natural sujective linear map
such that jm(u) =u, u € A, || u ||[< m, and jm(u) =0, u € A*,|ju||>m+1. Let L(A)m
= L(A)NR(A)m, and L(A)<pm = LIA)NR(A)<m, m > 1. Let A*™ = {u € A*; u # 1,10},
and AL, ={u€ A™; |u||[<m}, m>1

Let U, : R((A)) — R((A)), s > 0, be given by

o0 o
Ue(d zm) =D s™ 2z, Zm € R{A)m, m>0.

m=0 m=0

Now we introduce a condition (UFG) on the family of vector field {Vo, V4, ..., V4} as
follows.
(UFG) There are an integer £ and ¢, € CP(RN), u € A™, v € AZ,, satisfying the

following.
2w) = Y puwd()), ue A
WEAY,
Let us define a semi-norm || - [lvs, 7 = 1, on CP°(RV; R) by
I f llva=_ > @ (e(ur) -« e(wr))f lloo -

k=1 uy,...,up€A** [[ur- uell=n
Now let us define a semigroup of linear operators { P, }sep,00) by
(Bf)(=) = B[f(X(t,2))], te[0,00), fe€CPRY).
Then we can prove the following ([2]).

Theorem 1 Assume that the family of vector fields satisfies the condition (UFG). Then
for any n > 1 there is a constant C > 0 such that

c
IS vns 5 1 f lleor £ € CRRY), t € (0,1].
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Let us think of a family {Q(,); s € (0, 1]} of linear operators in Cy(R"Y).

Definition 2 We say that Q(,, s € (0,1], is m-similar, m > 1, if there are a constant
C>0andn>m-+1 such that

| Bof = Quof (@) o< CC 3> 82| £ llvie +5™D/2 || V1 10,
k=m+1

and

1 Qu)f = f llow< Cs? | Vf Jloo
for any s € (0,1)], and f € C®(RN;R).

m _ KT (n)
Let T > 0 and v > 0. Let ¢, = ¢ =" >1,k=0,1,...,n, and let sx = s;
= tx — lk-1, K = 1,...,n. Then we have the following.

Theorem 3 Let m > 1 and Q,), s > 0 be an m-similar family of linear operators in
Cs(RN). Then we have the following.
For v € (0,m — 1), there is a constant C > 0 such that

” Prf— Q(Sn)Q(sn—l) T Q(sl)f ”oos Cn-7/2 “ \2i ”ooa fe Cgo(RN)a n 2> 1.

For v =m — 1, there is a constant C > 0 such that

m-1
” Prf— Q(sn)Q(sn-l) T Q(sl)f ”ooS Cn™72 log(n + 1) ” \2 ”oo,
feCP®N), n>1.
For v > m — 1, there is a constant C > 0 such that

” PTf - Q(sn)Q(sn—1) e Q(sl)f ”oos Cnﬂ%:l» “ Vf ”oo, f € Cboo(RN)a n2l.

Definition 4 We say that a L((A))-valued random variable Z is m-L-moment similar,
m2>1,if
E[(Jm(z)r]m(z))n] <o fOT any n 2 1,

and if
Eljm(exp(Z))] = E[jm(X (1))]-

Theorem 5 Letm > 1 and Z be a L((A))-valued m-L-moment similar random variable.
Also, let Y : (0,1] x @ — C(RN; RN) be a measurable map such that

sup s ™IZELY (s) ()] < o0
s€(0,1},zeRN

and
E[sup |Y(s)(z)|] < oo, s€(0,1], n>1.

fjzl<n

Let us define a linear map Q(q), s > 0, in Co(RV) by

Qe )(@) = E[f(exp(P(jm(Ts(2)))(z) + Y (s)(@))], [ € Cy(RY).
Then {Qs); s € (0,1]} is m-similar.



We can show the following characterization theorem for 5-£-moment similar random
variables.

Theorem 6 Let Z be an L<s(A)-valued random variable. Then Z is 5-L moment similar,
if and only if there are random wvariables &, ¢ = 1,...,d, n;5, 1 < i < j < d, ijs),
hi=1,...,di#5 Y i=1,...,d, and Lm(A)-valed rancom variables p™, m = 3,4, 5,
satisfying the following.

(1) z

d
=Y &+ (vo + Z 77,2)[01,'0, N+ Y Ci(_'?)[[viyvj],vj] + o)

i=1 1<€i<j<d 1<i#j<d

d
+(3 ¢O([wo, vil, vi] + p@) + .

=1
(2) El&i] = E[¢}) = E[}] =0,
El¢f)=1, El]=3  i=1...,4
Elng =0, ERi=1, 1<i<j<d,

d d
E[lex TI =91=T1EkX I Emd

i=1  1<i<j<d i=1 1<i<j<d

for any non-negative integers ay, i = 1,...,d, and Bij, 1 < i < j < d with T4, o4
+Y1<icj<d 265 < 5.
(3) E[C,S)] =0,  E[¢P) = L6u for any 1< 4,5,k < d, i # 7, and

E((&fjcé?] =0, 1<4,jkt<d k#¢
[(%C(a)] 1 S i’j) kye S d’ Z < j’ k % e)

and

d
E[(l:[l & II 799 =0

1<i<j<d

for any non-negative integers oy, © = 1,...,d, and Bi;, 1 < ¢ < j £ d with Z =1 O
+ Licicjca 265 < 2.

@ B =%,  EE¢=0, 1<4,j<d, and
E[p¥] = El&:p™] = 0, i=1,...,d.

(5) E[p®) = 0.
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