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ABSTRACT. After reviewing the relation between the theta integral ( $=\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{t}\mathrm{a}$ lifting) and
Howe correspondence, we give an example of the preservation of the associated cycles by
the theta hfting (joint work with C.-B. Zhu).

Namely, let $(G, G’)$ be atype Idual pair strictly in the stable range (we assume that
$G’\mathrm{i}\mathrm{B}$ the smaller member), and $\pi’$ aunitary highest weight module of $\overline{G’}$ . Then the
associated cycle of the theta lift $\pi=\theta(\pi’)$ of $\pi’$ cm be given as $A\mathrm{C}(\theta(d))=\theta(A\mathrm{C}(\pi’))$ ,
where the theta lifting of associated cycle is naturally defined using the lifting of nilpotent
orbits. We also give anaive introduction to the basic property of associated cycles and
the lifting of nilpotent orbits.

1. THETA INTEGRAL

The content of this section is mainly quoted from $[10, 11]$ and [4].
Let $F$ be anumber field and Aaring of adeles of $F$ . For simplicity, we consider one

of type I dual pairs defined over $F$ in the following. It is constructed as follows. Take a
vector space

$V/F$ with non-degenerate symmetric bilinear form $(, )$ $=(, )_{V}$

$V’/F$ with non-degenerate skew-symmetric bilinear form $(,)’=$.
$(, )v$’

Then $W=V\otimes_{F}V’$ inherits askew-symmetric form defined by $(, )w$ $=(, )_{V}\otimes_{F}(, )_{V’}$ . We
put

$\{$

$G=O(V)$ orthogonal group
$G’=Sp(V’)$ symplectic group

They are naturally subgroups of $Sp(W)$ commuting with each other, which form atype
Idual pair $(G,G’)$ in $Sp(W)$ . We denote by $G(\mathrm{A}),G’(\mathrm{A})$ or $Sp\{W$) $k$ , the global adelic
groups. For each place $v$ of $F$ , let $F_{v}$ be the completion of $F$ at $v$ , and $G_{v}$ or $G_{v}’$ denotes
the corresponding groups over the local field $F_{v}$ .

$Sp(W)_{\mathrm{A}}$ has a non-trivial double cover $Mp(W)_{A}$ called the metaplectic group. This
group has adistinguished representation called the Weil representation. We do not give
an exact construction of the representation but use an explicit realization. For this, we
refer the readers to [20], [4], [3], [17], et al.

Let $W=X$ @ $\mathrm{Y}$ be acomplete polarization, and take acharacter $\chi$ of Awhich is
trivial on $F$. Then the Weil representation $\omega$

$=\omega_{\chi}$ of $Mp(W)_{A}$ is realized on the Hilbert
space $L^{2}(X(\mathrm{A}))$ . It is unitary, and the space of smooth vectors coincides with the space
of Schwartz-Bruhat functions $S=S(X(\mathrm{A}))$ on $X(\mathrm{A})$ .
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Let 0be atempered distribution on $S$ defined by

$\theta(\varphi)=\sum_{\xi\in X(F\rangle}\varphi(\xi)$

$(\varphi\in S)$ , (1.1)

which converges absolutely. Then $\theta$ is $Sp(W)_{F}$-invariant distribution, i.e.,

$\theta(\omega(\gamma)\varphi)=\theta(\varphi)$ $(\gamma\in Sp(W)_{F}, \varphi\in S)$ .

Note that $Sp(W)_{F}$ is embedded into $Mp(W)_{\mathrm{A}}$ as adiscrete subgroup. This property
characterizes 0up to constant multiple ([4]). Let $\overline{G}(\mathrm{A})$ denote the inverse image of
$G(\mathrm{A})$ of the covering map $Mp(W)x$ $arrow Sp\underline{(W})_{\mathrm{A}}$ . The same notation applies to arbitrary

subgroup of $Sp(W)_{\mathrm{A}}’$. For $(g, h)\in\tilde{G}(\mathrm{A})\mathrm{x}$ $G’(\mathrm{A})_{\mathrm{p}}$ we put
$\theta_{\varphi}(g, h)=\theta(\omega(g\cdot h)\varphi)$ $(\varphi\in S)$ . (1.2)

Then, appropriate choice of $\varphi$ and $G$ , $G’$ will give various types of classical theta functions.
Assume that $\pi’$ is an automorphic representation realized on aHilbert space

$\mathcal{H}_{\pi’}\subset L^{2}(G’(F)\backslash \overline{G’}(\mathrm{A}))$ .

For $f\in\mu\infty,=$ (smooth vectors), we define the theta integral by

$\theta_{\varphi}^{f}(g)=\int_{G^{l}(F)\backslash \overline{G’}(\mathrm{A})}\theta_{\varphi}(g, h)f(h)dh$ . (1.3)

If? is cuspidal representation, then the integral converges and defines aslowly increasing
function on $G(F)\backslash \tilde{G}(\mathrm{A})$ . In the following (in this section), we assume $\pi’$ to be cuspidal.

Formally $\theta_{\varphi}^{f}$ gives an automorphic form on $G(F)\backslash \tilde{G}(\mathrm{A})$ and one may expect that

$\{\theta_{\varphi}^{f}|f\in \mathcal{H}_{\rho}^{\infty},\varphi\in S(X(\mathrm{A}))\}$

gives an automorphic representation $\pi$ of $\tilde{G}(\mathrm{A})$ after some completion. Thus we want to
see when the integral

$\langle\theta_{\varphi_{1}^{1}}^{f},\theta_{\varphi 2}^{f_{2}}\rangle=\int_{G(F)\backslash \overline{G}(\mathrm{A})}\theta_{\varphi 1}^{f_{1}}(g)\overline{\theta_{\varphi_{2}}^{f}’(g)}dg$ (1.4)

converges (under some assumption), and gives anon-zero value for some choice of $\{f_{i}\}$

and $\{\varphi_{i}\}$ .

Theorem 1.1 (Rallis’ inner product formula). Assume $\dim V>2\dim V’+2$ . Then the
above inner product (1.4) converges absolutely. Moreover, we have

$\langle\theta_{\varphi_{1}^{1}}^{f}, \theta_{\varphi 2}^{f_{2}}\rangle=\int_{\overline{G’}(\mathrm{A})}\langle\omega(h)\varphi_{1},\varphi_{2}\rangle(\pi’(h)f_{1},$
$f_{2}\rangle dh$

$= \prod_{v\in P(F)}\int_{\overline{G’}(F_{\mathrm{V}})}\langle\omega_{v}(h)\varphi_{1v}, \varphi_{2v}\rangle\langle\pi_{v}’(h)f_{1v},f_{2v})dh$

Here, $P(F)$ denotes the set of all places of $F$ .

Proof. Fov proof, see [10, Th en 2.1]. Essentially, the following two ingredients prove
the theorem; (i) Howe’s technique of doubling variables; (ii) Siegel-Weil formula, which
claims that $\theta$-integral coincides with an Eisenstein series. $\square$
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Thus we should consider the integral

$\int_{\overline{G’}(F_{v})}\langle\omega_{v}(h)\varphi_{1v}, \varphi_{2v}\rangle(\pi_{v}’(h)f_{1v},$ $f_{2v}\rangle dh$

at various places $v\in P(F)$ . For finite places at which $F$ is not ramified, it is given by
special values of $\mathrm{L}$-functions. In the following sections, we will concentrate on real places.

2. THETA CORRESPONDENCE OVER REALS

Rrom now on, we assume the ground field is $\mathrm{R}$, thus $V$, $V’$ are now considered as vec-
tor spaces over $\mathrm{R}$ with symmetric (respectively skew-symmetric) non-degenerate bilinear
form. We also write $G=O(V)$ and $G’=\mathrm{S}\mathrm{p}(\mathrm{V})$ , which are real Lie groups. The Weil
representation $\omega$

$=\omega_{\chi}$ is realized on the space of $L^{2}$-functions $L^{2}(X)$ on amaximal totally
isotropic space $X$ of $W$ .

Let us consider the integral

$\int_{\overline{G}},\langle\omega(h)\varphi_{1}, \varphi_{2}\rangle\langle\pi’(h)f_{1}, f_{2}\rangle dh$ $(\varphi_{i}\in S(X), f_{\dot{1}} \in \mathcal{H}_{\pi}^{\infty},)$ (2.1)

for agenuine irreducible unitary representation $\pi’$ of $\overline{G’}$ on aHilbert space $?t_{\pi’}$ . Arep-
resentation of $\overline{G’}$ is called genuine if it is not factor through to the representation of
$G’$ , i.e., if it is non-trivial on the kernel of the covering map. Note that $\pi’$ is not nec-
essarily automorphic nor cuspidal now, and everything is considered over R. If we put
$\Phi_{i}=\varphi_{\dot{\mathrm{t}}}\otimes f_{i}\in S\otimes \mathcal{H}^{\infty},$ , the above formula becomes

$(\Phi_{1}, \Phi_{2}),$ $= \int_{G’}\langle(\omega\otimes\pi’)(h)\Phi_{1}, \Phi_{2}\rangle dh$. (2.2)

Since $\omega$ and $\pi’$ are both genuine, $\omega$ $\otimes\pi’$ factors through to arepresentation of $G’$ , and we
do not need acover anymore.

It may be useful to consider this integral for acompact group (or acompact dual pair)
as atoy model. Thus, only in this short paragraph, let us pretend as if $G’$ was acompact
group and $\omega$ was arepresentation of $G’$ . Then $\omega$ decomposes discretely as

$\omega$ $\simeq\sum_{\xi\overline{G}}^{\bigoplus_{\in}}$, $\mathrm{H}\mathrm{o}\mathrm{m}_{G’}(\xi,\omega)$ (&f, hence

$\omega$ $\otimes\pi’\simeq\sum_{\xi\overline{G’}}^{\bigoplus_{\in}}\mathrm{H}\mathrm{o}\mathrm{m}_{G’}(\xi,\omega)\otimes(\xi\otimes\pi’)$ .

Then an integral $\int_{G},\langle(\omega\otimes \mathrm{x}’)(\mathrm{h})\mathrm{v}\mathrm{i},\mathrm{V}2)\mathrm{d}\mathrm{h}$ survives only if $\xi\simeq(\pi’)^{*}$ for some $\xi_{-}\in\overline{G’}$

and the collection of $(\Phi_{1}, \Phi_{2})_{\pi’}$ will give an inner product on the space of multiplicities
$\mathrm{H}\mathrm{o}\mathrm{m}_{G’}$ $((\pi’)’, \omega)$ . In some sense, this is carried over to our present situation.

Now let us return to our original settings in this section. For the convergence of the
integral, the following theorem holds.
Theorem 2.1 (Li [8], [11, Theorem 2.1]). Suppose we are in orte of the following two
situations.
(1) The pair $(G, G’)$ is in $\theta\iota e$ stable range, $i.e.$ ,

$\dim$ maximal totally isotropic space in $V$) $\geq\dim V’$ . (2.3)

(2) $\pi’$ is in the discrete series and $\dim V\geq\dim V’$ .
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Then the above integral (2.1) converges absolutely for any choice of $\{\varphi_{i}\}\subset S$ and $\{f_{i}\}\subset$

$\mathcal{H}_{\pi}^{\infty}$, .
Now assume the above (1) or (2) from now on.
Put $R=$ (kernel of (, )), and make acompletion of $(S\otimes \mathcal{H}_{\pi}^{\infty},)/R$ by the inner product

$(, )_{\theta}$ .
$0=$ (completion of ($S$ $\otimes \mathcal{H}_{\pi’}^{\infty})/R$) (2.4)

Since $\tilde{G}$ acts on $S\otimes \mathcal{H}_{\pi}^{\infty}$, which leaves $R$ stable, the resulting Hilbert space $\mathfrak{X}$ carries a
unitary representation $\pi$ of $\tilde{G}$ (but still it may be zero). The following theorem is proved
by Li for general type Idual pairs ([9, Proposition 2.4]), and independently by Moeglin
for the pair $(O(2p,2q)$ , $Sp(2n,\mathrm{R}))$ .

Theorem 2.2 (Moeglin, Li). (1) If $\mathfrak{X}$ is not zero, then it carries a genuine unitary
representation $(\pi, \mathfrak{X})$ of $\tilde{G}$ , which is the theta lift of $(\pi’)^{*}$ in the sense of Howe ([6]; see
\S 3) ; $\pi=\theta((\pi’)^{*})$ .
(2) If $(G, G’)$ is in the stable range, J{ is non-zero for any unitary imducible represen-
tation $\pi’$ of $\tilde{G}$ , which is genuine.

(3) If $\pi’$ is in the discrete series which is “sufficiently regular”, then $\mathfrak{X}$ is non-zero and
$\pi=\mathrm{A}\mathrm{q}(\mathrm{X})$ ; a representation with non-zero cohomology defined by Vogan and Zuckerman
([19]).

This theorem tells us that the representation $(\pi, \mathfrak{X})$ of $\tilde{G}$ s0-0btained is in correspon-
dence with the dual of $(d,\mathcal{H})$ in the sense of Howe (one may call it Howe correspondence).
In this sense, the notion of theta lifting and Howe correspondence are almost the same.

In the next section, we briefly review the definition and basic properties of Howe cor-
respondence.

3. HOWE CORRESpONDENCE

Let $\omega$ be the Weil representation of $Mp(W)$ , and we choose acomplete polarization
$W=X\oplus \mathrm{Y}$ . Let $\Omega=\mathfrak{X}_{K}$ be the space of $K$-finite vectors of $\omega$ , where $K$ is amaximal
compact subgroup of $Mp(W)$ . Then $\Omega$ is a $(\emptyset, K)$ module where 6is the complexified
Lie algebra of $Mp(W)$ , and $\Omega$ is called the Harish-Chandra module of $\omega$ .

In this section, we only consider the Harish-Chandra module $\Omega$ , and by abuse of n0-

tation, we often denote the action of $(\emptyset, K)$ by the same letter $\omega$ , or simply write it by
module notation. It is well known that $\Omega$ can be identified with the space of polynomials
on $X_{\mathbb{C}}=X\otimes_{\mathrm{B}}\mathbb{C}$ . In this realization, $K$ is identified with the determinantal double
cover of the unitary group $U(X_{\mathbb{C}})$ , and the action of $K$ is given by the left translation of
polynomials times its determinant, i.e.,

$\mathrm{w}\{\mathrm{k}$) $\mathrm{f}\{\mathrm{x}$) $=\sqrt{\det(k)}f(k^{-1}x)$ $(k\in K,f(x)\in \mathrm{C}[X\mathrm{c}],x\in X\mathrm{c})$ (3.1)

Let $\emptyset$ $=\mathrm{R}$ $\oplus \mathfrak{P}$ be the complexified Cartan decomposition along the Lie algebra of the
maximal compact subgroup. Then, the action of $\mathrm{R}$ is given by the differential of $\omega(K)$ ,
and the action of $\mathfrak{P}$ is given by the multiplication of polynomials of degree two (if it is a
root vector of apositive root), or the differentiation by aconstant coefficient differential
operator of degree two (if it is aroot vector of anegative root). For more detailed
realization, we refer to [5] (or [12], for example)

44



Take an irreducible Harish-Chandra module $\pi’$ of $\overline{G’}$ , i.e., $\pi’$ is a $(\mathrm{g}’,\overline{K’})$ module where
$\mathfrak{g}’$ denotes the complexified Lie algebra of $\overline{G’}$ and $K’$ is amaximal compact subgroup of
$G’$ (similarly we will denote by 9the complexified Lie algebra of $\tilde{G}$ and by K amaximal
compact subgroup of G). Put

$\mathbb{H}=\mathrm{H}\mathrm{o}\mathrm{m}_{(y,\overline{K’})}(\Omega, \pi’)$ (morphisms of Harish-Chandra $(\mathfrak{g}’,\overline{K’})$ -modules), (3.2)

and consider
$\Omega/N$ ;

$N=\cap \mathrm{K}\mathrm{e}\mathrm{r}\varphi\varphi\in \mathbb{R}$
.

Then there exists aquasi-simple $(\mathfrak{g},\tilde{K})$ module $\Omega(\pi’)$ of finite length such that
$\Omega/N\simeq\Omega(\pi’)\otimes\pi’$

as $(\mathfrak{g}\oplus \mathfrak{g}’,\tilde{K}\mathrm{x}\overline{K’})$ module. $\Omega(\pi’)$ is called Howe’s maximal quotient for $\pi’$ .

Theorem 3.1 (Howe). If $\Omega(\pi’)$ is not zero, it has a unique imducible quotient, which is
denoted by $\theta(\pi’)$ and called the theta lift of $\pi’$ .

In fact, the correspondence $\pi’rightarrow\pi=\theta(\pi’)$ is bijective between the genuine irreducible
representations which appear in $\omega$ as quotients. Note that $\pi$ and $\pi’$ are in correspondence
if and only if there exists anon-trivial $(g \oplus \mathfrak{g}’,\tilde{K}\mathrm{x}\overline{K’})$-module morphism $0arrow$ x@?. As
aformal convention, we put $\theta(\pi’)=0$ if $\mathrm{Q}\{\mathrm{x}’$) $=0$, i.e., $\pi’$ does not appear as aquotient
of $\omega$ .

Lemma 3.2. Let us denote by $\Omega(\pi’)^{\mathrm{t}}$ the $K\sim$ finite dual of $\Omega(\pi’)$ . Then we have

$\Omega(\pi’)^{*}\simeq \mathrm{H}\mathrm{o}\mathrm{m}_{(g,\overline{K’})}(\Omega,\pi’)_{\overline{K}- fin\mathrm{u}e}=\mathbb{H}_{\tilde{K}}$ .
$Pro\mathrm{o}/$. Take $v^{*}\in\Omega(\pi’)^{*}$ . Then

0proj. $\Omega/N\simeq\Omega(\pi’)\otimes\pi’arrow\pi’v^{l}\Phi 1$

gives an element of $\mathbb{H}_{\overline{K}}$ .
Conversely, any $f\in \mathbb{H}_{\tilde{K}}$ factors through $\mathrm{Q}/\mathrm{N}$ by the definition of $N$ . Thus we get

$\Omega(\pi’)$ @ $\pi’\simeq\Omega/Narrow\overline{f}\pi’$ , which is $(\mathfrak{g}’,\overline{K’})$ -equivariant. Since $\pi’$ is irreducible, $\overline{f}$ :
$v\otimes\pi’arrow\pi’\sim$ gives ascalar $v_{f}^{*}(v)$ . This gives the inverse map. $\square$

Theorem 3.3 ( $\mathrm{N}$-Zhu[15]). Assume that $(G, \mathrm{G}’)$ is an $irreducibl\underline{et}ype$ I dual pair strictly
in the stable range. If $\pi’\dot{u}$ a unitary highest weight module for $G’$ (so that $G’/K’$ rnust
be a He rmitian symmetric space), then $\Omega(\pi’)$ is irreducible, hence $\mathrm{Q}\{\mathrm{x}’$) $=\theta(\pi’)$ gives the
theta lift.
Remark 3.4. We say that the pair $(G, \mathrm{G}’)$ is strictly in the stable range if $(G, G’)$ is in the
following list.

This condition is alittle bit stronger than the stable range condition (due to J.-S. Li)
given above. Note that it is ambiguously called “stable range” in [15]. Though the
theorem itself is valid for all the above three pairs, we are only treating Case $\mathrm{R}$ in this
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(3.3)

TABLE 1. The dual pairs strictly in the stable range

the pair $(G, G’)$ strictly stable range condition

Case $\mathrm{R}$ : $(\mathrm{U}(\mathrm{p}\mathrm{y}q), Sp(2n,\mathrm{R}))$ $2n< \min(p, q)$

Case $\mathbb{C}$ : $(U(p,q)$ , $U(m,n))$ $m+n \leq\min(p,q)$

Case 1E : $(Sp(p, q),O^{*}(2n))$ $n \leq\min(p,q)$

To give an idea of the proof of this theorem, let us briefly indicate how to compute
$K$-types of $\Omega(\pi’)$ (which is proved to be $\theta(\pi’)$ afterwards).

Let us remind that $V$ is an indefinite quadratic space over $\mathrm{R}$ , and $G=O(V)$ . Let
$V=V^{+}\oplus V^{-}$ be adecomposition for which

$\{\begin{array}{l}V^{+}\mathrm{i}\mathrm{s}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{d}\mathrm{e}fi \mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}p=\mathrm{d}\mathrm{i}\mathrm{m}V^{+}V^{-}\mathrm{i}\mathrm{s}\mathrm{n}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{d}\mathrm{e}fi \mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}q=\mathrm{d}\mathrm{i}\mathrm{m}V^{-}\end{array}$

We denote $K^{\pm}=O(V^{\pm})$ , so that $K=K^{+}\mathrm{x}K^{-}$ gives amaximal compact subgroup
of $G$ . Recall the complete polarization $V’=X’\oplus \mathrm{Y}’$ of the symplectic space $V’$ . Then
according to the decomposition, we can take amaximal totally isotropic space $X$ as

$X=V\otimes \mathrm{Y}’=(V^{+}\otimes \mathrm{Y}’)\oplus(V^{-}\otimes \mathrm{Y}’)$ . (3.4)

Therefore, the $\acute{\mathrm{W}}$eil representation $\omega$ is realized on the $L^{2}$ space
$L^{2}(X)=L^{2}(V^{+}\otimes \mathrm{Y}’)\otimes L^{2}(V^{-}\otimes \mathrm{Y}’)$ .

We note that $L^{2}(V^{\pm}\otimes \mathrm{Y}’)$ carries the Weil representation for compact dual pairs $(K^{\pm}, G’)$

$=(O(V^{\pm}), Sp(V’))$ , whose decomposition is well known by the work of Kashiwara and
Vergne [7]. Up to twisting by agenuine character of the double cover of $O(V^{\pm})$ , we have

$\{$

$L^{2}(V^{+} \otimes \mathrm{Y}’)\simeq\sum_{\sigma_{1}\in O(V}+)^{\mathrm{A}}\sigma_{1}^{\mathrm{X}1}\otimes L^{+}(\sigma_{1})$ ,
$L^{2}(V^{-\emptyset} \mathrm{Y}’)\simeq\sum_{\sigma_{2}\in O(V^{-})^{\mathrm{A}}}\sigma_{2}^{X2}\otimes L^{-}(\sigma_{2})$ ,

(3.5)

where $\underline{L^{+}}(\sigma_{1})$ (respectively $L^{-}(\sigma_{2})$ ) is aunitary highest (respectively lowest) weight mod-
ule of $G’=\mathrm{S}\mathrm{p}(\mathrm{V})$ , which is genuine; and $\sigma_{i}^{\chi}.\cdot=\chi_{i}\otimes\sigma_{i}$ is agenuine irreducible finite
dimensional representation of the double cover $\tilde{O}(V^{\pm})$ obtained from the irreducible reP-
resentation $\sigma_{i}\in O(V^{\pm})^{\Lambda}$ twisted by acertain genuine character $\chi_{i}$ . Note, however, the
double covers $\overline{G^{r}}$ differ according to $V^{\pm}$ if the parities of $p$ and $q$ are different. The reason
is that the cover is taken in the different metaplectic groups $Mp(V^{\pm}\otimes V’)$ . Similarly,
$\overline{G’}\subset \mathrm{M}\mathrm{p}\{\mathrm{W}$) may be different from $\overline{G’}\subset Mp(V^{\pm}\otimes V’)$ . But it is too subtle to denote
the dependence, so we will omit it.

Under the condition that the pair is strictly in the stable range, $L^{+}(\sigma_{1})$ is aholomorphic
discrete series, and $L^{-}(\sigma_{2})$ is an anti-holomorphic one. This will make our arguments
particularly simple.

Using (3.5), we get
$\mathrm{H}\mathrm{o}\mathrm{m}_{\overline{G’}}(\omega, \pi’)_{\tilde{K}}=\mathrm{H}\mathrm{o}\mathrm{m}_{\overline{G’}}(L^{2}(V^{+}\otimes \mathrm{Y}’)\otimes L^{2}(V^{-}\otimes \mathrm{Y}’),\pi)_{\tilde{K}}$

$= \sum_{\sigma_{1},\sigma_{2}}\mathrm{H}\mathrm{o}\mathrm{m}_{\overline{G’}}(L^{+}(\sigma_{1})\otimes L^{-}(\sigma_{2}),\pi’)\otimes(\sigma_{1}^{X1}\otimes\sigma_{2}^{\lambda 2})^{*}$

.
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Since $\pi’$ is aunitary highest weight module, the multiplicity
$\mathrm{H}\mathrm{o}\mathrm{m}_{\overline{G’}}(L^{+}(\sigma_{1})\otimes L^{-}(\sigma_{2}), \pi’)\simeq \mathrm{H}\mathrm{o}\mathrm{m}_{\overline{G’}}(L^{+}(\sigma_{1}), L^{-}(\sigma_{2})^{*}\otimes\pi’)$

is of finite dimension. Moreover, it can be described in terms of finite dimensional repre-
sentations. Namely, if

$\{$

$\tau_{1}$ is the minimal $\overline{K’}$-type of $L^{+}(\sigma_{1})$ , and
$\tau_{2}$ is the minimal $\overline{K’}$-type of $L^{-}(\sigma_{2})^{*}$ ,

then the above multiplicity equals to
$\mathrm{H}\mathrm{o}\mathrm{m}_{\overline{K’}}(\tau_{1},\tau_{2}\otimes(\pi’|_{\overline{K’}}))$ .

Thus, by Lemma 3.2, finally we obtain

$\Omega(\pi’)|_{\overline{K}}\simeq\sum_{+\sigma_{1}\in O(V)^{\mathrm{A}},\sigma_{2}\in O(\gamma-)^{\mathrm{A}}}\mathrm{H}\mathrm{o}\mathrm{m}_{\overline{K’}}(\tau_{1}, \tau_{2}\otimes(\pi’|_{\overline{K’}}))^{*}\otimes(\sigma_{1}^{X1}\otimes\sigma_{2}^{\mathrm{X}2})$
. (3.6)

Since $\theta(\pi’)$ is the unique irreducible quotient of $\Omega(\pi’)$ , the multiplicity of $\tilde{K}$-types in $\mathrm{O}(\mathrm{n}’)$

cannot exceed $\dim \mathrm{H}\underline{\mathrm{o}\mathrm{m}}_{\overline{K}}$, $(\tau_{1},\tau_{2}\otimes (\pi’|_{K}-,))$*. However, if we choose appropriate $\tilde{K}$-types
in $S\otimes \mathcal{H}_{(d)^{*}}^{\infty}$ and its $K$’-finite vectors, the theta integral (2.2) converges for such vectors
and gives anon-degenerate inner product. This means that the above multiplicity should
survive after taking the quotient by $R=\mathrm{K}\mathrm{e}\mathrm{r}(, )_{(\pi’)^{\mathrm{r}}}$ (cf. (2.4)). This means that the
multiplicity of $\tilde{K}$-types in $\mathrm{O}(\mathrm{n}’)$ and $\Omega(\pi’)$ is the same, which proves $\theta(\pi’)=\mathrm{Q}(\mathrm{n}’)$ .

We summarize the above arguments into

Theorem 3.5 ( $\mathrm{N}$-Zhu). Let $\pi’$ be a genuine unitary highest weight module of $\overline{G’}$ and
$\pi=\theta(\pi’)$ its theta lift. Then the $\overline{K}$-type decomposition of $\pi$ is given by

$\pi|_{\tilde{K}}\simeq\sum_{\gamma\sigma_{1}\in O(+)^{\mathrm{A}},\sigma_{2}\in O(V-)^{\wedge}}\mathrm{H}\mathrm{o}\mathrm{m}_{\overline{K’}}(\tau_{1},\tau_{2}\otimes(\pi’|_{\overline{K’}}))^{*}\otimes(\sigma_{1}^{\chi_{1}}\otimes\sigma_{2}^{\chi 2})$
.

The multiplicities in the above decomposition formula is efficiently computable. See
[12] for example.

4. ASSOCIATED CYCLE
Let $(\pi,X)$ be aHarish-Chandra $(\mathrm{g}, K)$ module, where 9is the complexified Lie algebra

of $G$ and $K$ is amaximal compact subgroup. For simplicity, we assume that $X$ is quasi-
simple, i.e., the center $3(\mathrm{f}\mathrm{i})$ of the enveloping algebra $\mathrm{U}(\mathrm{g})$ acts on $X$ as scalars.

Take afinite dimensional generating space $X_{0}\subset X$ , which is $K$-stable. Let $\{U_{n}(\mathfrak{g})\}_{n=0}^{\infty}$

be the standard filtration of the enveloping algebra $U(g)$ . We define afiltration of $X$ as
$X_{n}=U_{n}(\mathfrak{g})X_{0}$ , which is $K$-stable. Moreover, it satisfies $U_{m}(\mathfrak{g})X_{\mathfrak{n}}=X_{n+’ n}$ . If afiltration
satisfies this condition for sufficiently large $n$ and arbitrary $m\geq 0$ , it is called good. Thus
$\{X_{n}\}_{n=0}^{\infty}$ is a $K$-stable good filtration of I. Let

$\mathrm{g}\mathrm{r}\mathrm{X}$

$= \sum_{n\geq 0}X_{n}/X_{n-1}\oplus$ (I$-1=0$) (4.1)

be the associated graded module of $\mathrm{g}\mathrm{r}U(\mathfrak{g})=S(\mathfrak{g})$ (the symmetric algebra of 9).
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In general, let $M$ be afinitely generated module over aNoetherian ring A. (In our
present case, we take $A=S(\mathfrak{g})$ and $M=\mathrm{g}\mathrm{r}X.$ ) Let $\{P_{i}\}_{i=1}^{l}$ be the set of all the minimal
prime ideals containing the annihilator ideal $\mathrm{A}\mathrm{n}\mathrm{n}M=\{a\in A| aM=0\}$ . Clearly,

Supp $M:= \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}(\mathrm{A}\mathrm{n}\mathrm{n}M)=\bigcup_{i=1}^{l}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}(A/P_{i})$ (4.2)

gives an irreducible decomposition of SuPP M. In addition to this, we associate a multi-
plicity $m_{i}=m(M, P,\cdot)$ with each irreducible component $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}(A/P_{\dot{l}})$ , where $m_{\dot{\mathrm{t}}}$ is defined
as the length of $A_{P}.\cdot$ module $M_{P_{}}$ . Here $A_{P}\dot{.}$ or $M_{P}$. denotes the localization at $P_{i}$ . Note
that $M_{P}.\cdot$ is an Artinian $A_{P}.\cdot$ -module, so that the multiplicity is apositive integer. The
associated cycle $AG(M)$ of $M$ is defined to be aformal sum

$AG(M)$ $= \sum_{=1}^{l}\dot{.}m:\cdot \mathrm{S}\mathrm{p}\mathrm{a}\mathrm{e}(A/P_{i})$ . (4.3)

If $\mathcal{M}$ is coherent sheaf over $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}$ $A$ corresponding to $M$ , then the support of $\mathcal{M}$ is Supp $M$

above, and the usual notion of characteristic cycle Ch(U) coincides with A$\mathrm{C}(M)$ .
Let us return to the $S(\mathfrak{g})$ module $\mathrm{g}\mathrm{r}X$ . Let $\mathfrak{g}$

$=\epsilon$
$\oplus \mathfrak{p}$ be aCartan decomposition,

and we identify $S(\mathfrak{g})=\mathrm{C}[\mathfrak{g}]$ via Killing form, so that m-Spec $S(\mathfrak{g})\simeq \mathfrak{g}$, that m-Spec $A$

denotes the set of maximum spectrum of $A$ .

Theorem 4.1 (Vogan [18]). The associated cycle A6(gr $X$) does not depend on the choice
$oj$ the generating space $\chi_{0}$ . We denote it by $\mathrm{A}\mathrm{G}(\mathrm{X})$ . Then $AG(X)$ is a finite union of the
closure of $K_{\mathbb{C}}$ -nilpotent orbits in $\mathfrak{p}$ with multiplicity.

$\mathrm{A}\mathrm{G}(\mathrm{X})$ $= \sum_{i=1}^{l}m_{i}\cdot[\overline{O_{i}}]$ ( $\mathit{0}_{i}$ : $K_{\mathbb{C}}$ -nilpotent orbit in $\mathfrak{p}$ ) (4.4)

We call Supp(gr3t) $=\cup.\cdot\overline{O_{i}}$ the associated variety of $x$ , and denote it by $AV(X)$ .

Proof We skip the proof of independency of $AG(X)$ from the choice of the $K_{\mathbb{C}}\mathrm{A}\mathrm{V}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{b}1\mathrm{e}$

generating space.
Since the filtration $\{X_{n}\}_{n=0}^{\infty}$ is $K$-stable, the action of $t$ $=\mathrm{L}\mathrm{i}\mathrm{e}(K)\mathrm{c}$ kills grI. Thus, in

fact, $\mathrm{g}\mathrm{r}X$ is an $S(\mathfrak{g}/t)$-module. This means the support of $\mathrm{g}\mathrm{r}X$ is contained in $\mathfrak{p}$

$\simeq(\mathfrak{g}/\mathrm{t})^{*}$ .
Moreover, there is an action of $K_{\mathbb{C}}$ on Supp(gr 1) induced by $K\mathrm{c}$-module structure of
$\mathrm{g}\mathrm{r}X$ , hence $AV(X)$ is aunion of $K_{\mathbb{C}}$ orbits.

Since $X$ is assumed to be quasi-simple, $\mathrm{g}\mathrm{r}3(\mathfrak{g})=S(\mathfrak{g})^{G}$ acts on $\mathrm{g}\mathrm{r}X$ trivially. Thus the
invariants of positive degree $S(\mathfrak{g})_{+}^{G}$ kills $\mathrm{g}\mathrm{r}X$ . By the result of Kostant, it is known that
$S(\mathfrak{g})_{+}^{G}$ generates aprime ideal, which is an annihilator ideal of the nilpotent variety.

$\mathrm{T}\mathrm{h}\mathrm{u}\mathrm{s}\square$

Supp(gr X) $=AV(X)$ is contained in the nilpotent variety.

We give some examples of associated cycles here.

Example 4.2. If $\tau$ is afinite dimensional representation of $G$ , its associated cycle is
supported on the point {0}. The multiplicity is given by the dimension $\dim\tau$ .

Example 4.3 (Yamashita, N-Ochiai-Taniguchi). We will give the associated cycles of
unitary $\mathrm{h}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{e}\mathrm{s}\mathrm{t}/\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{e}\mathrm{s}\mathrm{t}$ weight modules. For details, we refer the readers to [13].

First we describe certain nilpotent orbits. Let $(G, G’)=(O(p, q),$ $Sp(2n, \mathrm{R}))$ be our tyPe

Idual pair. Achoice of amaximal compact subgroup $K’\subset G’$ determines acomplexified
Cartan decomposition $\mathfrak{g}’=t$ $\oplus \mathfrak{p}’$ . Since $G’=Sp(V’)$ is aHermitian symmetric tyPe,

there is a $K_{\mathbb{C}}’$-stable decomposition $\mathfrak{p}’=\mathfrak{p}_{+}’\oplus \mathfrak{p}_{-}’$ . One can identiy $\mathfrak{p}_{+}’=\mathrm{S}\mathrm{v}\mathrm{m}_{n}(*\mathbb{C})$ (the
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space of symmetric matrices of order $n$ ), where $n= \frac{1}{2}\dim V’$ is the real rank of $G’$ . The
action of $K_{\mathbb{C}}’\simeq \mathrm{G}\mathrm{L}\mathrm{n}\{\mathrm{C}$ ) is the usual one; $gX{}^{\mathrm{t}}g(g\in \mathrm{G}\mathrm{L}\mathrm{n}\{\mathrm{C})X\in \mathrm{S}\mathrm{y}\mathrm{n}\mathrm{k}(\mathbb{C}))$. Then $\mathfrak{p}_{\pm}’$ is
contained in the nilpotent variety, and the nilpotent $K_{\mathbb{C}}’$ orbits in $\mathfrak{p}_{\pm}$

’ is classified by the
rank of symmetric matrices. We denote the nilpotent orbit in $\mathfrak{p}_{+}’$ of rank $k$ by $O_{k}$ . In
particular, $O_{0}=\{0\}$ is the trivial orbit, and $O_{n}=\{A\in \mathrm{S}\mathrm{y}\mathrm{m}\mathrm{n}(\mathbb{C})|\det A\neq 0\}$ is dense
open in $\mathfrak{p}_{+}’$ .

Let us recall the decomposition (3.5). Thus unitary highest weight modules $L^{+}(\sigma)$ are
parametrized by irreducible finite dimensional representations $\sigma\in O(V^{+})^{\Lambda}$ for various
positive definite quadratic space $V^{+}$ . Here (only in this example), we do not assume any
condition between the dimensions of $V^{\pm}$ and $V’$ . Therefore, $L^{+}(\sigma)$ need not be in hol0-
morphic discrete series, but it can be an arbitrary unitary highest weight representation
including singular unitary highest weight modules.

The associated cycle of $L^{+}(\sigma)$ (a $\in O(V^{+})^{\Lambda}$ ) is given by

$A\mathrm{C}(L^{+}(\sigma))=\{$

$\dim\sigma\cdot[\urcorner O_{p}$ if $p=\dim V^{+}\leq n$

$\dim\sigma^{O(p-n)}\cdot[\overline{\mathcal{O}_{n}}]$ if $p=\dim V^{+}>n$
(4.5)

Here $O(p-n)$ is embedded into $O(p)$ diagonally, and $\sigma^{O(\mathrm{p}-n)}$ denotes $O(p-n)$-invariallts
in $\sigma$ . Note that $\overline{O_{n}}=\mathfrak{p}_{+}’$ .

By aresult of Yamashita ([21]), the multiplicity $\mathrm{o}\mathrm{f}A6(L^{+}(\sigma))$ is also interpreted as the
dimension of the space of generalized Whittaker vectors. This is one of the motivation to
calculate associated cycles.

5. THETA LIFT OF ASSOCIATED CYCLES

First we recall the notion of the lifting of nilpotent orbits for symmetric pairs [14]:

$G’=Sp(2n,\mathrm{R})arrow G=O(p, q)$ ,
$N(\mathfrak{p}’)\supset O’arrow O\subset N(\mathfrak{p})$ ,

where for asubset $5\subset \mathfrak{g}$ we denote the set of nilpotent elements in $\epsilon$ by If(s). We always
assume that the pair $(G, G’)$ is strictly in the stable range, which amounts to assume that
$2n< \min(p,q)$ .

Now $W=\mathrm{R}^{p,q}\otimes \mathrm{R}^{2n}$ has acomplex structure such that the imaginary part of the
standard Hermitian form gives our symplectic form. With this complex structure, we
consider $W$ as acomplex vector space:

$W=M_{p\dagger q,n}(\mathrm{C})=\{$ $(\begin{array}{l}AB\end{array})$ $|A\in M_{p,n}(\mathrm{C}),B\in M_{q,n}(\mathrm{C})\}=M_{p,n}(\mathrm{C})$ $\oplus Mg,n(C)$ .

Then the action of $K_{\mathbb{C}}=\mathrm{O}(\mathrm{p} )\mathrm{x}\mathrm{O}(\mathrm{q}$, and $K_{\mathbb{C}}’=GLn(C)$ on $W$ can be given as

$(_{hBg^{-1}}^{kA^{t}g})$ ; $(\begin{array}{l}AB\end{array})\in W$, $(k, h)\in O(p,\mathrm{C})\mathrm{x}\mathrm{O}(\mathrm{q}, \mathrm{C})$ , $g\in GLn\{C)$
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We fix aCartan decomposition $\mathfrak{g}$

$=\mathrm{t}$
$\oplus \mathfrak{p}$ (resp. $\mathfrak{g}’=\mathrm{t}’\oplus \mathfrak{p}’$) as

$\mathfrak{g}$

$=\mathrm{o}(p+q,\mathbb{C})=(\begin{array}{ll}\mathrm{A}\mathrm{l}\mathrm{t}_{p}(\mathbb{C}) 00 \mathrm{A}\mathrm{l}\mathrm{t}_{q}(\mathbb{C})\end{array})$ $\oplus(_{{}^{t}hI_{\mathrm{p},q}(\mathbb{C})}^{0}\infty_{0}^{\Lambda/I_{p,q}(\mathbb{C})})=\mathrm{t}$ $\oplus \mathfrak{p}$ ,
$\mathrm{A}1\mathrm{t}_{p}(\mathbb{C})$ 0

0 $\mathrm{A}1\mathrm{t}_{q}(\mathbb{C})$

$\mathfrak{g}’=\epsilon \mathfrak{p}(2n, \mathrm{C})=(\begin{array}{ll}\mathrm{A}f_{n}(\mathbb{C}) 00 -{}^{t}\mathrm{A}f_{n}(\mathrm{C})\end{array})$ $\oplus(_{\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathrm{C})0}^{0\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{C})}")=\#$ $\oplus \mathfrak{p}’$ .
$|\mathrm{A}f_{n}(\mathbb{C})$ 0

0 - ${}^{t}\mathrm{A}f_{n}(\mathrm{C})$

Thus, we can identify $\mathfrak{p}$ $=M_{p,q}(\mathbb{C})$ and $\mathfrak{p}’=\mathfrak{p}_{+}’\oplus \mathfrak{p}_{-}’=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{C})\oplus \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathrm{C})$ . To define
the lifting, we consider the following double fibration map

$W=M_{p,n}\oplus \mathrm{A}\mathrm{f}_{q,n}$

$\nearrow^{\varphi}$ $\backslash ^{\psi}$

$\mathfrak{p}$ $=M_{p,q}$ $\mathrm{S}\mathrm{y}\mathrm{m}_{n}\oplus \mathrm{S}_{3}$ $\mathrm{m}_{n}=\mathfrak{p}$
’

where the moment maps $\varphi$ and $\psi$ are explicitly given by

$(A, B)\in M_{p,n}\oplus hf_{q,n}=W$,

$\{$

$\varphi(A, B)=A^{t}B\in M_{p,q}=\mathfrak{p}$ ,

$\psi(A, B)=({}^{t}AA,{}^{t}BB)\in \mathrm{S}\mathrm{y}\mathrm{m}\mathrm{n}$ $\oplus \mathrm{S}\mathrm{y}\mathrm{m}_{n}=\mathfrak{p}’$.
These maps are equivariant quotient maps onto their images. For example, $\varphi$ is quotient
map by $GL_{n}(\mathrm{C})$ onto its image (rank $\leq n$ matrices in $M_{p,q}(\mathrm{C})$ ), and it is $K_{\mathbb{C}}$ equivariant
Note that $\psi$ is surjective by our assumption that the pair is strictly in the stable range.

The following theorem is established in [14]. It is also obtained by Ohta [16] and
Daszkiewicz-Kraikiewicz-Przebinda [1] independently,

Theorem 5.1. Take a nilpotent $K_{\mathbb{C}}’$ -orbiS $O’$ in $\mathfrak{p}’$ . The $p\uparrow oeh- dou|n$ of the inverse image
$\varphi(\psi^{-1}(\overline{O’}))$ of the closure of $O’$ is equal to the closure of a nilpotent $K_{\mathbb{C}}$ -orbit O. This
gives $a$ one-tO-One correspondence from the set of nilpotent $K_{\mathbb{C}}’$-orbits in $\mathfrak{p}’$ to the set of
nilpotent $K_{\mathbb{C}}$ -orbits in $\mathfrak{p}$ .

We write this correspondence as $O=\theta(O’)$ , and call it the theta lift of $O’$ . For
associated cycles we can extend the theta lifting by

$\theta(\sum.\cdot\pi 4.[\overline{O_{i}’}])=\sum_{i}m:[\overline{\theta(O_{i}’)}]$ . (5.1)

We can now state our main theorem.

Theorem 5.2 ($\mathrm{N}$-Zhu). Let $(G,G’)$ be a reductive dual pair of type I. We assume that the
pair is strictly in the stable range with $G’$ the smaller rnernber, and that $G’$ is of Hemitian
type (see Table 1 in \S 3). Let $\pi’$ be a genuine unitary highest weight representation of $\overline{G’}$

which appears in the Howe correspondence of a compact dual pair. Then the associated
cycle is preserved by the theta lifting.

$\theta(A\mathrm{G}(\pi’))=A\mathrm{C}(\theta(\pi’))$ (5.2)
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More precisely, if the associated cycle $of\pi’\iota s$ given by A$\mathrm{G}(\pi’)=m_{\pi’}[\overline{O’}]$ , then A$\mathrm{G}(\theta(\pi’))=$

$m_{\pi^{l}}[\overline{\theta(O’)}]$ with the same multiplicity.

Some remarks are in order.
First, for the pairs $(O(p, q)$ , $Sp(2n, \mathrm{R}))$ and $(U(p, q)$ , $U(m,n))$ , all the unitary highest

weight module of $\overline{G’}$ appears in the Howe correspondence for some compact dual pairs.
This is proved in [7]. However, for the pair $(Sp(p, q)$ , $O^{*}(2n))$ , there are small exception.
See [2].

Second, $A\mathrm{G}(\pi’)$ is well-understood; $A\mathrm{V}(\pi’)$ is irreducible, and the multiplicity $m_{\pi’}$ can
be given by the dimension of certain subspace of representations of compact groups. See
Example 4.3.

Third, if $\pi’$ is asingular unitary highest weight representation, the formula $\mathrm{o}\mathrm{f}A\mathrm{C}(\pi’)$ is
also interpreted as the preservation of the associated cycle under the theta lifting. In fact,
$\pi’$ is the theta lift of afinite dimensional representation in the stable range. However, if
$\pi’$ is not singular, we can see that the associated cycle is no longer preserved by the theta
lifting. Thus the assumption of the stable range condition is necessary.

For the proof of this theorem, we refer to [15].
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