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Spherical functions on certain spherical homogeneous
spaces over p-adic fields

Yumiko Hironaka*

§0 Introduction.

Throughout this paper, let k be a p-adic field. Let G be an algebraic group defined over
k, G = G(k), K a special good maximal bounded subgroup of G, X a G-homogeneous
affine algebraic variety defined over k, and X = X(k). We write the action of G on X
by (g, z) — g *x. Denote by C*(K\X) the set of left K-invariant C-valued functions
on X. The Hecke algebra H(G, K) acts on C*°(K\X) from the left by the convolution
product, which we write (f, ¥) — f*¥. A nonzero function ¥ € C*(K\X) is called a
spherical function if it is an H(G, K)-common eigenfunction, which means, there exists
a C-algebra map A : H(G, K) — C satisfying

¥ =Xf)¥ for f € H(G,K).

Spherical functions are very interesting objects to investigate. The explicit expressions
of spherical functions on p-adic groups have been given by I.G.Macdonald |Mac|. Later
on, W.Casselman has reformulated them by representation theoretical method (|Cas]),
for which there is an interpretative article written by P.Cartier([Car]). W. Casselman
and J.Shalika carried forward this method to obtain explicit expressions of Whittaker
functions associated to p-adic reductive group ([CasS]).

F.Sato and the author have investigated spherical functions on certain symmetric
spaces; the space of alternating forms ({HS1]) and the spaces of hermitian and symmetric
forms ([H1]-[H3]). In these cases, spherical functions can be regarded as generating
functions of local densities of representations of forms by forms of the same kind. Hence,
as an application, explicit formulas of local densities have been given( [HS1], [HS2], [H3],
‘[H4]).

In a similar method to [CasS], S. Kato has announced explicit expressions for spherical
functions on certain spherical homogeneous spaces obtained by general linear groups([K2]),
and S.Kato, A.Murase and T.Sugano have obtained explicit expressions for Whittaker-
Shintani functions (spherical functions ) of certain spherical homogeneous spaces ob-
tained by special orthogonal groups([KMS)]). For the spaces which they investigated, the
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space of spherical functions attached to each Satake parameter, in other words, corre-
sponding to each eigenvalue, is of dimension 1.

On the other hand, in a similar method to [Cas], the author has given an expression
of spherical functions of certain spherical homogeneous spaces for which the dimension
of the space of spherical functions is not necessarily one ([H3, Proposition 1.9] ), and

applied it to the space of unramified hermitian forms and given the explicit expression of.

spherical functions (the dimension is 2" according to the size 7 of forms). This result has
also used by K.Takano and S.Kato to give an explicit expression of spherical functions
for the space GL(n, k’)/GL(n, k), where k' is an unramified quadratic extension of k. In
this case the space of spherical functions has dimension one([Tak]).

In the following, we investigate spherical functions on the following space:
G =Sp: x (Sp1)®, X =35p,
where (Sp,)? is imbedded into Sp; and the action is given by
Gxz =g2'gs, for §=(g1,92) € Spz x (Sp1)?, € Spy,

(for the precise definition, see the beginning of Section 1). This X is a spherical homo-
geneous G-space, which means X has a Zariski open orbit for a Borel subgroup B of G,
and X is not a G-symmetric space.

For this case, we will use the same result in [H3] in order to obtain a explicit formula of
spherical functions. The space of spherical functions attached to each Satake parameter
is of dimension 4. In [KMS], SO(n) x SO(n — 1)-space SO(n) is considered, which is
spherical and has an open Borel orbit over k for every n, and the case when n = 5
is isogeneous to the present case. But there seems to have no direct correspondence
between respective explicit formulas of spherical functions. Finally, Spzr X (Spn)*-space
Span is no longer spherical for n > 2.

We shall give a brief summary of our results. Taking a set {di| 1 <4 < 4} of ba-
sic relative B-invariants (cf. (1.5)) and characters x of k*/(k*)?, we construct typical
spherical functions (cf. (1.6))

4 A
w(z; x;8) = /I‘(x(Hdi(k*m))l:[ |di(k * z)|* dk, (xe X, seCh,

where | | is the absolute value on k and dk is the Haar measure on K, and the integral
of the right hand side is absolutely convergent if Re(s;) > 0 (1 <4 < 4) and analytically
continued to a rational function in ¢*,...,¢%, where ¢ is the residual number of k. We
introduce a new variable 2 related to s by *

21 =81 +82+83+84+2, za=83+84+1,
23=81+s83+1, 24 =83 +83+1,

and write w(z;x; 2) in stead of w(z; x; 9).
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These w(z; x; z) are H(G, K)-common eigenfunctions correspond to the same C-algebra
homomorphism A. : H(G, K) — C, which gives the Satake transform

Az H(G, K) =5 Clg*™, ¢, ¢*%, ¢**]"  (Proposition 1.1),

where W is the Weyl group of G.

Under the assumption that k has odd residual characteristic, our main results are the
following.

[1] To give a complete se of representatives of K-orbits in X (Theorem 1).

2] For each ¥, to give a rational function Fy(z) for whichFy(z) - w(z; X; 2) belongs to
Clg*?, ¢* %, ¢*#,¢**#] and W-invariant (Theorem 2).

[3] To give an exphc1t formula for w(zx;x; 2) (Theorem 3).

[4] Employing spherical functions as kernel function, we give an H(G, K)-module iso-
morphism (spherical transform)

4 . 2
SK\X) = (C[q*”‘,q*"‘, &, S [[(a# +a-¥) - Clgt, ¢+, ¢+, q*’"]“’) .

i=1

Especially, S(K'\X) is a free H(G, K)-module of rank 4, and we give a free basis (The-
orem 4).

(5] Eigenvalues for spherical functions are parametrized by z € (C/ —’DEZ) /W. The

logg
space of spherical functions on X corresponding to z € C* has dimension 4 and a basis

is given explicitly (Theorem 5).

Professor S. Bocherer has suggested to the author the significance of the investigation
of this space Sp, from the view point of its relation to the global Gross-Prasad conjecture
for SO(5) (cf. |GR}). The explicit Hecke module structure of the Schwartz space of it
would be helpful for the question whether the vanishing of the period integral on spherical
vectors implies the vanishing of the period integral on the full modular representation
space. The author would like to express her gratitude to him for these useful discussion.

Notation: Throughout this paper, we denote by k a nonarchimedian local field of
characteristic 0. Denote by O the ring of integers in k, p the maximal ideal in O, 7 a
fixed prime element of k, g the cardinality of O/p and | | the normalized absolute value
on k. For convenience of notation, we understand |0|° = 0 for s € C with Re(s) > 0.
For an algebraic set Y defined over k, we use the corresponding letter Y for the set of
k-rational points Y(k).

As usual, we denote by C, R, Q, Z and N, respectively, the complex number field,
the real number field, the rational number field, and the set of natural numbers.
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§1 The spherical homogeneous space Sp;.

Set A
Spn={:c€GL2n| ‘:cJ,,x:J,.}, Jp = ( =) 1n ), (1.1)

and let G = Spy x (Sp;)? and we embed (Sp1)? = (SLg)? into Spy by

(2a)

Hereafter, we understand empty places in matrices mean 0-entries.
Take X = Sp,, and consider the action of G on X defined by

Gxx = g1z’ g, g=0,9)€G zeX
We set the Borel subgroup B = B, x B, of G by

* % .
0 =*
B, = «0 | € Sps, Bs= (1.2)
O * ok
Let us write an element b € B as
* % 1 Ty Iy 1 I bs
B * 1| z3 x3 1 by
b= ( bl 0 0 1 ’ n 1 * )’
C bz 1 Yo 1 *

where the entries at marked * are automatically determined. Then the left invariant
Haar measure on B(k) is given by

_ b b
|b | [Baf?

and the modulus character § ( d(bb) = §~1(¥)db) is 8(b) = |by|™* |ba] ™ |ba] ® |bs] 2.

Let W = W; x W, be the Weyl group of G with respect to the maximal torus consisting
of diagonal matrices in G, which is isomorphic to (Cob< (C2)?) x (C,)?, and we fix
generators {w; | 1 < i < 4} of W by their action on the maximal torus

- |dby | |dbs| |dc| |dz1| |dxy| |dzs| |dbs| |dba] |dy| |dys] (1.3)

(ba, by, b3,by) ifi=1
(b1, b3, b3, by) ifi=2
(bl’bZab:i_l’hi) ifi=3
(bl)b%baabzl) ifi =4

wi : (bla b21 b31b4) — (14)



A set of basic relative B-invariants and corresponding characters of B is given as

follows. Let z = g g € X with 2 by 2 matrices A, B,C and D and we write
A= ( :;1; ﬁj ) € M, for simplicity. Set
di(z) = C, $1(b) = bybs
da(z) = Oy, ¢2(b) = byb (1.5)
d3(z) = det C = C,Cy — C2Cs, $a(b) = bybababa .

dy(x) = (det C(C' D)), = CD3 — C3Dy, ¢4(b) = byby,

then {d;| 1 <14 < 4} forms a basis for relative B-invariants and ¥(B) =< ¢; | 1 <
i < 4 > becomes the group of rational characters of B which corresponds to relative
B-invariants.

Let K = G(O) and H(G, K) be the Hecke algebra of G = G(k) with respect to K.
We consider the following integral. For z € X, s € C* and a character y of k* / (k™)2,

owisi) = [ (Tt [T k)" db, 16

i=1

where dk is the normalized Haar measure on K. The right hand of (1.6) is absolutely
convergent for Re(s;) > 0 (1 < i < 4) and analytically continued to rational functions in
q*, ..., ¢, which is a H(G, K)-common eigenfunction with respect to the convolution
product (cf. {H3, Remark 1.1, Proposition 1.1]).

It is convenient to introduce a new variable z which is related to s as follows

21 =81+83+83+84+2 si=3(nn—zntzm—2-1)
Zp=83+85+1 ss=3(zn—2m—-23+z-1) L7
z3=8 +83+1 S3=i-zt+znt+tzntz-1)

=8 +83+1, s¢=13(z1+ 23— 23— 24— 1),

and we write also
w(x; x; 8) = w(Z; X; 2),

if there is no danger of confusion. It is easy to see

4 4
II ldi(bg «z)|* = (&8%)(b) - II ldi(g * z)|™, (be B,g€ G,z € X),
i=1 i=1

where

f(b) - Ib1|81+sa+ea+s¢+2 lb2|83+s4+1 Ibalal+ss+1 lb4isz+ss+1 - 'bllzn lb2|ze 'balzs |b4lz4
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*
{21, 22, 73, 24} through its action on the character £ of B, and we have

* * bs
for b = ( 0 by , by - 0 ) € B. The Weyl group W acts on the set
by *

(29,21,23,24) fori=1
(zlv —2Z3, 23, 24) fori =2
(21,22, —23,24) fori=3
(21, 29,23, —24) fori—4.

w;(21, 22, 73, 24) = (1.8)

The following statements can be calculated directly, though they are a special case of
Satake transform of algebraic groups [Si] and spherical functions on homogeneous spaces
[H3, Proposition 1.1].

Proposition 1.1 For every f € H(G, K), let
f@) = [ f(a)6™' 64 ((g))d,

where dg is the Haar measure on G normalized by /;{ dg=1landg= p(g)k €G = BK.
Then, by the map f — f(2), we have

H(G,K) = Clg" + ¢ + 7 +¢7%, (@* +a7")g" +a77), @@ +a7", ¢*+¢7,
and for every f € H(G, K)
(f *w(;x:2))(2) = f(2) - w(zixiz) (€ X).

We recall the Bruhat decomposition of X = Spy
X= U B]’WBl, (1.9)

weW,

where W; is the Weyl group of Sp; and the symbol U means disjoint union. It is easy
to see that - '

1 s | st t
. ‘ ;
B1 = LJ Es.tBS: Wlth BS = tB2’ En,t — ) lt ,
st .
-s 1

where s,t runs over the algebraic closure k of k, so we get for each w € W; that

B,wB, = | JB,wE, Bs = | JB*xwE,,; . (1.10)
8t 8,t
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wy = ( = wawwowy € W).

1
o
-1
-1

The following Proposition tells us that our space is spherical homogeneous:

Proposition 1.2 The set

4
Y= {xeX Hdg(x)#o}
=1
is an open B-orbit over the algebraic closure of k
10
Y =B« th o= L1 —wEo )
- 370 un 550 ha _1 1 _1 1 - wo —l,—-l .
0 -1|1 o

Further, the B-orbit decomposition of the set of k-rational points in Y is given by
Yk)= U Ya,

uek* J(kx)2
where
10
Y, = X : — x\2 0 l 11
= {:c € i1;[1(1.-(:41:) = u mod (k™) } SwoE_1,_y = S S B v—
0 -1|uw 0

Remark. By Proposition 1.2 and the injectivity of Poisson integral (cf. [K1]), we see
that w(z; x; 2) is not identically zero for generic z and linearly independent for characters
X- Indeed, we will see that the space of spherical functions has dimension 4 and we give
a basis by modifying w(z; x; z) for various x (cf. Theorem 5 in Section 5).

Before closing this section, we confirm the assumption (A2) of [H3]. Denote by H the
stabilizer G, of zo in G and consider the action of B x H on G by

(b,h)xg=bgh™* (b,h)eBxH, g€G,

then X = G/H as G-sets. Further, we see that BH = (B x H) 1 is an open orbit in G
and G is decomposed into a finite number of B x H-orbils.

For g € G, denote by B(,) the image of the stabilizer (B x H), by the projection
B x H — B. 'Then we have

Lemma 1.3 For each g € G, g ¢ BH, there exists a rational character in X(B) which
18 nontrivial on B,.



82 Cartan decomposition

Hereafter we assume that k has odd residual characteristic. In this section we consider
“Cartan decomposition” of X, that is we give a complete set of representatives of K-
orbits in X.

To state the result, we introduce some notation: Let

A= {Gude kM) €2 UG+ | Mz X202 20 A2 0},
Ay = {AEA| AN >A>0, A\3>0, Ay >0}, (2.1)
and for A € A and £ € O* set

_7r,\1+/\3
gﬂAa+a\s —phrthe
T8 = | T RRs g N | gpniThe gk
1r_'\‘1_A4 ‘ W—AZ"’AS
M -1 n
_ 72 £ -1 M
. T 1 ¢ &1 78
w2 1 1 M

Then our main result is the following.

Theorem 1 Let

= MNEA, £€O*/(0%)?
R= {W(A‘E) £ =1 unless A €A, '

then R makes a complete set of representatives of K -orbits in X.

In order to prove Theorem 1, we first construct another complete set of representatives.
We introduce some more notation. Set K; = Sps(0) and K, = (Sp1(0))*(C K1), then
it suffices to consider the representatives of double cosets in the space K;\X/Ka. Set

( ™! —rlyiz
T v~ 12 w ’
(zy.2w) =
. AR
2y
([ z7! —zlylz | —z7lylaw zlw
_ y*lytw
= —
\ z y

and for a, b,¢,d € Z and € € O, set
A(a,b) = T(1r“,1r",0,0)’ B(a,b,c) = T(vr",w".wﬂo)»
C‘(u,b,d) = T(w‘,w",ﬂ,wd), D (ab,c,die) — T'(w",w",sn‘,n‘)'



Proposition 2.1 ThesetR = |__] R; is a complete set of representatives of K\ X, where

i=1

R = {A(“'b)l az>0, bZO}, Rzz{B(a'b'c) a>c2>0, bZO},
_ a>0,0>0a+b>d>0
R3 = {C(a,b,d) azb Zf d=0 }a

a>c,b+c>d, b+d>c, c+d>b
Ral = {D(a,b,c,d;e) }

e € 0% [(0%)?

Remark 2.1. (1) One proves that every K-orbit has a representative in the set R by
Lemmas 2.2 and 2.3. It is possible but tedious to show dircctly that there occurs no
K-equivalence within R, so we take another way.

We will see (in Corollary 5.3) that spherical functions w(z, x, z) take different values
at each element of R, by using their explicit formulas. Since spherical functions are
K-invariant function, it means that each element in R belongs to the different K-orbit
in X, and we see that R is a complete set of representatives of K-orbit of X. Thus we
establish Proposition 2.1.

(2) The set R, corresponds bijectively to the set

R. ={mo0 | A € A, £€0%/(0%)}. (2.2)

(3) In a direct calculation, the assumption on the residual characteristic is needed
only for the proof that there occurs no K-equivalence within R4. For the even residual
characteristic case, we have to choose a suitable subset within R4 (or within R.).

Lemma 2.2 Set R' =R, UR, URL URY, with
Ry = {C(a,b,d)l a=0,b2>0, d_>_0},
Ry = {Dupedn|a>c20,520, d20, e € 0%/(0")?}.

Then every K -orbit in X has a representative in R'.

Lemma 2.3 Because of the following relations, one can replace R5 and R} by Rs and
R4, respectively.

Clapd) ~k Ay fd>a+b. (2.3)
Cla0,d) ~K Bao,a)- (2.4)
Ceopd) ~k Bip-aa0) ifb>d. (2.5)
Cla,0) ~K Cip,a0)- (2.6)
Dapede) ~k Bapay ifd>b+c. (2.7)
Diapede) ~k Ciearb—cay Hb>c+d. (2.8)

Dapcde) ~k Capay Hfc>b+d (2.9)
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Now we make each element of R correspond systematically to an element in R. Set

0 -r* 0
1‘)’ 0 —-12 —ext _ﬂ.b
(abe,diz) = 1, 0 : D(a,b,c,d;e) = P p—— e o btetd p-atd ’
ﬂ'—b ~b+d 0
then _
Txg) = Diap.edie)

for ‘

a=A1+A3) b=A2+A47 C=A2+A3a d:’\3+A47

2a+b—c—d b+c—d -b+c+d b—c+d
/\1— 2 7A2'_ 2 7A3_“—_2——1A4"' 2 )
e=-¢§.

Then R corresponds bijectively to R, in particular R4 corresponds to R..

§3 Functional equations and rationality of spherical
functions ‘

The functional equations for w(z;z;%) and w(z; z; wi(x)) for wi € W, 1 <4 < 4 can

be obtained by taking suitable parabolic subgroup P; containing B and prehomogeneous

space (P; x GL1,X x Mj,), for the details see [H5, §3]. Then we have the following

theorem, which gives us some information on the location of poles and zeros of spherical
functions. :

Theorem 2 For each character x of k*/(k*)?, set
Fy(2) = Gx(2) [G(2),

where
4
G(z) = (1 —g =) 1 —-g = )[[A-g 57,
i=1
{(+ = ===+ +=) =+ =)=+ =)= = +H)(= = +=)
Gy(2) = X (—=—t)(----)kL if x(0%) — 1 and x(m) — ¢
B if X(0%) #1,
and

1 . .
(51525354)€ =1— €q§(€121+52~2+83n+e4~4 1) (Ei =4,—, =1, __1).

Then Fy(2) - w(z; 2;x) belongs to Clg*¥,¢* %, ¢*¥,¢* 7] and is invariant under the
action of the Weyl group W of G.
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84 Explicit expressions of spherical functions

In this section we give explicit expressions of spherical functions w(z; x; z) for each ele-

ment in R following the method of [H3, §1]. Since spherical functions are K-invariant,

it is enough to give such formulas for the representatives of K\X. In Section 2, we have

given a set R of representatives of K\ X and left the proof that there is no K-equivalence

within &, which will be proved through the explicit formula w(z; x; ) in Corollary 5.5.
Set

4 4
P(z;x;2) = /U X(IT di(ur ) [ Idi(ur z)|* du, (4.1)
=1 i=1

where the variable z € C* is related to s € C* by (1.7), U is the Iwahori subgroup of G
compatible with B and du is the Haar measure on U normalized by / du = 1. The right

hand side of (4.1) is absolutely convergent for Re(s;) > 0 (1 < i < 4) and analytically
continued to a rational function in ¢*,...,¢%.
Applying [H3, Proposition 1.9] to our case, we have the following.

Proposition 4.1 Let G(2) and G,(z) be as in Theorem 2, and set
4
H(z) = (1-¢*2)(1 —¢7=72) . TI(1 - ¢7™),
=1
where the variable z € C* is related to s € C* by (1.7): Then we have

ey 1 G(2) Gy (2)
YED S T e GO 2 ( H@) TN ’) |

We set —
R+ =

7,
and calculate P(z; x; 2) for z € R,.
Proposition 4.2 For m) € R, we have

Plmngy x; 2) = x(E)x(m)i g M =2 . g2=>,

where ||\ = S A and < A,z >=31L, Az

The following Proposition is an easy consequence of Propositions 4.1 and 4.2.

Proposition 4.3 Let x be nontmmal onO*andz € X be K- equwalent to some element
in R \R.. Then w(x; x; 2) =

101



For an element ¢ of the Weyl group W, we set (o) = 1 (resp. —1) if o is expressed
by a product of even (resp. odd) numbers of {w:, w2, ws, w4}.

By Proposions 4.1, 4.2 and 4.3, we obtain our main results on explicit expressions of
spherical functions.

Theorem 3 For each A € A, £ € O* and character x of k"/(kx)z, set

e (2) = XXMM G 1L
AE X QT +g ) (1+q2) Gi(2) Hy(z)’

where G(z)/Gx(z) = F,(2)7! is given in Theorem 2 and
4 3, -3 3214239 4233+=
Ho)) = (¢ - g0 - [Ie¥ - o F) (= 2 1)
i=1

so if x is nontrivial on O*, G(2) / Gx(z)Hy(z) coincides with the c-function G(2) / H(z2)
of G. Then the explicit formulas of spherical functions are given in the following.
(i) If x is trivial on O, we have

w(Tae x32) = caax(2)- Y elo)-o (Gx(z) . q<:§,z>) ,
oeW

where \ = (A + %,/\2 + %, As + %,)\4 + %)(E A).

(ii) Let x be nontrivial on O%. Then w(m(e);X; 2) = 0 unless A € A,, and if A € A,
we have

w(Txe); X 2) , |
= C,\,e,x(Z) . ((q'\lzl —_ q_’\lzl) (q'\ﬂz‘z - q~)\g;_'-3) _ (q/\z.‘u - q—z\gzl) (qr\lzn _ q—)«lzg))

% H (qz\gz; _ q—A.-zg) )

i=3,4

85 Spherical Fourier transform

Let S(K\X) be set of K-invariant Schwartz-Bruhat functions on X:
S(K\X) = {p € C*(K\X) | compactly supported},

and we introduce the spherical transform on S(K\X) in the following. Set

Uy(z;2) = Fi(2) - w(z;1;2),  Wa(z;2) = Foe(2) - wlz; X*; 2),
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where 1 is the trivial character and X" is the character for which x*(r) = 1 and x*(¢) =
(%) for ¢ € O, and Fy(z) is the function defined in Theorem 2. By Theorem 2, we
know that ¥;(x;z), ¢ = 1,2 belong to

Clg*?,¢* %, ¢* %, ¢* 3" (= Gy, say).

On the other hand, as we saw in Proposition 1.1, H(G, K) is isomorphic to Cy by Satake
isomorphism.
Now we define the spherical Fourier transform on S(K\X) for i =1,2

Fi: S(K\X) — Clg*%,¢*¥F,¢*F, ¢+ 4| (= Co, say)
4 — Fi(p)(2)
by
Fio)(e) = [ pla) - ¥i(a; 2)da,

where dr is the normalized G-invariant measure on X. Since F; satisfies for .every
f €M(G, K) N
Fi(f*o)(2) = f (2)- Flo)2),  flg) — flg™h),

F; is an H(G, K)-module homomorphism, i = 1, 2.

Let us recall the sets A and A, defined in the beginning of Section 2. Set Ag = A \ A,.
For A € A, denote by ¢, the characteristic function of the K-orbit containing ;1) and
by @ the characteristic function of the K-orbit containing Tne) for € € 0%, € ¢ (0%)2.
Then S(K\X) is generated by {¢x| A € Ag}U {@a, s | A € A}

For simplicity, we set

4
n(z) =TI (¢T +q7?)., c=Cenk) -,

i=1

here we regard C; and C as free H(G, K)-modules through the Satake transform.

Our main theorem is the following.
Theorem 4 Set

S = <§0A|/\€A0>c+<(,0,\+90,\a|/\€At>C;

Then S(K\X) = 8 & 8, as an H(G, K)-module, and F; induces the H(G, K')-module
isomorphism §; = C for j = 1,2.
In particular, S(K\X) is a free H(G, K)-module of rank 4 with basis

A= Grypph@LLD).

1111
{(pz\’ A_(O)O)O)O)) ("2'75)5)5)}U{‘}0A—¢/\$ 2;2,272




It is clear that KerFi O S,, KerF, O S; and F; is injective on S;. Theorem 5 follows
from Propositions 5.1 and 5.2 below.

Proposition 5.1 For A € A,, set

Maz)= 3 @ ( 1;:(;)

ocW

Then
Falior = pr) = ma(z) (mod €),
mia(z) € Co (resp. 1(2)Co) if M € § +Z (resp. A1 € Z), and
1 ifA=(4L L1
n(z) fA=(2,1,1,1).
In Particular, F; gives an H(G, K)-module isomorphism S; = C.
Proposition 5.2 For A € A, set
Gi(z) - ¢ )
K,(2) = ot ————1.
(2) ,%:V < Hy(z)

Then,

| . 3 1 1 1
Fi(pa) = Fi(oas) = K5(2) (modC*), A= (A | 5,/\2 | 5,/\3 | 5,/\4 13

and A € A,, Kx(z) can be expressed as

Kx(z) = exmia(2) + Z ¢y M,(2), with some cx € C*, ¢, €C,
Fn
where A = p means that ||| > |lell or IAl = llell, A > p. In Particular, Fy gives an
H(G, K)-module isomorphism & = C. In particular

Since w(zx; x*; 2) vanishes on Ro = R\R. and takes a different value at each element
of R, and w(z; 1; 2) takes a different value at each element of Ry, we conclude the proof
of Cartan decomposition given in Section 2.

Corollary 5.3 The set R, as well as R, is a complete set of representatives of K -orbit
in X.

Finally, we give a parametrization of spherical functions. The characters on k*/(k*)?
arc given by {1, x*, Xx X%}, where xx(7) = —1, xx(O*) =1 and x5 = X*Xx. We sct
for each x '

Uy (x; 2) = Fy(2) - w(@i x; 2),

s0 W, (z; z) = Wa(x; 2) in the previous notation.
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4
Theorem 5 Figenvalues for spherical functions are parametrized by z € (C/ g’lﬂog;EZ) /W

through the Satake transform H(G,K) — C, f — f(z) (c¢f. Proposition 1.1 ). The
sel

z;2) — W, _(x; U,.(z; W, (x;
{ Vi(@; 2) + Uy, (25 2), Wpe(;2) — Uy (7; 2), Wi(i2) — Te(@i2) Yo (3i2) + Y (7;2) }

7(2) ’ n(2)

forms a basis of the space of spherical functions on X corresponding to z € C*.
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