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1 Introduction

A model of Quantum Teleportation has been first given by Bennett et al.[1, 2],
in which Alice perfectly sends an unknown state to Bob using the EPR en-
tangled state. In their model, every state is perfectly teleported. The key
to make a perfect teleportation scheme is to use a mazimally entangled state
(EPR state) over Alice and Bob. It is known, however, that preparation of
such a maximally entangled states is difficult to realize. Therefore it is im-
portant to consider schemes with partially (not maximally) entangled states.
As having been pointed out[3], with such an incompletely entangled state
one can not obtain a perfect teleortation scheme. In [4, 5], protocols employ-
ing a partially entangled state constructed by beam splitting technique were
introduced to provide the examples for both perfect and nonperfect telepor-
tation.The scheme introduced in [4, 5] generalized that of Bennett et al.. In
the protocol in nonperfect realistic teleportation, Alice and Bob make tests
on their own systems and give up the experiments if the tests are not passed.
If the tests are fortunately passed, the obtained state by Bob is shown to be
perfectly same with the original one first possessed by Alice. We calculated
the probability to complete successful teleportation, which approaches unity
as the mean energy of the entangled state goes to infinity even in the non-
perfect model.

We, in the present paper, do not employ the protocol with tests [4, 5] but
original nasve protocol given in [3] with beam splittings. For fixing the no-
tations, let us review what the naive scheme is (See [3, 12]).

Step 0: A girl named Alice has an unknown quantum state p on an N-
dimensional subspace £ of a Hilbert space H; and she was asked to
teleport it to a boy named Bob.

Step 1: For this purpose, we need two other Hilbert spaces Ho and Hs, Ho
is attached to Alice and H; is attached to Bob. Prearrange a so-called
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entangled state o on Hy ® Hj having certain correlations and prepare
an ensemble of the combined system in the state p®oc on H; @ Ho @ Hs.

Step 2: One then fixes a family of mutually orthogonal projections (an)n m=1
on the Hilbert space H; ® #, corresponding to an observable F' :=
>~ ZnmFnm. To complete the set of projections, we define another pro-
n,m
jection Fy := 1 — an F,,.. Alice performs a measurement of the
observable F', involving only the #; ® H, part of the system in the
state p ® 0. Possible outcomes are {zn, }’s and 0. When Alice obtains
Znm, according to the von Neumann rule, after Alice’s measurement,
the state becomes

p(123) (an ® l)p &® U(an ® 1)
nm. - tr123(an® 1)p® O'(an® 1)

where tryo3 is the full trace on the Hilbert space H; ® Ho ® Hs. On the
other hand, when Alice obtains 0, the state becomes

(123) . _ (Fo®1)p®oc(Fp®1)
O T tnp(Rel)pec(Fe1)

Step 3: Bob is informed which outcome was obtained by Alice. This is
equivalent to transmit the information that the eigenvalue 2z, or 0 was
detected. This information is transmitted from Ahce to Bob without
disturbance and by means of classical tools.

Step 4: Having been informed an outcome of Alice’s measurement, Bob
performs a corresponding unitary operation onto his system. That is,
if the outcome was z,,,, Bob operates a unitary operator W, and
change the state into

(an ® an)P ® O'(an ® W;m
trios(Fam ®1)p Qo (Frm ® 1

11 Wum)olP (11 W, )= )).

If the outcome was 0, Bob operates a unitary operator W, and the state
becomes

(Fo ® Wo)p® O'(FO ® W;)
tI‘123(F0 ® l)p ® O'(Fo X 1) '

1010 W)Y (1e1e W)=



Step 5: Making only partial measurements on the third part on the system
means that Bob will control a state given by the partial trace on H; ®
‘Hy. Thus the state obtained by Bob is

Lhm(p) = tria (1 ®1Q an)pr(z]&?zs)(l ®1® W;m)
(Fam ® an)/’ b2 O'(an ® Wr:m)
tr123(an ® l)p ® O'(an ® 1)

trlg

in case when the outcome is z,,,and

Ti(p) = trie (1@10Wo)A ™ (1010 W)
(Fo ® Wo)p ® o(Fo ® W)

=t .
rmtrlg;j(Fo R 1)/) ® O'(Fo & 1)

if the outcome was 0. Thus the whole teleportation scheme given by
the family (F,,) and the entangled state o can be characterized by the
family I',,, and I’y of channels from the set of states on #, into the set
of states on H3 and the family {p,.(p)} and po(p) given by

pnm(p) = t1"12:3(l;"rzrrz b2 l)p ® U(an ® 1)
po(p) :=tr1o3(Fo @ 1)p @ o(Fy ® 1)

of the probabilities that Alice’s measurement according to the observ-
able F' will show the value z,,, and 0.

Once knowing the result of Alice’s measurement, the channel becomes nonlin-
ear because of the probabilties p,m,(p) and pg(p) which appear in the denom-
inator. We, however, do not know the result of Alice’s measurement before
the experiment. Therefore it is also important to consider an expected state
which is obtained by mixing all possible states with multiplying their proba-
bilities to occur. That is, the teleportation scheme can be written by a linear
channel (completely positive map)

E*(p) = D _ Enm(p) + Ei(0), (1)

nm

where

E’:zm(p) = pnm(p)r;:m (p) = trI,Z(an ® an)P(an ® an)*
= po(p)T5(p) = try2(Fo ® Wo)p(Fo ® Wo)*.
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We investigate how close the obtained state Z*(p) to the original state p.
In the next section, we review some mathematical notions which are used to
construct rigorously a teleportation scheme by beam splittings. In section 3
we introduce a naive teleportation scheme and in section 4 we discuss how
perfect the protocol is by use of a quantity, fidelity.

2 Basic Notions and Notations

First we collect some basic facts concerning the (symmetric) Fock space. We
will introduce the Fock space in a way adapted to the language of counting
measures. For details we refer to [6, 7, 8, 9, 10] and other papers cited in [8].

Let G be an arbitrary complete separable metric space. Further, let 4 be a
locally finite diffuse measure on G, i.e. u(B) < +oo for bounded measurable
subsets of G and u({z}) = 0 for all singletons z € G. In order to describe
the teleportation of states on a finite dimensional Hilbert space through the
k—dimensional space R¥, especially we are concerned with the case

G = RFx{1,...,N}
po= Ix#

where [ is the k—dimensional Lebesgue measure and # denotes the counting
measure on {1,...,N}.

Now by M = M(G) we denote the set of all finite counting measures

on G. Since p € M can be written in the form ¢ = ) §;, for some n =
j=1

0,1,2,... and z; € G (where 6, denotes the Dirac measures corresponding

to z € G) the elements of M can be interpreted as finite (symmetric) point .

configurations in G. We equip M with its canonical o—-algebra 25 (cf. [6],

[7]) and we consider the measure F' by setting

F(Y):= Xy (0) + Z%/XY (Z 5zj) p(dzy, . .., z.))(Y € 20)
Gr J=1

n>1

Hereby, Xy denotes the indicator function of a set Y and O represents the
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empty configuration, i. e., O(G) = 0. Observe that F' is a o-finite measure.

Since y was assumed to be diffuse one easily checks that F' is concentrated
on the set of a simple configurations (i.e., without multiple points)

M = {p € M|p({z}) < 1 for all z € G}

DEFINITION 2.1 M = M(G) := L*>(M, 25, F) is called the (symmetric)
Fock space over G.

In [6] it was proved that M and the Boson Fock space I'(L?(G)) in the
usual definition are isomorphic. _
For each ® € M with ® # 0 we denote by |® > the corresponding normalized

vector ®
|® >i= ——
|||
Further, |® >< ®| denotes the corresponding one—-dimensional projection,
describing the pure state given by the normalized vector |® >. Now, for

each n > 1 let M®" be the n—fold tensor product of the Hilbert space M.
Obviously, M®" can be identified with L?(M™, F™).

DEFINITION 2.2 For a given function g : G — C the function

exp (g9) : M — C defined by

z€G,p({z})>0 9 () otherwise

exp (g) () = { I

is called exponential vector generated by g.

Observe that exp (g) € M if and only if g € L?(G) and one has in this
case
|lexp ()12 = €/ and |exp (g) >= e~ 14 exp (g). The projection |exp (g) ><
exp (g)| is called the coherent state corresponding to g € L2(G). In the spe-
cial case g = 0 we get the vacuum state

|exp(0) >= X{g} .

The linear span of the exponential vectors of M is dense in M, so that
bounded operators and certain unbounded operators can be characterized
by their actions on exponential vectors.
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DEFINITION 2.3 The operator D : dom(D) — M®? given on a dense
domain dom(D) C M containing the exponential vectors from M by

Dip(p1, p2) = ¥(p1 +2) (¥ € dom(D), @1, 2 € M)

is called compound Hida-Malliavin derivative.
On exponential vectors exp (g) with g € L2(G), one gets immediately

D exp (g9) = exp (9) ® exp (g) 2

DEFINITION 2.4 The operator S : dom(S) = M given on a dense do-
main dom (S) C M®? containing tensor products of exponential vectors by

S(p) =Y ®(@,0— @) (@€ dom(S), p € M)

P<p
is called compound Skorohod integral.
One gets ‘
(DY, Py pe2 = (P, SP)m (¢ € dom(D), ® € dom(S)) 3)

S(exp (9) ® exp (h)) =exp (g+h) (g,h € L*G)) (4)

For more details we refer to [11].

DEFINITION 2.5 Let T be a linear operator on L*(G) with ||T|| < 1.
Then the operator I'(T') called second quantization of T is the (uniquely de-
termined) bounded operator on M fulfilling

I'(T)exp (9) = exp (Tg) (g € L*(G))
Clearly, it holds

NT)IT) = D(BT) (5)
T(T*) = I(T")

It follows that I'(T') is an unitary operator on M if T is an unitary operator
on L%(G). :



LEMMA 2.6 Let K, K, be linear operators on L?(G) with property
KK+ KKy =1. (6)

Then there ezists ezactly one isometry vk, k, from M to M®* = M@ M
with
Vi, k:€XP (9) = exp(K1g) ® exp(K2g) (g € L*(G)) ()

Further it holds }
vk, = (['(K1) ® T'(K2))D (8)

(at least on dom(D) but one has the unique ertension).
The adjoint Vi, x, of Vi, k, is characterized by

Vi, k. (€xp (B) ® exp (g)) = exp(KTh + K39) (9,h € L*(G))  (9)

and it holds

REMARK 2.7 From K, Ky we get a transition ezpectation £k, x, : M ®
M — M, using vk, k, and the lifting £ x, may be interpreted as a certain

splitting (cf. [9]).
Proof of 2.6. We consider the operator
B := S(I(K7) ® T(K3))(I'(K1) ® I'(K3)) D

on the dense domain dom(B) C M spanned by the exponential vectors.
Using (2), (4), (5) and (6) we get

Bexp(g)=exp(g9) (9€L%Q).

It follows that the bounded linear unique extension of B onto M coincides
with the unity on M
B=1. (11)

On the other hand, by equation (8) at least on dom (D), an operator vk, k,
is defined. Using (3) and (5) we obtain

”VK1,K2¢H2 = (UKI»sz?VKl,sz) ('ngdom (D))
(v, By),

I

a1
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which implies
vk k%I = [9]* (4 € dom (D)).

because of (11). It follows that vk, g, can be uniquely extended to a bounded
operator on M with

“VKth?ﬁ” = “"p“ (1/«' € M)

Now from (8) we obtain (7) using (2) and the definition of the operators of
second quantization. Further, (8), (4) and (5) imply (10) and from (10) we
obtain (9) using the definition of the operators of second quantization and
equation (4). W

Here we explain fundamental scheme of beam splitting [8]. We define an
isometric operator V,, g for coherent vectors such that

Va,pl€xp (9)) = | exp (ag)) ® | exp (Bg))

with | @ |2 + | B8 |?= 1. This beam splitting is a useful mathematical
expression for optical communication and quantum measurements [9].

REMARK 2.8 The property (6) implies
IK1gl? + | K29]® = llgl® (g € L*(G)) (12)

REMARK 2.9 LetU, V be unitary operators on L*(G). If operators K1, K,
satisfy (6), then the pair K, = UK., Ky = VK, fulfill (6).

3 A naive teleportation scheme

In this section we define a naive version of the teleportation scheme by beam
splitting [4, 5. We fix an ONS {gi,...,g9n} € L?*(G), operators K;, K, on
L?*(G) with (6), an unitary operator T on L?(G), and d > 0. We assume

TKigx = Kagx (k=1,...,N), (13)
(Kigr, K1g;) =0 (k#j; k,j=1...,N), (14)
Using (12) and (13) we get

1Kagul® = 1| Kagil? = 3. (15)



From (13) and (14) we get
(Kagk, Ka9;) =0 (k#3j; k,j=1,...,N). (16)

The state of Alice asked to teleport is of the type

p= Z)‘s|(ps><q)sla ' (17)

where
N
|®,) = Zc,jsexp (aK1g;j) — exp (0)) (Z lesi? =1;8=1,... ,N) (18)
Jj=1 J

and |a]®> = d. One easily checks that (lexp (aK1g;) — exp (0)))/L, and
(lexp aKag;) — exp (0)));L; are ONS in M. That is, the state of Alice asked
to teleport lives in an N-dimensional subspace of the Fock space spanned by
the ONS.

In order to achieve that (|®,))Y, is still an ONS in M we assume

SJCkJ"‘O .]Tk ]>k=1:7N) (19)

uMz

Denote ¢, = [ca1,..csn] € CV, then (c,)N.; is an CONS in CV.

Now let (b,)Y_; be a sequence in CV,

bn = [bnl,...,bnN]

with properties
lbrel =1 (n,k=1,...,N), (20)

<bn’b]>=O (n#y,n,;:l,,N) (21)

Then Alice’s measurements are performed with projection

Fom = |&am) &m| (n,m=1,.. .,N) (22)
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given by

N
) = —ﬁ ;bnjlexp (aK1g;) — exp (0)) ® | exp (aK1gjom) — exp (0)),

- (23)
where j & m := j + m(mod N). One easily checks that (|€um))Y,,—, is an
ONS in M®2, Because |£um) (n,m = 1,2, -+ N) does not form a completley
orthonormal system of M ® M, we introduce another projection operator
Fy:=1-3%,  Fyy. Thus the measurement of the observable F' distingishes
{F,m}’s and F,, where F; corresponds to the case an outcome is zero.

Further, the state vector |£) of the entangled state o = |£)(£| is given by
1
= — exp (aK ® |exp (aK. , 24
€)= 75 2 o (aKi90) @ loxp (akiar) (24)

which is natutrally prepared by use of Beam splitting technique. However,
the physical naturalness requires a sacrifice. That is, the state is not maxi-
mally entangled state any longer.

As for unitary operation of Bob, for each n,m = 1,--- , N we have U,,, B,
on M given by

B, lexp (aK1g;) —exp (0)) = by;| exp (aK1g;) —exp (0)) (j=1,...,N)
Bylexp(0)) = [exp(0)) (25)

Unlexp (aKig;) —exp (0)) = |exp (aK1gjom) —exp (0)) (j=1,...,N)

Umlexp(0)) = |exp(0)) (26)
where j @ m := j + m(mod N) and define
Wam = BuUT(T)*. (27)

In addition we have some arbitrary unitary operator W,, which we do not
specify yet.

4 Fidelity

We need some proper quantity (for e.g., [12]) to measure how close two
states are. In this paper we take up fidelity [13, 14]. The notion of fidelity is



frequently used in the context of quantum information, quantum optics and
so on. The fidelity of a state p with respect to another state o is defined by

F(p,0) = tr[\/ol/2pc1/?], (28)

which possesses some nice properties.

0< F(po) < 1 (29)
F(p,o)=1 & p=o0 (30)
Flp,0) = F(o0) (31)

Thus we can say two states p and o are close when the fidelity between them
is close to unity. Moreover it satisfies a kind of concavity relation as

F(Zpipi,zqm) > Z VPigiF(pi, 0i), (32)

where p;’s and o;’s are states and p;’s and g¢;’s are nonnegative numbers
satisfying ) . p; = ), ¢ = 1. In particular putting p; = 1, one gets

F(p,Y_6i0) 2 VGF(p,0;) (33)

forj=1,2,.-.. v

To estimate F'(p, Z*(p)) we begin with a calculation of Z*(p) = ). Erm(p)+
E3(p)-

LEMMA 4.1 [j] For each n,m,s(=1,...,N), it holds

(Fan®1) (120 ®18) = 2 (1—€7) [gum) ® (O(T)UnB;[2.))

d
ez —1

+l ( - ) (bn,cs)CNEnm ® lexP (0))

N

Proof: For all k,j,r=1,...,N, we get

rgri=  (lexp (aK1g,) — exp (0)) ® |lexp (aK1grem) — exp (0)),
lexp (aK1g;) — exp (0)) @ |exp (aK1gx)))

5

(e—{—l-) ifr=jandk=rom

= 692—
0 otherwise
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and

[N

lexp (aKagiom)) = €% (e ~ 1) exp (aKagjom)—exp (0))+e ¥ fexp (0))

On the other hand, we have

(an ® 1) |<I> ® |§ Cs] nrak,J rfnm ® I €xp (GK2gk)>
N
It follows with a2 = d

(6% - 1) e_%gnm &® (Z CsjEnj]exp (G‘K2gj€5m) — €xp (0»)

J
Bt

(1-e%)eme (F(T)UmB;;cps)

(Fom ® 1) (<I>., ® 5) =

2[=

[

e 2 Z Cgj njfnm ® !exp (0»

+

2]

s \}
ez — 1
% ( Y] ) {bns Cs)cn Enm ® |exp (0)). B

The following lemma follows immediattiely.

LEMMA 4.2 For a general state p=3 /\SICDS)(CDsl, it holds

ed/2 _

2 2
Eam(p) = 21— p+ 15 Zm (b €3) Plexp(0)){exp(0)

N2 ed

2 ed/2_ .
+ 13 7—-1*)”“’(1 = €723 (bn, 0} Aa|®4) exp(0)]

+ ) (B ) Aslexp(0))(Ss). (34)

8
Next we investigate an expression of Z§(p).

LEMMA 4.3 It holds

N
(Re1) (o) o) = |<I>s>®Iexp(0)>®e"“"/‘*77—ﬁk§=;|exp(al<zgk)>



Proof: If we let £ a subsapce spanned by an ONS {|exp(aKi1gx)—exp(0))} (k =

1,--+,N), Y .m Fnm is a projection onto £ ® L.Therefore we obtain
(Fo ® 1)(@, ® §) = (1® |exp(0)){exp)(0)| ® 1)(®, ® £). (35)

Here we used a fact that |exp(0)) is orthogonal to {|exp(aKigx) —exp(0))}’s.
|

LEMMA 4.4 For a general state p =Y, As|®,)(®D,|, it holds

9 N N
Eg(p) = el 2% > > " Wolexp(aKage)) {exp(aKag) Wy (36)
k=1 I=1

Now let us estimate the fidelity between =*(p) and p. We must first compute

PIE )P = ) P E (0 + B0

nm

= 41— e—d/z)zpl/zpp1/2

29 N N
b Pl TS S W exp(aKage)) (exp(akag) Wi o7,
k=1 I=1

where we used the relation (exp(0)|®,) = 0. Because Z3(p) is positive oper-
ator, Zg(p)/tr[Z§(p)] becomes a state and we can rearrange the expression of
fidelity as

F(p,E*(p)) = F(p,v*(1 — e™9/%)p + tx[E}(0)IE5(0) /tx[Z5(p)]).  (37)
Thanks to the concavity property (33) of fidelity, we obtain
F(p,E*(p)) 2 7(1 — e ) F(p,p) = 7(1 ~ e=¥?). (38)
Thus we obtain the following theorem.

THEOREM 4.5 For any imput state p, it holds

F(p,E*(p)) 2 \/ 1 _(:(_]-Ve___dg):-d' (39)
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Therefore the naive teleportation protocol approaches perfect one as the pa-
rameter |a| goes to infinity.

With some additional condition, one can strengthen the above estimate to
an equality. ’

PROPOSITION 4.6 Let L*(G) = H, @ Hg be the orthogonal sum of the
subspaces H1, Ha. K1 and Ky denote the corresponding projections and Wy =
1.

F(p, S*(p)) = \/ ] S&Ve:df));_d- (40)

holds for any imput state p.

Proof: Because {exp(aK;gx)—exp(0)|exp(aK>g;)) = 0 holds, p*/?Z,(p)p!/? =
72(1 — e%2)2p? follows. W

We have cosidered the fidelity of naive teleportation scheme with beam split-
tings. We showed that as the parameter |a| goes to infinity the fidelity ap-
proaches unity and the naive teleporation scheme also approaches a perfect
scheme as the teleportation scheme with tests does. In fact the fidelity can
be bounded from below by square route of probability to complete successful
teleportation with tests.
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