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Abstract. Let Hg(F) be a reproducing kernel Hilbert space
comprising complex-valued functions {f} on E and L; (j =
1,2,...) be a bounded linear operator on Hg(E) into a Hilbert
space H;. Then, for d; € H; we shall consider the simultane-
ous operator equations L;f = d; (j = 1,2,...) with the best
approximation problem, for given d; € H;

. 2

i LS = il

Furthermore we shall give a general idea and method for approx-
imations of L, functions by Sobolev Hilbert spaces by using the
Tikhonov regularization. We shall illustrate examples by figures
for approximations of L, functions by the first and second order
Sobolev Hilbert spaces. |

Keywords: Reproducing kernel, operator equations, bounded
linear operator, Tikhonov regularization, Sobolev space, best ap-
proximation, Green’s function, simultaneous linear partial differ-
ential equation, generalized inverse. |
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Introduction and Background Theorems

plications based on [2-6].

We shall formulate our background theorem which has many concrete ap-

Let Hyx be a Hilbert space comprising complex-valued functions {f }ona

set E admitting a reproducing kernel K(z,y) and let L be a bounded linear
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operator on Hy into a Hilbert space H. We introduce the inner product in
the space Hg, for any fixed A > 0

My )ik + (Lfy, Li2)a- (1)

Then, it forms a Hilbert space and this Hilbert space Hg(L;)) admits a
reproducing kernel Kz (z,y; ) on E. Then, we have the relation of K(z,y)
and Ky (z,y; A) .

Ku(e,y: )+ 3 LKLy ), LK 2)n = $K@y). (@)

Theorem 1 The best approzimation f3 , ¢ in the sense, for any fo € Hg
and for any g € H

i {27 = folln +I1LS = )

= M frgso = folle + ILF3 g0 — 9l (3)
exists uniquely and it is represented by
f;,g,fg (27) = A(f()()’ KL(') z; /\))HK + (g()a LKL(,:E’ ’\))H (4)

As simple and typical reproducing kernel Hilbert spaces, we shall consider
the Sobolev Hilbert spaces Hk, and Hg, admitting the reproducing kernels

1 o 1 o0 ezf(z"y)
Kl(:v,y)=-2-e | ”'=§;r- N £2+1d (5)
d
an 1 oo eib(@—y)
Ky(z,y) = 2—71'/—00 mdﬁ (6)

The norms in Hg, and H, are given by
11, = [ (F @PF +1£(@))dz

and

1 ey = [ (P @F + 1£ @) + | £()P)da,

respectively. We shall examine the best approximation in (3) for some typical
Hilbert spaces H and bounded linear operators L. In general, we are inter-
ested in the behaviours of the best approximation functions for A tending
to zero from the viewpoint of the Tikhonov regularization. So, we wish to
illustrate the behaviours of the best approximations for A tending to zero.
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2 Typical Examples

See [3] for many concrete reproducing kernel forms for which Theorem 1 is
applied. We can see a general example and a general approach for simulta-
neous linear partial differential equations in N. Aronszajn [1] who discussed
deeply Green's functions in connection with reproducing kernels. We shall

give typical examples.

2.1 Let
1

G(z,y) = 5e7" 7. (7)
Then G(z,y) is the reproducing kernel for the Hilbert Sobolev space Hg

comprising all absolutely continuous functions f(z) on R with finite norms

([~ 1r @+ @} <o ®)

Hence, we can examine the best approximation problem as follows:
For any given Fi, F; € Ly(R),

it [ (RE) - @ + R - [P (9)

2.2 For the first order Sobolev Hilbert space Hg, we shall consider the
two bounded linear operators L, : Hx, — L1f = f € Lo(R) and Ly : Hg, —
Lof = f' € Ly(R). Then, the associated reproducing kernels Ky (z,y; )
and K 2(z,y; A) for the RKHSs with the norms

Ml e, + 112, w)
and
M, + 17112, )

are given by
ei(@-y)

T or / M2+ (A+1)

Kl,l (.’E, y: df

1 N A+ L
—2,//\(/\+1)ep{ | yl} | o

and
00 zE(.'L‘-y)

1
K1,2(I1y;A) /w (/\+1)£2+/\ g
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- exp {— ——ka - yl} (11)
20/ A(A+ 1) A+1 ’

respectively. Hence, the best approximate functions f7,(z; A, g) and fi",é (z; A, 9)
in the senses, for any g € Ly(R)

it (Nl + 1 = ollteo)}

= A£G A I, + UGN 9) = almy (12)

and -
(M, + 117~ oo}

= Al f22(5 A i, + 1722052, 9) = 9llZ,m) (13)

are given by

exp{-— A—}iig—xl}de (14)

* . p— e . .____—.._1
fl,l(xa)‘,g) -[_oog(g)zm

and

* (. _ [ 1.. ___Q_. — ,_i_ - '
f1,2(x7)‘ag) —-/-—009(5)2 /\(/\+1) aé.exP{ A+1k§ xl}dga (15)

respectively. Note that f},(z; A, g) can be considered as an approximate and
generalized solution of the differential equation

Y =¢g(z) on R (16)

" in the first order Sobolev Hilbert space Hg,. See Figure 3.
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Figure 1: Examples of approximated functions in (9). (a) Fi(z) = 0 and
Fy(z) = x(-1,1 (top thin curve). (b) Fi(z) = F(z) = X[-1,1 (middle bold
curve). (c) Fi(z) = x[-1,) and F(z) = 0 ( bottom curve).

2.3 For the second order Sobolev Hilbert space Hg, we shall consider
the three bounded linear operators into Lo(R) defined by

Ly:f— f

Ly: f — f
and

L3 : f — f”.

Then, the reproducing kernels Ky 1 (, y; A), Ka22(z,y; A) and Ko3(z, ¥; A) for
the Hilbert spaces with the norms

AW, + 112 acmy

M W, + 17 ey
and
N s, + 17" ey

are given by

2,1(1'.7 Y ) - 5-7—1_ -/—00 A€4 + )\£2 + ()\ + 1)d€’ ( )

1 foo eit(@—y) ‘
) = — d 18
K2,2(-'B,y: A) o Loo pYZ (,\ + 1)52 + )\ 3 ( )
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Figure 2: Graphs of f},(z; A, g) in (14)(top) and f3,(z; A, g) in (20) (bottom)
for g(z) = x[-1,1-



187

ol )\ = .00001
— .0001
) sl A = .001
; \ = .01
. 5 5 10
0
A

Figure 3: Graphs of fi,(z; A, g) in (15)(top) and f3,(z; A, g) in (21) (bottom)
for g(z) = X[-1,u-
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Figure 4: Graphs of f;3(z; ], g) in (22) for g(m) = X[-1,1]-
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Figure 5: Examples of approximated functions in (25). (a) Fi(z) = Fa(z) =
F3(z) = x[-1,3 (top bold curve). (b) Fi(z) = xj-1,1) and Fy(z) = F3(z) =0
(the second bold curve) (c) Fi(z) = Fy(z) = 0 and F3(z) = xj_1,,j (the thin
curve). (d) Fi(z) = F3(z) = 0 and F(x) = x|_1,1] (the rest curve).
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and

de. (19)

% \ 1 foo eié(z—y)
2,3($,y’ )"‘ 5;-/—00 ()\+1)£4+/\€2+)\

Then, the corresponding best approximate functions fg, (Z5 A, 9), foa(T5 A 9),
and f33(z; A, g) are given by, for any g € Ly(R)

’ e—‘iﬂ(ﬁ‘m)‘

. ) _ o0 1 00
fai(zi X, g) = /_wg(é)dé-%/_w /\n4+/\n2+(/\+1)dn’ (20)

./ e 1 (o —in. e ME2)
fia(zi A, 9) = /wg(g)df "o /_oo AR+ O+ D + yam - (21)

and :
. ) /-oo 1 oo _772 . e""?(ﬁ"-”’) d (22)
fia(zi A 9) = —oog(g)dg ' '2—7?[_00 A+ Dt +An2 + A G
respectively. We shall give another type applications of Theorem 1.
Note that ]
K(z,y) = 7e" {1+ o~} (23)
is the reproducing kernel of the Sobolev space Hk with finite norms
1
o0 2
{7 157 P + 215 @) + 17 (@) e} < oo (24)

Therefore, we can examine the approximate problem as follows:

it [*(F@) - @) +2F(E) - FE@F + () - [Pz @9)

feHK
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