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Interpolational path and quasi-supremum

KEEREHE KR B E—  (Jun Ichi Fujii )
Osaka Kyoiku University

ZORAL. FEEGNAEDRFRIL “Bounds for interpolation path of positive
operators” DBIEMTH V. FAHITEL SICBER LT, ZITIRABIIOWTR
RBZEWRTS, SEDTICESESHORONEREHZTERARFEYAM BT
H5 [5]:

monotonicity: A; < Ay, B; < By = Ay m B; < A; m B,.
semi-continuity: A,/ A, B,|{B = A, m B, AmB.
transformer inequality: 7*(A m B)T < (T*AT)m(T*BT).
tranformer equality holds if T is invertible
normalization: AmA=A
Z D& =, representing function f,,(z) =1 m z . (0,00) LOERIFREZARBIEL
0< A< B = fn(A) < fm(B).
THY, FERFCEREZEMBIRK
fm(tA+ sB) 2 tfm(A) + sfm(B)  fort,s>0,t+s=1.
IZH2> TS, 5T
A DLE Am B=AYf, (A"V*BAT?) A

ENSTT, B SRR ESR TE S, o TIREARIC, Hilbert 22
HLE ORI TR a5 5 7%, SZBIT IR R 5 A LA B ST &
7‘;60

PARMC, Uhlmann [7) QT2 M OE—HRREICBEEL T, ERFRTIO path

A mr,tB — A1/2 (1 —t4+ t(A—1/2BA—1/2)1-)1/T A1/2



(-1<7r<1,0<t<1) 7, interpolational:
(A myp,B)my (A megB) = A My, (1_t)p414 B,

for 0 < pg <1 THBRIELNS, WOFHENE (RO REIIHERR
I>hOE—TH%) PEOMOBMENHS Z E2ERH LA 2](cf. [1, 4). BIT.
transposition formula

Bm.A=Am.1B.

WEROMDZ EITERLELD, Zhid. -1 THRMEY. 0 CTRAEY, 1 TERYY
ERBEAFREEE LU THEE/ path TH- 7=,

ZZTIE. r OHIBZIITLUTERTHS, BT r = oo DAL, FEERAZD
HBEDsup. inf ZHEDHL TS, BREOFEEZHERL TBBENHBM, -
1%, quasi-supremum, quasi-infimum *IEXR, HH535A, HEL TR
M, EOBREDIZ ENFRDNONITHHKEND - 7=,

T, (W) EERFE ABIZDWT. (W) IFERRD path %

Amg ;B =AY (1 -t + (A2 BAY2Y) " 412
0<t<1) &35, (EAFREIMEER. m,.; D representing function F,, %
Fiuz)=1maz=(»1-t+ tm’)l/r
E9BL,

Lemma 1. Every function F,.(z) is strictly increasing and strictly convez (resp.,
concave) for v > 1 (resp., r < 1).

T, B3 AMEKD r LAMTERREEIT 2N,

Theorem 2. The inequality |r| < 1 is the equivalent condition that m,, is operator
mean, or equivalently F, . is operator monotone.

UL,

Lemma 3. F.o(z) =1 and Fr1(z) =z for allr. If0 <t < 1, then

F.i(z) t1Vz =max{l,z} as rtoo and F,:(z) | 1Az = min{l,z} as r | —oco.
ERZRHDTWADT, quasi-sup, inf WEHETE5: |

AY B=AmeB=lim Am,B =AY (1vA"2BAT/HAY/?  and

ARB=Awm_;B= lim Am,,B=AY?(1AAV2BA1/2)41/2

r——00

(t#0,1) . tOFPHE, AmB=A& Am,,B=BM5ETNG, F<bN5
B S LTI,



Lemma 4. AR B< A B<AY B and +AANB=A+B. IfA< B then
AYB=BYA=Bad AN B
XEHDH L,

Theorem 5. The path A m,;B is nondecreasing and norm-continuous for r: For
—0o<r<s<wandl<t<l,

AkB=Am_m,t35---gAm,,tB=%gn¢Amp,tBsAms,th.--gAmoo,,,BzAvB.

IfA<B,thenA<.- - <Am ;B<Am B<:.-<B for-o0o<r<s<ooand
0<t<1.

I 512, B2 Z &1, tarnsformer inequality V&BR D IL/=/32 WA, equality V3BRIZ
95, 2L, wHEANEL #HHID Lemma & CFEEREZIZL N (e.g.[3)):

Theorem 6. The transformer equality holds for m,; for —oo <r < oco.

R OB TII v ERE TR (Am, B # Bm,,A) A% fERIIAIMTH 5:
Theorem 7. AY B=BY Aand AR B=B R A.

transformer equality & V). transposition formula HRDILE. m,, A% interpola-
tional path TH 3 Z EbHn3%:

Theorem 8. A path A m, B is interpolational in the sense that
(A m,-,pB) mr’t(A mr,qB) = A mr,(l-t)p+th

for —oo <r < o0 and 0 < p,q,t <1. In particular, the transposition formula holds:
Bm.;A=Am,,_,B.

T, WAL THNL,

r

6F">t _T - 1 _ r\(1-r)/r
5 (z) = - (1—-t+tz")
0% Fys (z" —1)*(1—1) ry(1-2r)/r
@) (z) = 3 (1—t+tz")

BHONBDT,

Lemma 9. For a fized r, F,; is a convez (resp., concave) differentiable path for t
ifr > 1 (resp., r < 1).



ST, solidarity %

0A mr,tB
ot

ERTE, T2 hoE—NRBERRAIHS:

_ A1/2 (A—I/ZBA—1/2)T -1

As.B= =
t=0 T r

Theorem 10. The derivative operator has an informational property As.(Am.,B)=
t(As.B) forr €eR and t € [0,1]

B#17. quasi-sup. inf OEE T, lattice IZ ENZHET T B 2RRTHL.
lattice DNNEREZENVWHLTBID
idempotent: z Nz =z, zNz=rz.
commutative: zUy=yUz, zNy=yNgz.
absorptive: zU(yNz)=(zUy)Nz=rz.
associative: zU(yUz)=(zUy)Uz zN(yNz)=(zNy)Nz

quasi-sup. inf IZITWE T, lattice IZ/25HDIZ, Olson D lattice 73H S [6] :
A+ B') Ur

1/r

AY B = lim (4" + B)Y" = lim (

7—00 r—00

= lim ((1- t)A" +tB")

r—00

lattice &N F BIEFFII. spectral order TH B, ZIUTXIL .
Theorem 11. A<B <= AYB=B < ARB=A
ENI EDIT, BEOIEFRRIGLTWS, X/,

absorption law : AV (BRA)=AR(BY A) =A.
BRILT B, BERD,
AY (BA A) =AYV 1V (AT’ BATYV2 N1)AY2 = AV1AY? = A
A (BY A) = AV2(1 A (A"V2BATY2V 1)) AV2 = AV1AY? =

ERBMETHS, LML, associative law VEERIL L 7RV

f5l. Putting
A—l 3 2 _lxl 1 -1 +§X1 11
212 3/ 7 2721-1 1 272\1 1)’
10 10
= — >
p=(38) ma o= (3 %)z




we have 1 vV C = C and
3 1(11 1(7 3
A - g - _ - .
Vi B+2X2<1 1) 4(3 7)
12 0 3 2 20 1(12 4
-1/200-1/2 = = =
o200 (33 (0 2) -3 (5 )
1 /2 0 7 3 20 1 (28 6
—1/2A 1 -1/2 _ _
cTHAve 16 (O 1) (3 7) (O 1) 16(6 7)’

we have

|2 ac2) =

15 +1\/6 145 _ 35 +3\/2 %85 _ o2 (av o

Then 1V C-Y2AC~Y2 £ 1V C~/*(AV 1)C~*/? and hence
AV (BYC)=AYC#(AV])YC=(AV B)VC.

ZOM, f(z) =1Vz AMERARBFTRNWIENSAELBTEELT, £< sup.
inf 5L BWWHEERDS :

min{||A7Y| 7, BT 7} S AR B< AY B < max{||A], [|B|} ZBILL 730,

1 0 1(1 1\, .. » o
HE, A= (O 1/2) , B= 3 (1 1) &EB< &, positive contraction {2721,

_ 1{1 V2 3 1[(1 V2
1/2 -1/2 _ = _2 =
AT7BA 2(\/5 2) 2X3(\/§ 2)
DEIITHED AN 5 —EIZE-> T,
17 V2
6\v2 8 /-

1 2 -2 3 1(1 2
1 -1/2g A-1/2 _ ° vz —
VA BA 3( i1 )+2><3(\/§ )

L0,

L7285 T, 1 ERNEFBIRAT DR, BIZFEETIIARWAY, Btttk D, AHRE
ERRTORELZENET 5.




D(A,B)=AY B— AR B=AYV2|AV2BAY2 _ 1|42

3. TERRIEEERE BN, =ARERIIRILL RN,
SEKE. transformer equality &0, ZIUIRIZBEINS:

D(4,B) < D(A,1) + D(B,1) = |4~ 1] + |B - 1
7
ULnL. BTO#IE modular identity & 0.

D(A,B)=2(AY B)—(A+ B)
£2-(A+B)=1-A+1-B=D(A,1)+ D(B,1)
Lo T, ZARERNTRDALEZN, LD LMERARAPENE UTIIERENDH

LZOTURTHDN, /IVABDZNI L —RAZW> T, FELLIBRITRILY
SNEINIXREDN > TWa, BZEICHERROEETH 5 A5

SEHE
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