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Jensen DAERIL., Z<DINHDH VEARBICOIWIRENTE 2. bIrtbh ORIk
v, Hilbert 25 LTIV v MEFARICE T 5 Jensen RENTH SN, Hill. F.Hansen
& G.K.Pedersen [12] 2%, 5 BEHDRER (11, 10] ZREL 7.

Hansen-Pedersen’s theorem. Let n be an integer with n > 2. Then,
(A) A continuous function f on T is convez if and only if

Tr ( f (Z C’,‘;Aka>) <Tr (E Cr f(Ak)Ck)
k=1 k=1

hold for all selfadjoint matrices Ay with o(Ax) CZ and matrices Cy, with) _, CfCr = 1.

(B) The following conditions are all equivalent to that f is operator convezr on T :

1. f (Z CrACe | < ZC’,’;f(Ak)Ck hold for all selfadjoint Ay, with 0(Ax) CZ and
k=1 k=1

Ck with EZ=1 C,:Ck =1.
2. f(C*AC) < C*f(A)C hold for all selfadjoint A with 0(A) CZ and isometries C.
8. Pf(PAP + s(1 — P)) < Pf(A)P for all selfadjoint operators A with o(A) C T,

scalars s € I and projections P.

Hid. bhbhbIZIFFARBHICAFOREEZETED. JOPWESTHERINLX
51T, BENCHNILFEEEDHE [15, 16] AL < b ZOFBFASICOLH S HHEZTAED
I 9] THRMEOREEIERE I N TS, T2 T, Hansen-Pederesen Dt R% RE T
T BRELTIFESN TS Z Enb LR, BEEIEH > EBH—THS
HERBONDLHAFZL THREDT, TNERRT S,
F9. ML —ZAARERTIE. HHM7: von Neumann @ MEEDOMBEEK fIZH L T,
Tr of AHERFRMI [17] EWSKRNH 2 GEHIIMITI SN TWRNWKE DI THS.)
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von Neumann’s trace inequality. If f is convex on Z , then

Tr (f((1-t)A+1tB)) <Tr ((1-1)f(A)+tf(B))

for all trace class selfadjoint operators A and B with ¢(A), ¢(B) C T .

ZDAMTIRR SN/ Jensen FERDFERITIE, 72 & 2L Brown-FEif OFER [4] 235
5:

Brown-Kosaki inequality. If f is convex and continuous on [0,00) with f(0) = 0,
then

T(f(C*AC)) < 7(C*f(A)C)
for any positive A, contractive C and trace 7 on a semi-finite von Neumann algebra.
H & H & D Hansen-Pesersen [11] 13

Hansen-Pedersen-Jensen inequality. Let f be a (continuous) real function on [0,7).
Then the following conditions are equivalent:

(1) f is operator convezr and f(0) < 0.

(2) f(C*AC) < C*f(A)C for all positive operators A < r and contractions C.

(3) f(C*AC + D*BD) < C*f(A)C + D*f(B)D for all positive operators A, B < r and
operators C and D with C*C + D*D < 1.

(4) f(PAP) < Pf(A)P for all positive operators A < r and projections P

THIT r=o00, fXODEER KOBREDBAFETHS:

(5) —f 1is operator monotone.

—7. YEARAENTIX. Davis [6] & Choi [5] (see also Ando [1]) DFERAIDH 5:

Davis-Choi-Jensen inequality. Let ® be a unital positive linear map between C*-
algebras A, B. If f is an operator convex function on an interval Z, then

£ (2(4) < & (£(4))

for all selfadjoint operators A € A with o(A) C T.

LN OBRNI2DH B, KD Jensen FERIL, BRIAICH L TOENTH D,
YERFHNCIZEERME. L I3BEBRICTIUL, BATTEFEET S unital 28, RV &
HETHDENWD I &, X517, FHEMHEAROEMIIURD Z L5, BIDZEMAD
EBTHENELELEND ZETH S, CHUIRIHOHNEBHRICL, FEO statement
BRRBFEIZTZ2DTH S,
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£9. RL—ZBDIZOINEBRRBH, BEOLZDITITINEEERES ERAEAOIR
WBASEEELNDN., KENREENMETS7222). ROBFEABYE 25b0%2H
ALZIESMERTW, TV v MTH A 1T % eigenfunctional 7 (3.,

X) = Zak (Xex, er)

(o 20T\ {ex}id. ADEFRY ML SESHBEE SN/ CONS, BEXAIIMER.)
EWS HOEBRHABEK TS S, Ao ST RT1IA5E, BEO N —ATH 2,
—HIEERBEE f 12DV T, f(A) DL —RITIBEZRNEKD IKRA B0 LT,
EHITOEAEMTHOREBENS DT, DULRKWBERIT/Z> TS, TOLEE,

Theorem 1. Let f be a real continuous function on an interval Z, A and Ax n X n
selfadjoint matrices with 0(A),0(Ax) CZ and n > m (n and m are arbitrary). Then the
following conditions are mutually equivalent:
(i) f is conver.
(ii) 7f(C*AC) < 1C*f(A)C for all n x m isometries C' and eigenfunctionals 7 for
C*AC.
(iii) Tf(z,il CrArCr) < 730, Crf(Ak)Cy for all nxm matrices Cy with Y, C;Cr =
1, and eigenfunctionals T for S~ _, Ci AxCh.
@iv) 77 (®(A)) < 7@ (f(A)) for all unital positive linear maps ® between matriz-algebras
and eigenfunctionals T for ®(A).
(v) TF(CN, PiAcP) < 70, Pof(Ax) for all projections Py with Y, Px = 1, and
eigenfunctionals T for EL{V:I P.ALP;.
(vi) Trof is operator convez on T.

Proof. (i)=-(ii) : It suffices to show the case that 7 is a vector state for an eigenvector
of C*AC. For a spectral decomposition A = }_.¢;E;, we have

Z <E]C:ZI,C«'L'> = <C*C.’E,.’E> = <.’I3,CL‘) =1

and thereby the numerical Jensen’s inequality implies
(f(C*AC)z,z) = f((C*ACz,z)) = f (<Z tjE,-Ccc,C:v>) =f (th (EjCa:,C:c)>
J J

< Z f(t;) (E;Cz,Cx) = <Z f(t;)E;Cz Cr> = (C"f(A)Cz,z).
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(ii)=>(iii) : We have (iii) applying (ii) for
Cy A,

(iii)=(iv) : For a spectral decomposition A = ", txEy and Cy = /®(E}), it follows
from (iii) that

Tf(@(A))=1f (Z tk‘I’(Ek)> <7 f(te)B(Ee) =72 (Z f(tk)Ek) = 19(f(4)).

(L 7)

(iv)=(v) : Clear.
(v)=(vi) : Let 0(A),0(B) C I. For

A0 {10 ol o
w2 D)o (s O)mrio-

the operator U is unitaries, so that

Sl

f (A + B 0
oTr f (fﬂ) —Tr 2 M — Tt f(P,U*XUP, + PU*XUP))
2 0 f ( + B)
2

<Tx (Bf(U*XU)B: + Bf (U XU)R,) = Tr (RU"f(X)UP: + BU" f(X)UP)
fA+£B)

= 2 _ oy {4 £1(B)
-h Y (7R 10)) Bk R
2
Thus the continuity of f implies (vi), cf.[11].
(vi)=(i) : (i) is the 1-dimensional case of (vi). O

Remark 1. As in Hansen-Pedersen’s theorem (A), the above theorem holds even if 7 is
Tr alone. Actually, suppose (ii) holds for 7 = Tr only:

(ii’) Tr f(C*AC) < Tr C*f(A)C for all n x m isometries C.

We may assume that C*AC is diagonal. Let Cj, be a unit eigenvector of A whose nonzero

entries are the k-th one only and 7 be the eigenfunctional for Cj;. Then
T f(C*AC) = Tr C} f(C*AC)Cr = Tr f(CxC*ACCy) < Tr CiC* f(A)CC, = 11y C* f(A)C.

For all eigenfunctionals 7, we can choose nonnegative numbers oy with 7= %) o7,
so that (ii) holds for all 7.
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EAFEENE. 17510 majorization ICf#i X 3 Z EIET<ICHONBZAS, TIVI vk
751 A DR ZFVIECER SNEEE t; 1ITDONT. No(A) = S5t EBLEE, A
weakly majorizes B (4 < B) &id. Ni(4) < Ne(B) (vk=1,2,..,n) MDD
ET, 51T k=n DEIHEENRITIIE. A majorizes B (A < B) &L IN3.,
f Aisotone THZLiZ. A< B = f(A) < f(B) BWEITRDILDI LT, strongly
isotone &iX. A < B = f(A) < f(B) BKDIALDILTHD, ZDELE, A< B
i3 A=), 0 UfBU; E/3%325 Y U; & 5.0 =1E73%a; >0 BFETHI L L
EMETH D ENHSNTNWS of. 2], T5&, FEMITIEAONTNSZ LKLY
Jensen & DREHZII->EDIVB I ENTER !

Corollary 2. A continuous function f is convez if and only if f is isotone. Moreover,

suppose that f is increasing. Then f is convez if and only if f is strongly isotone.

Proof. Suppose f is convex and A < B. We may assume A = diag(ty, ...,t,) such that
f(t;) is decreasing. Then there exist unitaries U; and positive weights a; with A =
ZajUJ’-"BUj. Putting 7, = Z?=1 7(;) in the above remark, then 7} is an eigenfunctional
for A and 7(f(A)) = Nie(f(A)). For selfadjoint X, 7:(X) < Ni(X) in general (e.g. by
the Courant-Fisher minimax theorem). It follows from Theorem 1 that

Nu(F(4)) = 1u(£(4) = ef (3 aiU; BU;) <7003 F(BYY; < Ne (30,03 £(BYY;)

and hence f(A) < 3" a;U; f(B)U; < f(B).

Next suppose f is an increasing convex function and A = diag(ty, ...,t,) < B. Take
B’ = diag(si,...,sn) = U*BU for some unitary U where s; themselves are decreasing.
Then putting '

By = B' —diag(0,.,0, > (s —t;)) < B,
J

we have Tr A = Tr By and A < By. Since f(4) < f(Bo) < f(B') by monotonicity of f
for diagonal matrices, we have f(A) < f(B') = f(U*BU) and hence f(4) < f(B).
Conversely suppose f is isotone. Considering

_ [(z+y)/2 NE:
A“( (z+y>/2) <B‘( y)

for z,y € T , we have

2 (Z5) =T S4) < To £(B) = £(0)+ £@)



and hence f is convex by the continuity if f. Suppose f is strongly isotone. Then the
above argument also shows f is convex. Considering 1-dimensional case, we have f is
increasing. O

DEI. FAFEREROBEAIT WREMAIE. (iv) ZRWTALL (15, Theod.3] TERX
NTNWDS) :

Theorem 3. Let f be a real function on an interval I, A or Ay a selfadjoint operator
with 0(A),0(Ar) C Z, and H or K a Hilbert space. Then the following conditions are
mutually equivalent:

(i) f is operator convex on Z.
(ii) f(C*AC) < C*f(A)C for all A € B(H) and isometries C € B(K, H).
(ii") f(C*AC) < C*f(A)C for all A and isometries C in B(H).

(iii) f(Z:=1 C,’;Aka) < ZZ=1 C;f(Ak)Ck for all A, € B(H) and C, € B(K, H) with

(iii’) f(Z;::l C’,‘;Aka) S ZZ::l C,:f(Ak)Ck fOT all Ak;, Ck (S B(H) with Zk: C,:Ck, = lH-

(iv) f(®(A)) < ®(f(A)) for all unital positive linear map ® between C*-algebras A, B
and all A€ A.

(v) fOO e, PeArPe) < Y i Puf(Ax)Pe for all Ag, and projections P, € B(H) with
S Pe=1g.

Proof. (i)=(ii): Take B = B* € B(K) with ¢(B) € Z. For P = /15 — CC*, putting

A 0 c P C -P
X—(O B)GB(H@K),U_(O _C*),V—(O C*)GB(K'SBH,H@K),

we have
C*P=+/1x — C*CC*=0€ B(H,K), PC=C+/1xk — C*C =0€ B(K,H),

so that both U and V are unitaries. Since

C*AC C*AP C*AC —C*AP
*XU = * _
uxv (PAC PAP + CBC*) ’ vixv <—PAC’ PAP + CBC*) ’
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then the operator convexity of f implies

f(CrAC) 0 _ s[4 0
0 f(PAP+CBC*) ) 0 PAP+CBC*

_ (U*XU + V*XV)

2
< FUXU)+ f(V*XV)  U'FX)U+V*f(X)V
= 2 - 2

_[Cf(A)C 0
B 0 Pf(A)P+Cf(B)C* )"

Thus we have (ii) by seeing the (1, 1)-components.
(ii)=(iii): Putting
Al . C]_
A= €BH®---0H), C=|:|eBKH® - -&H),
A, Cn ’

we have C*C = 1. It follows from (ii) that

f (Z C;;Akck) = 1 (€°48) < C*(A)C = Y Cer(AC

k=1 k=1

(iii)=(iv): Considering the universal enveloping von Neumann algebras and the uniquely
extended linear map, we may assume that A is a von Neumann algebra. Thereby a selfad-
joint operator A € A can be approximated uniformly by a simple function A’ = 3", t, Ej
where {FE}} is a decomposition of the unit 14. Since ), ®(E;) = 1z by the unitality of
®, then applying (iii) to C = 1/®(E}), we have

f(@(4)) = (Z tk‘l’(Ek)) < Zf (1) D(Ek) = (Z f(te)E ) o(f(A))-

The continuity of ® implies (iv).
The implications (iv)=-(ii)=-(ii’)=-(i) , (iii)=(iii’)=(i) and (iii’)=>(v) are clear. So

the following implication completes the proof:

(v)=(i): Putting

(A0 (L0 _[VT=E =Vt
(58l o (T A5)
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we have

(f((l —t)A+tB) = f(PU*XUP + (1 - P\U*XU(1 — P))

F((1-1)B +tA)>
< PU*f(X)UP + (1 — P)U*f(X)U(1 - P)) = ((1 —1)f(4) +tf(B)

(1-0£(B)+ tf(A)) |
so that f is operator convex. O

Remark 2. Modifying the proof in [7], we can also show (ii’)=>(iii’) directly. In fact, we
show the case n = 2, which is essential. Putting

Al C1 0

Ay c; 0 -
Ao ’ 0 1 0

<t
Il

X = €EBHoH®- ),

we have V*V =1 and

f (C{AIC& + C;Azcz)
f(42) = f(V*XV) < V*f(X)V

C1f(A1)C1 + C3f(A)Co
= f(A2)

Remark 3. Theorem 3 includes the above two Jensen’s operator inequalities. An essential
part of the proof for the Hansen-Pedersen-Jensen inequality is to show that (1) implies
(2). In fact, suppose (1) and C*C < 1. Then, putting D = /1 — C*C, we have by (iii’)
and f(0) < 0 that

F(C*AC + DOD) < C*f(A)C + D2£(0) < C*f(A)C.

B#IZ, ERFRBEHEBER S ORB#EERNTIH I S, Hansen-Pedersen DFERMN ST,
BERERRHDLIICAADN,. ARRME LOBEK, &2 f(z) = tanz REER
NI, 2<ERMBIZTIRDBRAZDT, ROBRE2EITTBL (o = 0 DHEIL
Uchiyama[16, Theo. 3.5 TOXRSNTNS, Fiz, EXERSAEOEHREARKIIE
M (bbAA JERR) M DMD) IZEBS Z &1L, Cordl2.1] T, ERMINTNS,)

Theorem 4. For a continuous function f with lim f(z) > —oo (resp., lim f(z) <
T—>0 T—>—00

00), the following conditions are equivalent :
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(1) f is operator concave (resp., convez) on (o, c0) (resp., (—oo,a)).
(2) f is operator monotone on (a, o0) (resp., (—o0,)).

Proof. Tt suffices to show the case f is concave on (a,o0) since —f(—z) is convex on
(—oc,@). Suppose (1). Let « < A< B. For 0 <t < 1, we have

t((B—a)+a=tA+(1-1t) (1—t_—t(B—A)+a)

and :
a<t(B-a)+a, 1—_E(B—A)+a.

So the operator concavity implies
FB = a) +a) > tf(A) + (1 - O)f (l—iZ(B _A) +a) > tF(A) + (1 - t)m

- where m is a lower bound and hence f(B) > f(A) by t — 1.
Conversely suppose (2). Putting D = /1 — CC* for a fixed isometry C,

A0 C D
X~(O a) and U—(O —-C’*)’

we have U is unitary. For sufficiently large M > a and small € > 0, we have

C*AC C*AD C*AC +¢ 0
* = < = )
Uxu (DAC DAD + aCC*) = ( 0 M) Knme

Thereby the operator monotonicity implies

C*F(A)C C*f(A)D o _(fcraC+e) 0
(Df(A)C Df<A>D+f(a)cc*>‘f T =1 (XM"’)‘< 0 f(M))‘

Observing (1,1)-component and tending ¢ — 0, we have C* f(A)C < f(C*AC), namely
f is operator concave by Theorem 3. , O
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