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1. IV FERULHEBREYEMAL\S & chaotic order TR Y I >EL SN D
A BEeNWVANVIMEREOEERARL TS, DL E

(LH) A>B=> A°>B° 0<a<l

W5 D Lowner-Hinz ODFRERTHB, IV RGERR o oERLE LTEZ LR, KIZT, eV
AN bW EOEERAR A, B 123 LIEREEH (a-power mean) IIRD L F ICEH LIS (18],

Ale B=A¥(A"1BA})24L, ac 0,1

INZHAVIETCIAIRERIRBELARLRY, BEOFEKEZMBL T Z 8K S,
EVIDRIZRZBIBERTHS, UTF, ZVIBOREXNILTHEABERZAVTRL TV
¥rt+h, THOEXEFEHORER [T 3RO X ORI S [2),[12].

Furuta inequality: IfA>B>0, then forr >0, 1<p

-r P =T r P.
(F) A" fiyr BP<A and B<B™ fy: A

22T, ERREHOFEEAVCHERL 5L THB L., b 2o Sh=RERE—
TS T LBy o i [12)(cf. [8])-

Satellite theorem of the Furuta inequality: [fA>B >0, thenforr >0, 1<p
(SF) AT ﬂ% B <B<ALB™T ”:&e AP.
THIXEIZRO X S IC—BbT& 5 [13),[14)

’ -7 P a [+ -T v
(SF") A ”%%:-B <B*<A*<B ﬁ%_gA 0<ax<l1

WIZ A, BEFHREMRAELL, logA>logB DL E, A» B L&T,
% chaotic order LFER, —IZ A> B=> A> B THABRHIIRY IV ETALNAT
W3, 2T A B ODERENTT (SF) BV UL2DH, &5 I LIZOWTHNTAHTE,
%7, chaotic order %> T\ ETOHRBR L REROERERTHEL, Thidlimg o471 =

a

log A, lima0 2==f =log B THBZ L LY, (SF) KKIT5 a=0 DRATHDELHRTIET,

[~

ROEOITHEEZ L LTS (3,

Chaotic Furuta inequality: If A>> B, then forr >0, p>0
(CF) AT ﬁ# BP<IL<B™" 355__; AP,

TORREAVSI LT (SF) BEEER A> BBDTHROBTHRY LD L BRS (17]

Satellite theorem of chaotic Furuta inequality: If A>> B, then forr >0, p>1

-r -1 P
(SCF) A" s BPSBEAS B fr A°.



(SCF) REIZKRD & 5 1o —MRL T & 3 [16],[17])(cE.[6])

Theorem A. If A>> B, then the following (1) and (2) hold.

— p ' - ' -1 P
(1) A ﬂ::HB <B° and A°<B ”3:‘4 for r>0 and 0<46<p
-r ] a o -r . AP _ .
©)] A ﬂ;‘t_:B < A% and B*< B ”:i, AP for —r<a<0 and 0<p

2. I3 20458 F%R 4 chaotic order TREE LD
(F) D—Rlt s LTEERKOBESAE [0, chitt=0 0L & (F) 5%, t=10L &t
1] T5x bh TSR E —HT 3,

The grand Furuta inequality: IfA>B>0, then for1<p, 0<t<landt<r, 1<s
(GF) AT} EEY (A*h, BP)< A and B< B § JERES (B* hs AP).
ZITHEDLN TV | ORFIREARENLREINTHDOLDOTHB,
Aty B=AYA 4 BA YA} reR r¢[0,1

TNIIMERREHNN A, B #R< path ORPATHL MR TEDLDOIZHLT, AnEEELTY
5LBBILELHKRIEDEBOTERTH S,

T2V FINIREX B MERREHNORFTEEZXHILET, ROLIR—ITICELHHZ & HH
®5, - TARERERAERETORROBETH S [4],[5],[15).

Theorem B. IfA> B >0, then
. P%
(A h;L—:'B) <B

holds for 0<t<1<p<p.
Satellite theorem of the grand Furuta inequality. If A> B > 0, then forr >0, 0 <
t<1<p<p,

(SGF) A7 fyse (A" ooy B?) < (A' oy B3 <B
SA< (Bt bay A3 B fyue (B hooy A7),
HHOREL - (GF) YRG0

[10},(11] mBWTHEIX (GF) BRSROBEIE LTROL I RFERL, ThEThITENT
chaotic order & usual order DIEEZHLNZL L 5 ¢ RATW 3,

TypeI(c) A» B+ fort>0, -t<r, 0<p, 5 <s<1

(Fl) I _>_ A-—r—t ub—_ﬁ%p B(p+t)a—t Z A~—r-—-t uﬁ:ﬁ'jﬁg (A-—t as Bp)




Typel (u) A>B < fort>0, —t<r, 1<p, %ﬁgssl

(F2) A> A"t ey B@tta—t 5 g-r—ty oy (A~ 4, BP)

Type Il (c) A> B += fort>0, -t<r, 0<p, 1<s< 2t

p+t
(F3 I>A T t Ath, BPy> AT 8 . Bltt)s—t
T e

Type Il (W A>B <= fort>1,0<r 1<p, 15352213#
(F4) A2 AT Y e (A7 BP) 2 A7 s Blo+)s-t

32T, LTEABNRTWS p, 1, 8, t IZOVWTORGLEEL, il s= ;L,,tg LEEETZL

TETEZBNTWVS (F1), (F2), (F3), (F4) BRDO L I ICHEETZ L RHKS,

(F11) r20,t20,0S8<p; I2A " fpz BP 2 A7 f . (A" oy BP)
' . —r B -t ] v
(F'2) r20,t20,1<B<p; A2 A e B2 A7 faer (A7 Hoge B)

(F'3) r2t20,0Sp<A<2; I2A Hyr (A oy BY) 2 A" fyr, B

(F'4) r>t>1, 1<p<f<P+1; A2A fae (A‘*hﬁ; B?) 2 A" f1e BP

= 343 L T2T chaotic order DIEED FICE L DB LRHK S, LOHEMHLE LTERD
lemma ZHE L TEL,

Lemma IfA>» B and0<p <3< 2p, then
B8 —t P < A—T . BP
BF <A h%gB <A h%i—rB

holds for r >t 2 0.
Proof. By Theorem A (1), we have
-t — -t
At gy BP =B 5 A

= BP(B™® sy A)BP < BP(B7? oy (BP g AT))B
= BP(B7? gy AN)BP = BE(1 tecs BiArB%)BE

~ BY(Bia"BY)*BE — B¥(B-34~"B- %)% BY

= B? hﬁg ATT=A"" hé;t—,’; B?.
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So the second inequality holds. The first one follows from
B o A" =B7PYps (BPHp A) 2B Pl_pss I=Ilzps B = BF-7%,
P P P

Theorem 1. Let A>> B for A, B> 0 and § € R, then the following statements hold:
WVMIfr>0,t>0and0< 8L B <L p, then

B> AT fag- Bf>AT e (A~ Hage BP).
r o P+t

@) Ifr>t>0] and |6| < p< B < 2p+ 0], then

-t P —r —t P -r B
A ﬂ%B > A ﬂ%;(A hg{_;B)ZA ﬁgi_EB.
Proof. (1) It is proved by applying Theorem A twice. As a matter of fact, it follows from
S A- 8 i
B ZA'ﬁggB andBﬂzA‘n%I_:_B’.
(2) By lemma and Theorem A (2), we have
AT ﬂ%i_; BP < AT ﬂi% (At h%ﬁ BP)
-r -r Py . A—T P .. QY -r
A ﬂﬂ%}'ﬁ(A hi_HB)-.A ﬂ;s’_EB-B ﬁfﬁ,—fA
= BP#. s (BPfloee A" =B #,-5 (A" H_csr B? Py s At = A=t fs.. BP
B faze (BP Hppe A7) =B fpos (A77 Houe BP) S BP fpos A™" = A" fos BF,

where the last inequality is ensured by Theorem 2.

IA

Theorem 1 i%, HHADEE L Typel & Type I IZOWVTEREN (c) & (u) ZH—ANCTLE
LEbDLizoTna,

Corollary . Let A, B > 0 and a € R, then the following hold:
() IFA>B5 0<d<B<pandr>0, t>0, then

AS>BS>AT Hos- BE> AT fosr (A~ fos: BP).
(2) IF AP > Bl 16| <p< B <2p+16] andr >t > |0], then

A2 B > A7 faye B > A" fose (A" oy BP) 2 A7 fgpe B

Proof. (1) If § = 0, then Theorem (1) implies Type I-(c), that is,
-r g 8 -y -t . B").

I>2A " BP2 AT § 0 (4 ﬂﬁ—I—sB)

If 6 > 0, since
A7 fp B = (A%)E §g,, (BY)S <(BY)F = B7,
£
we have A~" § st B> AT str (At aye BP). Similarly, we obtain
A" g BP = (4%)F basg (B%)8 < B < A%,
7+%

So the case § = 1 is Type I(u).
(2) In the case § = 0, Theorem (2) contains Type II (c), that is,

I>A™" g, BP2 A foe (A7 hogy BP) 2 A" foe BA,
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Since A 3> B holds for § # 0, if § > 0 (resp. & < 0), Theorem A (1)(resp. (2)) implies B® >

Aty sa BP (resp. A > At st BP). So Theorem 3 (2) leads the conclusion. Especially, the
P »

case § = 1 is Furuta’s Type II (u).

L LR 5, (GF) X% (SGF) BN T £ 20 AL A" & (A" oy BP) OFHTHED
L, Zhbid A7 & (A bage BP) DFHLR>TEY, (GF) Xk (SFG) DHE L IXR%
%, (10, [11] KBV THEOHT TSI REXDOP T (GF) @ version & RREZDIIRTHS 5,

Forr>0and0<t<1<p<B<2p-14,

’ -r s =T 14v ¢ -t P .

(GF) A2B e A2 A7 fuur BP 2 A7 e (A" g B”)
HEIZZNE Typel (u) OFE LTWER, 1< B <2 thbo L kY,
At bp=s B? = BP(B” fa=p A™")BP < BP(B™P fgy B~Y)BP < Bf,
THdHh6, (LH) IVELZBLASERTHS, £Z T (GF) nHE LK (GF) 0—&{Lx &
ZTBL, 2ZTH (GF) i£8Bi} 5 Theorem B (2% THROERBELND,
Theorem 2. IfA> B >0, then for 0 <t <1< p < B the following holds.

(4° bazy BP)S < B?

Proof. First of all, suppose that 1 < %:% < 2. Then
t ? — B? t _ BP(B— aY:id P(B—P -tygpr — BB
Ah;L—_-%B—B h%EgA—B(BPﬂ%E;A )B? < BP(B ﬁ%E_:_,B )BP =B
By (LH), we have (A’ - Br)E < Br,
=

Since p > 1, we have B = (A® hs-: B”)% < B < A. Next if we take 8; with 1 < %_;: <2
p—t
then the preceding argument ensures that

Al boyos BP = A'igy=: (A" =y BP) = A' gy BY < B,

that is, A* g -0 BP < (4' s B?)# . S0
(A hay=e BP)YHT < (A hpsy B7)F < BP

follows from (LH). Repeating this method, we have the conclusion.

Theorem 2 Z AWV 3 Z & T (GF) I IRD & 5 ILHB L ah—RI{LTE 5,
Theorem 8. IfA>B>0andr>0, 0<t<1<p<P, then

AT e (4 hozs BP) S A faer (At o=t BP)E < AT fi- B” < B.

Proof. Put C = (A! s-: BP)?. Then we have A > B > C and CP < BP by Theorem 2.
p—t
Therefore Theorem A (1) implies that

AT g cP<cr,
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and so

A fgar (A oy BP) = A7 e CF = A7 faur (A7 fpae OF)
< AT CP <A fy BP<B

by C? < BP and (SF).
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